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In contemplation, if a man begins with certainties
he shall end in doubts; but if he be content to
begin with doubts, he shall end in certainties.

—Francis Bacon






Preface

This book unifies the results of joint studies of the author and his younger col-
league, Valery A. Labkovsky, now deceased. Whenever reference is made to the
author of this book, the reader should understand this as authors.

The notion of “decision system,” analogous to the notion of “control system”
used in control theory, has served as the basis for this unification. This analogy
was noticed by A. A. Feldbaum in the 1960s, and his views influenced both of
us greatly at the time.

Nevertheless, this analogy should not serve as an impediment to a realization
of the main difference between decision theory and control theory: in decision
theory, the nature of the criterion of the best decision is linked to the psychology
of the decision-maker, and that is its central problem.

Perhaps this is why decision theory pays so much attention to the prob-
lem of uncertainty. It turns out that the notion of a random-in-a-broad-sense
phenomenon proposed by A. N. Kolmogorov, which divides the whole spec-
trum of random phenomena into two classes, stochastic and nonstochastic, be-
comes most appropriate in this context. However, it is natural to ask whether
nonstochastic phenomena exhibit any regularity? A positive answer to this
question—the theorem of existence of so-called statistical regularities—was the
second reason for the union in this book of various results of our joint studies.

The author thanks Anatoly Skorokhod for many years of courtesy and sup-
port of our research in the insufficiently studied field of nonstochastic random
phenomena; Bertrand Munier for the suggestion that this book be published in
English; Stephan H. Crandall, who was one of the imaginary readers of this book,
for help in visiting the United States for research in university libraries; Yaroslav
Ivanenko and Vadym Mikhalevich for useful discussions, remarks, and sugges-
tions; Ludmila and Yaroslav Ivanenko for their patience and assistance in prepa-
ration of this book in electronic format.

And finally, it is I alone, Victor Ivanenko, who is responsible for any flaws or
other shortcomings in this book. I will be grateful to the reader for any sugges-
tions or corrections.

Kyiv, 2009 Victor I. Ivanenko

ix






Contents

Preface. ... ... .. . . ix
1 Introduction ............. ... ... . . . . i, 1
2 Decision Systems . ........ ... .. 9
2.1 Preliminaries . ........c..iiininiii i 9
2.2 The Structure of Decision Systems . .............ccoveuveun... 12
2.3 Decision Situations . . .« c.ovvttt e 17
2.4 Experiments in Decision Systems . .............. ... . ...... 25
2.5 The Decision-Maker.......... ..., 27
2.6 Existence of Uncertainty in Decision Systems ................ 30
2.7 Criterion ChoiceRule............. ... . ... o ... 33
3 Indifferent Uncertainty .................... ... . ... ........ 39
3.1 Preliminaries .........oouuiin i e 39
3.2 Ij-independent SEqUENCES . ...........uieeiineeunnneennn.. 45
33 Mainldentity . ..o 52
34 RiskEstimates. ..........oiiiiniiii ittt 56
3.5 Decision-Making under I;-independence and
Antagonistic Games . ...........uiuiineinein i, 61
3.6 Some Examples of I;-Independence . ........................ 63
4 Nonstochastic Randommness ................................... 71
4.1 Preliminaries . ........oooounitii i i e 71
4.2 The Concept of Statistical Regularity ........................ 80
4.3 Sampling Directedness and Statistical Regularity .............. 82
4.4 Coordinated Families of Regularities ........................ 89
4.5 Statistical Regularity of a Sequence ......................... 96
4.6 Statistical Regularity of I;-Independence . .................... 98

xi



xii Contents
4.7 Sampling Directedness as a Realization of a Random-in-a-

Broad-Sense Phenomenon . .......... ... .. ... o i 102

5 General Decision Problems ................ ... ... . ....... 109

5.1 Preliminaries .........c.oiiininiii i 109

5.2 On the Preference Relation in Mass Operations ............... 113

5.3 Statistical Regularity and Criterion Choice ................... 123

6 Experiment in Decision Problems ............................. 131

6.1 Preliminaries .............ooiuiiiii i 131

6.2 Informativity of Experiments. .................. ... .. ...... 136

6.3 Optimality of Experiments. ..............coooiiiiinenn... 145

7 Informativity of Experiment in Bayesian Decision Problems .. .. .. 149

7.1 Preliminaries ............oiiunniin i 149

7.2 Theorem of Existence and Uniqueness of Uncertainty Functions . 156

7.3 The Inverse Theorem .......... ...t eninn... 181

7.4 A Generalizationto Countable @ ........................... 184

8 Reducibility of Experiments in Multistep Decision Problems .. ... 193

8.1 Preliminaries ..............oiiuiiiin i 193

8.2 Reducibility of Bayesian Decision Problems.................. 196

8.3 Reducibility of a General Decision Problem .................. 200

9 ConcludingRemarks ............ ... ... ... ... ... 205

A Mathematical Supplement . ................. ... ... .. ... 209

A.1 Elements of the Theory of Binary Relations .................. 209

A.2 Elements of the Theory of Real Functions . ................... 232

References. . ........ .. 265



Chapter 1
Introduction

There are some questions that never age. It is answers that grow old. We begin
our book with such a question. “Four kings—Hanoverians—George I, George
IL, George 111, and George IV all died on the same day of the week, Saturday. The
probability that we are dealing here with a random event is extremely low. Can
we make a conclusion that Saturday is a day of ill omen for this dynasty? And
if so, then what is the value of statistical methods of hypothesis verification?”

Discussion around this question took place on the front pages of the journal
Nature in 1968, and the above quotation was taken from [66].

In that book there is another approach to statistical verification of the hypoth-
esis: if we take into account that there were 53 kings in the Hanoverian dynasty,
then the probability of four kings with the same name dying on the same day of
the week is equal to only 1/7.

Leaving aside the question how the author obtained this number (he probably
used some additional information not mentioned in the text), we shall focus our
attention on the following fundamental fact: the quantitative result that we obtain
in a statistical problem depends dramatically on our viewpoint.

To eliminate any doubt about the objective character of this observation, let
us take another example, this time from a textbook on probability theory by
the extraordinary mathematician and teacher W. Feller [19]. Here is problem
number 23 from Chapter 11 of Feller’s book: The Family Problem: In a certain
family four sisters do the dishes. Four plates are broken, three of them by the
youngest sister. Therefore she is considered awkward. Can we justify her action
by attributing the broken dishes to chance?

There is a solution at the end the book: “Assuming that chance is responsible,
the probabilities that three of four plates are broken by (a) one girl and (b) the
youngest girl are equal to 13/64 ~ 0.2 and 13/256 ~ 0.05 respectively.” Again,
we see that the more precise the description of what happened is, the smaller
the probability this event has, and, thus, the less ground we have to consider this
event as random. Again, the conclusions depend on the hypothesis taken (so, can
we justify the youngest sister or no?).

V.1. Ivanenko, Decision Systems and Nonstochastic Randomness, 1
DOI 10.1007/978-1-4419-5548-7 1, © Springer Science+Business Media, LLC 2010



2 1 Introduction

One may agree with the author of [66] that “when making a hypothesis liable
to statistical verification it is necessary to take into account common sense.” But
later on, he states that the hypothesis of the ominous interpretation of Saturday
for the four Hanoverian Georges is “ridiculous,” but this conclusion does not
seem so obvious.

Indeed, imagine that, say, George IV is very sick, and he knows that George
I, George 11, and George III all died on a Saturday. On which day of the week is
he more likely to expect to die? After all, a person’s health and wellbeing may
depend considerably on his or her emotional state.

In the Family Problem, the validity of both hypotheses is even more obvious.
Thus, common sense is really necessary in making statistical hypotheses, but it
is not sufficient. Let us illustrate these considerations by another example, from
another field.

What is the essence of the life experience of a human being (or other animal)?
It is likely that interaction with the environment leaves in one’s memory certain
links between events. For example, in Pavlov’s classical experiments on the for-
mation of a conditional reflex in a dog, a researcher repeatedly offers food to the
accompaniment of a ringing bell. Finally, the dog begins to salivate on hearing
only the bell. Describing the experiment in this way, we consider the following
events: (a) the appearance of food; (b) the ringing of the bell; (c) secretion of
saliva. Event (c) appears in response to event (b), and this confirms the fact that
the link between (a) and (b) has indeed been established. But why, along with
(a) and (b), do we not take into account the time of day, for example, or the tem-
perature of the air, the physiological condition of the dog, the researcher’s body
odor?

In probability theory there is a notion of an elementary, i.e., “indivisible,”
event, in contrast to an event that consists of a set of several elementary events.
In real life, we are never able to state with absolute assurance that an event is
elementary. So, if the introduction of food is an event for the researcher, for the
dog it may be the introduction of food of a certain quality; if for one statistician
the event is that all plates are broken by one sister, for another it may be that
they are broken by the youngest one; and so on.

At first glance, the situation seems to be similar to scenarios from other fields
of human endeavor: we never know anything for certain, and so we use approx-
imate knowledge. Nevertheless, here there is a principal difference.

Imagine that we have finally found the true first principles and thus have
succeeded in describing, following Laplace, all the coordinates and velocities of
all the particles of the universe. We may try to consider these points of the phase
space as elementary events and thus describe all our experience in these terms.
Immediately, we see that the value of our experience will be zero, since none of
these elementary events will be ever repeated. This means that even if we were
able to describe and memorize our experience exactly, we would be able to use
it only after a certain coarse-graining to some other events (or notions).
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So what can we conclude?

1. In any statistical research, or even more generally in any conscious activity,
in any reasoning, we deal with events none of which is elementary.

2. Events that we consider predetermine the conclusions that we obtain.

3. The reasons leading to the consideration of this or that event are linked, in
each particular case, with what is called “common sense.” However, “com-
mon sense” differs from person to person. Moreover, even when we con-
sider a professional activity of an outstanding specialist in his field (William
Feller), even in this case common sense does not guarantee the uniqueness
of conclusions.

This range of questions stimulated our research, the results of which are pre-
sented in this book. In particular, these results include the following (Theorem
6.5). Any system of events (or notions) is optimal or not optimal only with re-
spect to a certain “decision system,” that is, only when, generally speaking, we
know the goal that we would like to reach, as well as the tools that we can use.
Moreover, for any decision system we can indicate an optimal system of notions
(events), and conversely, any system of notions (events) is optimal for a certain
decision system. The notion of a decision system is used here analogously to the
notion of a control system in control theory. Like a control system, a decision
system is a pair formed by a decision-maker and a decision situation in which the
decision-maker finds herself in a situation demanding that she choose a single
decision (action) from some set of possible decisions. Only within a decision
system does the decision problem, consisting of a mathematical model of the
decision situation and the decision criteria, make sense. Such a formulation of
decision-making does not differ from that used in economics, which is where
decision theory began its development [69, 73, 20, 58, 8]. At the same time,
this formulation and terminology go beyond the limitations of decision theory
applications in economics.

Let ® be a set of possible values of some parameter 0, U a set of possible
decisions u, and L : ® x U — R a bounded real “loss” function. Our aim consists
in the choice of u € U that minimizes the loss function L.

It is clear that the solution to this problem depends on what we know about
the parameter 8 € ®. For instance, if parameter 6 assumes the specific value 6%,
we are dealing with the classical extremal problem

L(0%,u) —inf (uelU).

We say that in such a problem there is no uncertainty, and the problem is called
a deterministic optimization problem.
If nothing is known about 6, then maximal losses

supL(0,u) —inf (ueU)
0cO
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are sometimes minimized. This case is usually called complete or strict uncer-
tainty [21].

It is clear that both of these problems in some sense are polar opposites. In
practical situations, we rarely know precisely the value of the parameter, but
even more rarely do we know nothing about it.

The real world is somewhere between these two poles. But how many models
of this “world of uncertainty” do we have today? Obviously not many. There are
only a few points, a few models in between these poles.

One such well-developed model encompasses the case in which the unknown
parameter 0 is stochastically random with a given distribution . In this case, u
is chosen to minimize mean losses

/L(G,u)u(d@) inf (ueu).

This problem is known as a stochastic or Bayesian decision problem [17].
The stochastic decision problem is often strongly criticized because in practice,
one rarely knows the distribution.

The so-called hybrid presentation of uncertainty proves to be somewhat more
flexible. In this case, one supposes that the distribution of the parameter 0 is
known to within a distribution from a given class .# of distributions. This kind
of uncertainty is sometimes called stochastic uncertainty. In this case, the deci-
sion problem usually has the form

sup [ L(6,u)u(d0) —inf (ueU).
neH

It is clear that if the set .# consists of a single element u, the decision prob-
lem with stochastic uncertainty becomes a Bayesian decision problem. If the set
M consists of all possible distributions on ®, then there is a temptation to call
such uncertainty complete or total. But this is not entirely correct. In fact, the as-
sumption that the probability distribution belongs to a certain class .# is not as
harmless as it seems. What does it mean that a certain variable has a probability
distribution? At the least, it means that the frequencies to get into certain subsets
tend to certain limits (probability theory demands more, but here we shall con-
centrate only on this fact). However, can we conceive of an experiment or of a
line of reasoning that would show that frequencies tend to their limits yet at the
same time not show to which limits exactly?

It seems that such is possible in only one situation: when we know a fixed set
of “random mechanisms” of which one and only one will be used to generate the
random variable. For example, we know that a coin or a die, likely asymmetric,
will be tossed. In this case, it is clear that a simple change of notation leads us
to complete uncertainty, but this time with respect to the “random mechanism.”
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There is a more realistic situation in which not only the distribution is un-
known, but also whether one can describe the behavior of the parameter 6 by
means of a probability distribution. However, even in this case there are no good
reasons to say that we are dealing with complete uncertainty.

When we call uncertainty complete, we do not exclude every conceivable be-
havior of the unknown parameter. In particular, we do not exclude that its value
is chosen by a conscious opponent, an antagonist, fully aware of our actions.
That is why we wish to minimize maximal losses. But in real life, in the major-
ity of practical decision-making situations, there is no conscious opponent, and
we are fully aware of that. In [80] we find the following comment: “It seems that
the absence of a conscious antagonist facilitates the decision-making problem.
It turns out that no, not only does it not facilitate, but on the contrary, it compli-
cates the problem. Indeed, it is ‘easier’ to succeed in the ‘game against Nature’
(there is no antagonist), but it is more difficult to justify one’s choice.”

This difficulty might be overcome if we knew how to describe the behav-
ior of the unknown parameter in the absence of conscious opposition, which
we call indifferent uncertainty. Such a description is proposed in Chapter 3. It
turns out that indifferent uncertainty, in a variety of situations, may be viewed
as stochastic uncertainty. But not always. For this reason, as well as for some
other reasons, it is necessary to construct a more general mathematical formal-
ism in order to describe the behavior of the unknown parameter. This necessity
was indicated already by E. Borel in [4]. A. N. Kolmogorov, in [47], proposed to
call such behavior “random in a broad sense.” This is considered in Chapter 4,
where we introduce the notion of statistical regularity, generalizing the notion
of probability distribution. It is proved (Theorem 4.2) that any sampling direct-
edness has a statistical regularity and any statistical regularity corresponds to
certain sampling directedness. It turns out that the concept of sampling directed-
ness relates to the concept of statistical regularity, just as in probability theory,
the concept of random value relates to the concept of probability distribution. In
Chapter 4 there are also some examples of statistical regularity for random (in
a broad sense) phenomena, in particular, the regularity of a statistically unstable
sequence (Theorems 4.3 and 4.4).

The same notion of statistical regularity appears from entirely different con-
siderations in Chapter 5, dealing with the study of a link between the information
about the behavior of the unknown parameter 8 and the criterion that determines
the choice of a decision u in a decision system. It turns out that if one chooses the
guaranteed result principle! generalized for mass phenomena as the optimality
principle, then, under quite broad assumptions, the decision problem is given by
the quadruple S = (®,U,L,P), which is the mathematical model of a decision
situation, and by the function

! This principle seems to be the most natural form of uncertainty aversion [37, 38].
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L*(u) =sup [ L(O,u)p(d®) — inf (uelU),
peP

which is the decision criterion, where P is the statistical regularity on @ in the
form of a closed, in the corresponding topology, nonempty family of finitely
additive distributions.> We call it the general decision problem (Theorem 5.2).
The decision problem with indifferent uncertainty, the decision problem with
complete uncertainty, the stochastic decision problem, and the decision problem
with stochastic uncertainty turn out to be special cases of the general decision
problem.

Chapters 6, 7, and 8 constitute the second part of the book. This part deals
with the study of experiment in decision systems and the measurement of infor-
mation supplied by experimentation. In Chapter 6 we show that the notion of
decision system can be used to measure the informativity (information quantity,
usefulness,value) of an arbitrary observation on 6. More precisely, we define the
subdivision of a set on equivalent classes as a classification. We say that some
classification is optimal for a fixed decision problem when

1. in order to make the optimal decision in a given decision problem it is suffi-
cient to know 6 only to within its equivalence class;
2. no classification with a smaller quantity of classes possesses this property.

We prove that an optimal classification exists for any decision problem and each
classification is optimal for some decision problem.

In Chapter 7 it is proved that informativity of experiment (or observation), a
notion introduced in Chapter 6, is, in some sense, the only possible one. In other
words, there is no method to measure the quantity of information other than its
value [62] or usefulness (Theorem 7.1). In particular, Shannon’s “quantity of
information” turns out to be the informativity or usefulness of experiment with
respect to a special decision problem.

In Chapter 8 we consider an application of some of our results to the multistep
decision problem [14, 18] that triggered all the research undertaken in this book.

Chapter 2 occupies a special place. It addresses mainly newcomers to the
field, but it may be read by specialists as well. A newcomer can find here all
basic notions, terminology, and bases for the chosen mathematical models. A
specialist will likely find an alternative viewpoint on the subject matter.

To simplify the reading of the book, a mathematical supplement is given in
Appendices A.1 and A.2. One can find some elements of the theory of binary
relations in Appendix A.1, and some elements of theory of real functions, in-
cluding integration over finitely additive measure, in Appendix A.2.

The index contains both new terminology and that specific to and important
for the reading of this book.

2 Another form of uncertainty aversion that induces a similar criterion, but for a convex set P, was used
later in [24].
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As one can see from the above, a close connection exists among all the chap-
ters of this book. At the same time, one can read each chapter separately. If one
wishes only to become familiar with the statement of the problems, the results,
and their interdependencies, it is enough to read the preliminary section to each
chapter. Precise formulations and proofs are given in the following sections of
each chapter. This peculiarity of the book was the result of experience in lectur-
ing on such a multifaceted subject.






Chapter 2
Decision Systems

The correct statement of the laws of physics involves some very unfamiliar ideas
which require advanced mathematics for their description. Therefore one needs a
considerable amount of preparatory training even to learn what the words mean.

Richard Feynman

2.1 Preliminaries

Decision theory emerged from the requirements of diverse fields of human ac-
tivity such as medicine, gambling, politics, warfare, economics and finance, and
engineering. Perhaps this is the reason for the terminological diversity that some-
times impedes not only mutual understanding between specialists in different
fields but also the development of decision theory itself. In this sense, control
theory has been more fortunate, for its terminology turned out to be common to
many spheres of its application.

There are two points of view on the relationship between decision theory
and control theory. According to one such view, they have nothing in common.
According to the other, these theories are gradually converging because the dif-
ferences between them are not fundamental [14, 18]. The author of this book is
an adherent of the latter viewpoint, and proposes the following motivation.

In control theory one studies a control system that consists of a pair of objects:
a plant and a controller. In decision theory one studies a pair consisting of a
decision situation and a decision-maker. It is natural to call such a pair a decision
system. A control system is defined similarly.

The problem of choice of a decision or a control—an action that produces
some consequence—is a problem common to both systems. In both systems,
one may encounter two basic difficulties in the process of making this choice:
dynamics and uncertainty. The development of control theory began in engineer-

V.1 Ivanenko, Decision Systems and Nonstochastic Randomness, 9
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10 2 Decision Systems

ing, and the dynamics of plants became its central problem. The development of
decision theory began in economics, and uncertainty became its central problem.
While this dichotomy still exists, more and more attention is now being devoted
to uncertainty in control theory [53] and to dynamics in decision theory [14].

But there is still an essential difference. Whereas the choice of decision cri-
terion is at the center of decision theory, it is still on the periphery in control
theory.

A systematic mathematical study of a control system becomes possible only
if we define mathematical models of its components: the controlled plant, the
controller, and the experiment (observation) the controller can perform over the
plant. The same must be true about a decision system. Therefore, in this chap-
ter we introduce the notion of a decision system and mathematical models of
its components: the decision situation, the decision-maker, and the experiment
(observation) the decision-maker can perform over the decision situation. An
attempt to define a model of the second component of a decision system (the
decision-maker) may seem surprising if we do not mention that our model con-
cerns only the sequence of specific operations any decision-maker performs in
the process of decision-making.

The existence of two types of real decision situations—nonparametric and
parametric—Ileads to the existence of two types of model of these situations,
called respectively the lottery model and the matrix model.

The lottery model has the form

S1=(Z,1),

where

Z; = (U,C,y(-)) is called a lottery scheme;

U is the set of possible decisions or actions;

C is the set of all possible consequences;

v : U — 2€ is a model of the cause—effect mechanism of the decision situation
in the form of a multivalued mapping;

e [; is some datum or regularity of this mechanism, available to the decision-
maker by the moment at which the decision is made.

The matrix model has the form
Sm = (Zmalm)7

where

Zn=(0,U,C,g(-,-)) is called a matrix scheme;

U and C have the same meaning as in the lottery model;

O is the set of values of the parameter that affects a decision consequence;
g:0 xU — C is a model of the cause—effect mechanism of the decision
situation in the form of a function of two variables;
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e [, is some datum or regularity of this mechanism, available to the decision-
maker by the moment at which the decision is made.

It turns out (Theorem 2.1) that the matrix and lottery models are equivalent,
that is, each of them can be used to describe parametric as well as nonparametric
situations.

In real parametric situations, two types of experiments (observations) are con-
ceivable: first, observation of the parameter 0 € @ if it is physically possible,
and second, the observation of the consequence ¢ € C of the previous decision.
In nonparametric situations a decision-maker can observe only the consequences
¢ € C of previous decisions. In real life, parametric situations are less frequent
than nonparametric situations, but their natural (matrix) model happens to be
more convenient for the purposes of accounting and processing the data obtained
in the experiment.

So the model of experiment in a nonparametric situation has the form

h[ :C—=Y) hys
while in a parametric situation it has the form

W .C— Yo
or

By i © = Ye

where the Y’s are the sets in which the results of the experiments take values.

In describing a nonparametric situation in terms of the matrix model, the set
©® of values of the parameter 6 is introduced artificially. That is why the pa-
rameter 6 may not be observed explicitly. But due to the equivalence of the
matrix and lottery models—due to their one-to-one correspondence—the artifi-
cial parameter 6 characterizes the cause—effect mechanism of the nonparametric
situation. !

We assume further that any decision-maker that happens to be in a situation
demanding a decision has her own preference regarding the consequences of
her decisions. This preference, or more precisely, preference relation® that the
decision-maker establishes on the set C of consequences, is denoted by Bc. It
turns out that the decision situation scheme Z and the preference relation ¢ de-
termine together whether there is uncertainty in the decision system. Theorem
2.2 establishes necessary and sufficient conditions for the existence of uncer-
tainty in a decision system. In this way, uncertainty reveals itself as a system
notion: there is no uncertainty without a definite decision-maker, without his

! Observation of consequences allows one to construct an estimate @(y,x) of this parameter. This is
discussed in Chapter 8.

2 See Appendix A.1.
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personal preference relation B¢. In two different decision systems that share the
same decision situation but have different decision-makers (different preference
relations f¢), uncertainty can exist in one system and be absent in the other.
It turns out that uncertainty in a decision system is what creates the problem
of choice of decision criterion, or in other words, the problem of choice of a
decision, a problem with a strong psychological accent.

2.2 The Structure of Decision Systems

Let us begin by considering some examples.

Example 2.1. In many folktales there appears the following type of episode: a
hero, together with his beloved and his treasure, is riding his horse along a road
and eventually comes to a crossroads, where there stands a stone with the fol-
lowing inscription:

If you go left you may lose your beloved
If you go right you may lose your horse

If you go straight you may lose your wealth

The hero cannot turn back. After all, he is the hero! He must choose one
of the three roads on which to continue his travels. He is keenly aware of the
possible consequences of each of the three decisions. Our hero, preferring his
beloved and his horse to his wealth, with little deliberation goes straight. But
he eventually reaches another crossroads, and another stone, with the following
inscription:

If you go left you may lose your beloved or your wealth
If you go right you may lose your horse or your wealth

If you go straight you may lose your horse or your beloved

This choice is more difficult. Being a typical hero, he will most likely prefer
his beloved to his horse and therefore turn to the right. After all, typical heroes
value their beloved more than anything else. But eventually he is confronted
with a new crossroads and a new stone:

If you go left you may lose your horse or your wealth or your beloved
If you go right you may lose your horse or your wealth or your beloved

If you go straight may lose your horse or your wealth or your beloved

And now the hero has a problem: wherever he goes, he is in danger of losing
his beloved. His preferences (or priorities)—the beloved is more valuable than
the horse and the horse is more valuable than wealth—do not help him to choose
the optimal road. A conscious choice, a reasonable preference of one road over
another, is impossible in this situation: the hero’s preference for one or another
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of the possible consequences of his choice do not apply at this crossroads. The
hero can, of course, throw a die, thereby submitting himself to the whims of
chance. But if he wishes to justify his decision, he needs some additional data
as to which direction offers the least likelihood that he will lose his beloved and
a good chance of losing nothing. In order to obtain such data he addresses an
old raven sitting on a branch in a nearby oak who has seen many travelers at this
crossroads. It turns out that indeed, the probabilities are different: on the left-
hand road, there is a greater chance of losing nothing and less chance of keeping
his beloved than on the right-hand road. Now the hero’s decision depends on his
personality: a self-confident hero—perhaps he views himself as an invincible
fighter—may turn to the left, while the more cautious, more prudent hero turns
right, for he is ready to lose his horse or his treasure if he can keep his beloved.
Which of the two is our hero? Which type is more “rational”?

Example 2.2. A college graduate wants to choose a direction for further studies:
humanities, sciences, or engineering. He may be more apt at one of the three,
but he does not know which one. If his choice coincides with his abilities, his
life will be more satisfying. But how is he to make a choice if he does not know
his abilities? Again, like the hero in the previous example, our graduate must
obtain further data about his state, where we assume that he is in one of only
three possible states, that is, that he possesses the greatest ability in only one of
the three areas. Our student may take some aptitude tests, but there are no tests
that can rule out the possibility of a mistake. So the uncertainty of the situation
cannot be eliminated.

Example 2.3. The expression “Hobson’s choice” refers to a situation in which
there is an appearance of choice, but in fact no choice at all. Thomas Hobson
(1544-1610) was an entrepreneur in Cambridge, England, where he operated
a livery stable with horses for hire. Having found that customers preferred the
best horses, which were becoming overworked, Hobson instituted the rule that
the customer had to accept the first horse in line at the stable gate. Thus the
customer was unable to indulge any preference regarding the horse’s color or
temperament. Today we might say that by paying the fee to hire a horse, the
customer has paid for the right to participate in a lottery with the horses as the
prizes (or the consequences): the customer will receive one horse from the set of
horses held in the stable. In fact, there is no choice (or decision-making) here.
The choice has been offered to the client earlier: knowing the rules of the stable,
he could agree to hire a horse or refuse to do so. Here we would say that he
chooses between two alternatives:

(1) participation in the lottery with “any of Hobson’s horses” as a consequence;
(2) participation in the lottery with “none of Hobson’s horses” as a consequence.

Perhaps it was not so easy to refrain from participating in the Hobson’s horse
lottery. Different ethical (aesthetic, moral, social) considerations could favor the
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decision to hire an arbitrary Hobson’s horse. For example, it is possible that
those who frequented the stables were members of a particular group, or a club,
to which it was important to belong, and thus it was worthwhile to risk getting a
bad horse.

Decision theory today considers only ethically neutral alternative acts. A lot-
tery, in which the consequences are monetary gains and the preference relation
regarding the consequences is determined by the gain size, is the traditional ex-
ample of such neutrality. Let $10 be the price for the right to participate in any
of the two following lotteries: the first lottery offers the gains $1,000,000, $10,
$0, while the second offers $10,000, $100, and $0. Which lottery do we prefer?
Most likely, we will not be able to make an informed choice, for the situation is
rather uncertain. Of course, the desire for riches might make some of us choose
the first lottery. But such a choice would be opposed to the neutrality of the
alternatives. Therefore, we would first wish to get some complementary data re-
garding the probabilities of gains in each of the two lotteries. Here we can say
that the uncertainty in the choice of the best alternative appears due to the un-
certainty of the situation: the same act can result in different consequences, and
the same consequence can result from different acts.

One should not think that such an ambiguity in the consequences of our ac-
tions appears only in situations in which a human being deals with systems
created by human beings, i.e., those that function not according to the laws of
nature, but according to other laws devised by people. The influences of our ac-
tions on various physical or chemical systems and their responses (or the conse-
quences of our actions) have been studied in control theory and its applications,
a discipline close to decision theory and its applications. Ambiguity in the afore-
mentioned responses also leads to decision-making under uncertainty. Here is an
example.

Example 2.4. Consider the construction of some part or subassembly that will
go into a certain technological device. During construction, the part will be
tested by subjecting it to a certain influence (a temperature field, a vacuum,
ionic/molecular bombardment, etc.) for a certain period of time 7. Each part re-
quires its own processing time ¢*. But time ¢* is unknown at the moment that
processing time ¢ is chosen. However, we know that t* € [T7, T3], and in order
for a part to be certified, it is necessary that time ¢ not deviate from ¢* by more
than Az, that is, # should be chosen in such a way that |t* —¢| < At. If this condi-
tion is not satisfied, the part is declared unfit. It is clear that if Az < |T} — T»| /2,
there is no chance for all the parts to be certified. Thus, the problem is to choose
a value for ¢ that minimizes the quantity of unfit parts. So far, what is important
for us is to choose a certain value of 7. But when ¢* is not known in advance, the
result (or the consequence) of the operation is uncertain: for any choice of ¢ at
least two outcomes are possible: the part is good or it is bad. The set of possible
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alternatives is the set of all possible time values ¢ € |T; — T»|. So the question is,
what value of ¢ shall we choose?

This problem resembles the game “guess the number,” in which a player is
to guess a number chosen from [1,...,10] by another person. If he guesses cor-
rectly, he wins a prize, and if not, he loses something. This game is artificial,
whereas in our technological situation we are dealing with the laws of physics
and chemistry. Here ambiguity appears, due to the fact that the system is open
to an external influence about which we know nothing. In this sense, there is
no principal difference between physical and socioeconomic systems: both can
be under the influence of factors “chosen by us” or “by the decision-maker” as
well as “chosen by something (somebody) else,” and hence our decisions and
corresponding actions do not determine the consequence uniquely.’

It is easy to see that all our examples have much in common. Indeed, every-
where in the above examples, someone—a decision-maker—happens to be in a
situation demanding that he make a decision (alternative, action) out of a certain
set of possible decisions. In the first example, it is the choice of the road; in the
second, it is the choice of the educational profile; in the third, it is the choice
of the lottery; in the fourth, it is the choice of the processing time. In all these
examples, the choice—making a decision—implies an action leading to certain
consequences. We call such situations decision situations.

In all our examples, at least one action may have several possible conse-
quences, only one of which will take place. In all the examples, the consequence
of interest to the decision-maker can be the result of more than one of his ac-
tions, and the decision-maker does not know for certain which action generates
this consequence. It is for this reason that such actions are called “decisions
under uncertainty.”

In all the examples, the decision-maker may have some data about “probabil-
ities” in favor of one or another consequence. Sometimes, before making a de-
cision, a decision-maker can execute some experiment (observation) that would
provide additional data about these “probabilities.” Therefore, data about the
decision situation are usually divided into a priori data, those that the decision-
maker has before the experiment, and a posteriori data, those that he has after
the experiment.

Note that in all our examples there is no dependency between consequences
of different actions: whatever the consequence of an action, it in no way in-
fluences the consequences of other actions. We limit ourselves in this book to
this independence of consequences. As we shall see later, this independence, in-
duced by the structure of the cause—effect mechanism of a situation, increases in
a certain sense the complexity of the decision situation.

3 This situation is similar to the situation in which at each moment of time, a portfolio manager or a
trader makes a decision to change or not to change the structure of his investment portfolio.
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Finally, note that our examples naturally form two groups. The first group
includes Examples 2.1 and 2.3, while the second includes Example 2.2 and
2.4. Namely, in situations belonging to the second group, there is an explic-
itly present “physical”* parameter that along with the decision-maker’s actions
influences the consequences. Thus in Example 2.2, this parameter is the true but
unknown vocation of a college graduate; in Example 2.4, it is the true, but un-
known to the decision-maker, processing time of a machine part. In situations
of the first group, there is no such explicit parameter. Nevertheless, the sets of
possible outcomes (consequences) that correspond to a decision-maker’s actions
still are such that he does not know which of his actions will lead to the required
outcome.

We call the situations of the first type (first group) nonparametric situations,
while the situations of the second type (second group) are called parametric sit-
uations. In this connection there are two types of experiments, or observations,
that may be provided by a decision-maker. In situations of nonparametric type, a
decision-maker can observe only consequences (probably distorted) of his pre-
vious actions (decisions). So, in Example 2.1, the hero obtains such observations
from the raven. In the situations of parametric type, the decision-maker also may
observe consequences of his previous actions. But sometimes, before making a
decision he may observe the value (which may be distorted) of the parameter
that affects the consequences. So in Example 2.2, the graduate may observe the
results of some special tests. Note also that in parametric situations, both types
of observation may sometimes be provided.

Finally, we note that all our examples have the same structure, a sketch of
which is presented in Figure 2.1:

In the figure, DM = decision-maker, DMS = decision-making situation. They
are connected by channels 1 and 2. Through channel 1 the decision-maker re-
ceives the data S = (Z,I) about the situation before making a decision. Through
channel 2 the decision-maker makes decisions u € U, which result in conse-
quences ¢ € C in channel 3. Channel 4 is an experiment of the first type; channel
5 is an experiment of the second type. Finally, O € © is the unknown parameter
in the parametric decision situation.

We call the structure consisting of a decision-making situation and a decision-
maker a decision system, in analogy to control theory, where the pair consisting
of a controlled plant and a controller is called a control system. If an experi-
ment is provided, we shall say that we are dealing with a decision system with
experiment.

Our goal is to study decision systems. For such a study we need mathematical
models of all parts of the decision system: the decision situation, the decision-
maker, and the experiment. Decision systems with experiment will be studied in
Chapters 6, 7, and 8.

4 We use the word “physical” in the widest possible sense, meaning “actually existing,” following Bell-
man [7].
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Decision System

Fig. 2.1 The structure of a decision system.

2.3 Decision Situations

We suppose that everything that is unknown to the decision-maker is introduced
into the decision system only by the decision situation. We shall construct a
mathematical model of the decision situation in the form of the pair § = (Z,1),
where Z is the scheme of the decision situation and [ is the data about the reg-
ularity of the cause—effect mechanism. The above-mentioned existence of two
classes of decision situations—nonparametric and parametric—engenders two
different models of decision situations.

2.3.1 The Scheme of a Decision Situation

For any situation we admit the following terminology and notation. We say that
a decision-maker has to choose a decision # from some set U of all admissible
decisions for a given situation, i.e., u € U.> We shall identify a decision u with
an action that may generate some consequence ¢ from the set of all possible
consequences C, for this decision.

5 Henceforth, if it is not specified, we mean arbitrary sets.
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Let

Ua=c

uclU

denote the set of all possible consequences of the situation.
We call the triple

Z; = (U7C7W(')) (2-1)

a lottery scheme of a decision situation, or simply a lottery scheme for short.
The mapping y(-) will sometimes be written in the form of a parametric set
(Cy, u € U), and the lottery scheme analogously in the form of the triple

Z=(U,C,(Cyyucl)).
We call the quadruple

a matrix scheme. Here O is the set of all possible values of the unknown param-
eter 0 that may be chosen by someone other than a decision-maker.
In the lottery scheme (2.1), the multivalued mapping

w: U —2C e {2€}7

describes the cause—effect mechanism of generation, or generator, of the con-
sequences in a decision situation. In the matrix scheme (2.2), the single-valued

mapping
g:0xU—C

is another description of the cause—effect mechanism of generation of conse-
quences.

If the decision-maker knows nothing about the regularity of the cause—effect
mechanism, then the model of the situation is reduced to, or becomes exhausted
by, its scheme.

It seems natural to use the lottery scheme Z; in modeling a nonparametric sit-
uation, and the matrix scheme Z,, in modeling a parametric situation. However,
it is not difficult to see that a parametric situation can be described in terms of
a lottery scheme Z;, and a nonparametric situation in terms of a matrix scheme
Zn.

Indeed, let the nonparametric situation be described in terms of the lottery
scheme

Z = (U7C7 W()) :
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Fig. 2.2 Consistency between a lottery and a matrix scheme.

In order to describe this situation in terms of the matrix scheme Z,,, it is nec-
essary to construct the set ® and the mapping g(-,-) in such a way that will
conserve the “complexity” of the original lottery scheme.

Having noted that in response to the chosen action u# € U, the cause—effect
mechanism generates only one consequence ¢ € C,, we describe the complexity
of the original nonparametric situation in terms of the set of all complex events

O={0ec(U—C):0u)eC, YuecU}. (2.3)

Here 6(-) is a single-valued function with the domain of definition U (see Fig-
ure 2.2).

In addition, it is reasonable to evaluate the complexity of the situation de-
scribed in terms of the lottery scheme (2.1) by the capacity m of the set O,
assuming m(0) = m(CY).

In the case of finite sets U and C, it is obvious that the complexity is given by
the number

Card(6) = Card(CY). 2.4)

Setting
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0(u) = g(0,u), (2.5)

we obtain a matrix scheme Z,, = (®,U,C,$(-,-)) in which, in contrast to the
matrix scheme Z, = (0,U,C,g(-,-)) describing some parametric situation, the
parameter 0 is artificial and may not have physical sense. Following Savage
[73], one may call this artificially constructed parameter 0 a state of nature.

The procedure defined by the operations (2.3) and (2.5) is called parameteri-
zation. Parameterization defines the mapping

T2 = {Zl - <U7C7 ‘V())} - Zm {Z - (@,U,C,g(-,-))}, (2.6)

where Z; and Z,, are classes of all lottery schemes and matrix schemes equiva-
lent to them in capacity.

It is clear that the matrix scheme Z, can always serve to restore the original
lottery scheme Z;. Indeed, define the multivalued mapping y/(+) according to the
following rule:

v(u)={80,u): 66} VYuel. (2.7)
We call this procedure compression. It defines the inverse mapping
X:Lnw={Zn=(0,U,C.8(-.")} =2 ={Z=(U,C,y(-))}. (2.8

The mappings (2.6) and (2.8) are bijective, and therefore the set Z; and Zm are
equivalent (have equal capacities).
Then taking into account (2.6) and (2.8), we have

x[7(Z1)]
=x[t(U,C y(-))]
=x[{6€(U—C):0(u)cyu),YuecU},U,C{g(-"): (2.9
g(0,u)=0(u),v0 € ®,Yuc U}
=(U,C,({6(u):0€0},VuelU))=(U,C,y(-)) =2,,NZ, € 7.

This result may be written as our next theorem.

Theorem 2.1. The class of decision situations that can be represented by the
matrix scheme Z,, coincides with the class of situations that can be represented
by the lottery scheme Z;, i.e.,

L =174. (2.10)

Thus we can use either of the two schemes Z; and Z,, to describe any decision
situation, parametric or nonparametric.

The majority of real-life decision situations seem to be of nonparametric type.
However, in many real parametric situations the capacity of the set @ of possi-
ble values of the parameter 0 is less than the capacity of the set CV: some of
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the complex events 6(u) may be absent. This makes the parametric situation
less complex. So in our Example 2.2, the set © (the set of all possible abilities
of the graduate student) consists of three elements, whereas the set CY con-
sists of twenty-seven elements! In the degenerate case, in which it is known that
the graduate is talented in only one type of activity (for example, engineering),
the uncertainty of choice disappears; the complexity of the situation is minimal
(zero?).

It is clear that when m(®) < m(CV), one should describe the parametric deci-
sion situation in terms of the matrix scheme. In other words, compression of this
scheme into the lottery scheme can lead only to an unjustified complication of
the situation model, or to the loss of data about the simplicity of the parametric
situation. Indeed, if the real set ® of the parametric situation is preserved (is not
forgotten) in the operation of compression, then the lottery scheme will consist
of the matrix scheme completed by the useless multivalued mapping. If, on the
other hand, after compression ) one does not preserve, or forgets, the data about
the set ©, then such a compression turns out to be a surjection of the set Z,,
onto the set Z;: a single lottery scheme (the image) corresponds to more than
one matrix scheme (the preimage).

2.3.2 Data about the Unknown

Looking back at the examples of decision situations from Section 2.2 and fit-
ting them to the decision schemes Z; and Z,,, one can see that a scheme by
itself is insufficient to model a situation. In Examples 2.1 and 2.2, not only does
the decision-maker know the schemes Z; and Z,,, but he receives as well some
additional data about peculiarities of the appearance of consequences of every
decision. We call these data the data about the unknown.

When we say “unknown,” we mean that the decision-maker does not know in
advance which consequence ¢ € C, will be the result of the chosen action u € U.
The notion of the unknown, with all its richness, can scarcely be formulated in
precise mathematical language. In this book, we shall confine our treatment of
the unknown to following, to a certain extent, R. Bellman [7]. Namely, we shall
assume that the consequence ¢ € C, is induced by some cause—effect mecha-
nism, or generator of consequences, which is switched on by the chosen action
u € U in a way shown in Figure 2.3 for nonparametric situations and in Figure
2.4 for parametric situations. It is precisely this cause—effect mechanism that
represents in our model the dependence, specific to each decision situation, of
consequences on actions. Clearly, the range of these dependencies is very wide,
from functional dependence to complete independence.

It is natural to suppose that the source of unknowns is the actual environment,
or the reality of the physical—in the widest possible sense of this word—world,
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uell ceC,cC

Fig. 2.3 A nonparametric situation.

4ec®

uecl ceC,cC
g(3,u)

Fig. 2.4 A parametric situation.

in which the decision situation takes place. So, for example, the profit from
operations on the stock exchange depends on the totality of financial markets;
the outcome of a disease depends on the entire state of medicine; the length of a
human life depends on social conditions, but of course not on that only.

It is natural to consider the unknown consequence ¢ € C,, as random, and the
cause—effect mechanism as the generator of such randomness. The specificity
of a decision situation consists then in some regularity of the considered ran-
dom phenomenon. Since these regularities are proposed by modern probability
theory, it would seem that there should be no new difficulties. But this is not
the case. Already Borel in [4] remarks that the world of random phenomena is
much wider than that of its parts, which is described in terms of probability the-
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ory and remarks on the absence of scientific means of studying this world. In
[47], Kolmogorov says in this respect the following: “Speaking of randomness
in the usual sense of this word, we mean those phenomena in which we do not
find regularities, allowing us to predict their behavior. Generally speaking, there
are no reasons to assume that phenomena random in this sense are subjected to
some probabilistic laws. Hence, it is necessary to distinguish the randomness in
this broad sense and stochastic randomness (which is the subject of probability
theory).”

However, what do the words “we do not find regularities, allowing us to pre-
dict their behavior” mean? We should scarcely understand them in the sense
that such regularities do not exist, that in the range between the determinism of
functional dependence and complete uncertainty there is only the regularity of
stochastic randomness. More likely, they express the need to find the regularities
of nonstochastic random phenomena. We shall return to this topic later.

So far, independent of the form—perhaps even a nonmathematical one—in
which the regularity of the cause—effect mechanism is expressed, we shall de-
note it by the symbol /. Denote the lottery and the matrix models of a decision-
making situation by S; = (Z;,1;) and S, = (Z, I,) respectively.

We have already seen that the matrix and lottery schemes, Z, and Z;, are
equivalent ways of describing decision situations: each of them can be used for
the description of a parametric as well as a nonparametric situation. It seems
that the models S; and S, are equivalent in this sense as well: making use of the
operations of parameterization T and compression ), the regularity /,, could be
rewritten in terms of /; and vice versa. However, so far one can see this only for
a concretely given regularity /.

In particular, let us demonstrate this equivalence of the models S, and S
for situations with finite sets of decisions U and consequences C in the case of
stochastic regularity of the cause—effect mechanism.

For a certain situation, let its lottery model be S; = (Z;,1;), where

Zl: (U7C7{Ck7k:177d}))
U= (ur,uz,...,uq),

d
C= (Cl7c2>"°act) = UCk7
=1

and the stochastic regularity /; has the form of a family of probability distribu-
tions

L=0={0k=1d}, Or=/(qilc1),qi(c2),-..,qx(cr)).

The matrix scheme Z,,, constructed on the basis of the lottery scheme Z
according to the parameterization 7 (2.6), has the form Z,, = (U,C, 0,g(-, ))
where the artificial parameter @ takes values in the set @, Card(@) =n=1t9,
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1.€.,

A A

l,l’l, eu(uk):g(6“7uk), Vk:Ld

@ (él,éz,...,én), éuiUﬁ>C,
u

Here éu is a “complex” event, consisting of the “simple” events Cypks V = 1,t
that constitute éu-

In order not to complicate our example, suppose that there is no dependency
between the consequences of different actions, in other words, that consequences
are overall independent. Then the regularity /,, in terms of the probability distri-
bution over the set @ is given as

Ly =P(®) = (p(61),p(6),...,p(6,)), 2.11)
where
R d
p(Oy) = [Jar(ev,), m=Tn 2.12)
k=1

The matrix model S,, = (Z,,,1,,) obtained is equivalent to the original (prim-
itive) lottery model S; = (Z;,1;). Indeed, we make the inverse transformation
from S, to S;, the compression (2.8). To do this we need to reconstruct /; from
I, in the form of the family

Q;c:(Q;c(cl)vq;c(cz)w'-7QI,<(CI))7 k=14, (2.13)

where
ai(ev) =p{u,u=Tn:g( ) =cy}, v=11. (2.14)

The model S; = (U,C, {Ck, Q. k= 171}) constructed in this way coincides
with the original model S;.°

To prove this equivalence in the case of arbitrary sets C and U is techni-
cally more complicated. Nevertheless, in what follows we shall everywhere, un-
less otherwise specified, write down the model of the decision-making situation
omitting the indices, i.e., as S = (Z,I).

6 For situations with stochastic regularity in the case of an arbitrary set C and finite set U, the equivalence
of models is proved in [42]. In Chapter 6 we show the equivalence of the matrix and lottery models for
nonstochastic regularity.
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2.4 Experiments in Decision Systems

The models of experiment in decision systems discussed in this section will
be used only in the last three chapters of this book. Therefore, the impatient
reader may skip this section and proceed to the following one, returning here
only before reading those chapters.

Suppose the decision-maker is in the situation S = (Z,I). His knowledge
about the regularity of the cause—effect mechanism may be enriched by means
of an observation, or an experiment, over the decision situation.” A description
of the regularity before observation is called a priori. We have already denoted
it by the symbol /. The regularity enriched by the observation is called a poste-
riori, and we denote it by the symbol I,. Suppose that / and [}, are linked by the
relation

Iy=f(I,wy), wi €Wy, (2.15)

where f is some algorithm of transition from the a priori description of the
regularity / to the a posteriori description 7, under the observation wy, from some
set Wj,.

To limit the definition of experiment and make it more precise, we return
again to our examples in Section 2.2. Obviously there are two types of experi-
ments conducted by the decision-maker. An experiment of the first type is con-
ducted by the hero in Example 2.1: the raven informs the hero of the conse-
quences that followed the decisions of the hero’s predecessors. An experiment
of the second type is conducted in Example 2.2 when the young man explores
his inclinations toward different professional occupations.

Generalizing what we have said, we define the model of the experiment of the
first type as the mapping

hy: C— W,. (2.16)

This corresponds to the structure of the decision system in Figure 2.5.
We define the model of an experiment of the second type as the mapping

B2 @ =W, (2.17)

corresponding to the structure of the decision system in Figure 2.6. These fig-
ures make it clear that an experiment of the first type may be provided both in
parametric and in nonparametric situations. An experiment of the second type
may be provided only in parametric situations and only if the parameter 6 can
be observed. Statistical studies consider primarily this type of experiment [14].

There is a profound difference between the two types of experiment. While
observation w,, depends only on the parameter 68 € ®, observation w; is more
complicated. According to (2.16), the observation w; depends on the conse-
quence ¢ € C, and hence depends on the decision u € U that resulted in this

7 We shall use the words “observation” and “experiment” as synonyms.
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Fig. 2.5 The structure of a decision system with an experiment of the first type.
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Fig. 2.6 The structure of a decision system with an experiment of the second type.

consequence. The decision-maker uses this observation in order to construct an
a posteriori description of the regularity. Then this description is used for future
decision-making. Thus a dependence arises between sequential decisions. Such
dependencies produce some “information dynamics,” particularly important in
multistep decision systems, i.e., those in which the decision-maker makes se-
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quential decisions, remaining in the same situation and accumulating, step by
step, data about the regularity of the cause—effect mechanism.

Note finally that refusing to consider random functions of 6 in our model
of experiments in no way restricts the generality of this model. Indeed, let, for
example, an experiment be written in the form of a random function of 0, i.e.,
as

iyt © X Q — W, (2.18)

where €2 is the set of primitive events. This model can always be reduced to
the model (2.17) by an obvious change of variables: it is enough to consider the
direct product ® x Q as a new set @' of the unknown parameter.

2.5 The Decision-Maker

It follows from the examples of Section 2.2 that every decision-maker that hap-
pens to be in a decision situation has the goal of achieving what is in his opin-
ion the best outcome or consequence. To fulfill this task, the decision-maker,
equipped with the mathematical model of the situation S = (Z,), has to choose
the action generating this outcome. We call this choice the decision problem or
the problem of choice. To solve this problem, the decision-maker must perform,
roughly speaking, the following sequence of steps:

1. Establish his personal preference relation® (or in other words, a criterion) on
the set of all possible outcomes C. Denote this preference relation by fc.

2. Determine the best, according to B¢, consequence dec.

3. Establish some preference relation (criterion) on the set of all admissible
actions U. Denote this preference relation by S .

4. Determine the best, according to By, action u® € U.

These four steps constitute a compound decision problem, compound because
each step in this sequence is a certain mathematical problem. Even the first
step—establishing a personal preference relation Sc—is a mathematical prob-
lem: this relation must satisfy certain conditions if one wants to remain on stable
ground.

The second and the fourth steps—the search for ¢? and the search for u%—are
optimization problems that, generally speaking, can be solved by appropriate
mathematical methods. These two steps are not problems specific to decision-
making only. The problem specific to decision-making is that of the third step,
namely, the problem of construction of the preference relation ;. This problem
is the kernel of the compound decision problem, and therefore, in speaking of
such problems we sometimes will mean only the problem of the third step.

8 See Appendix A.1.
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It is natural here to note that the data on the regularity / of the situation can
only simplify the decision problem. Therefore, following our model of the de-
cision situation, we say that if we know nothing of the situation but the scheme
Z, then we limit the model S of the situation to its scheme, i.e., S = Z. Never-
theless, the situation cannot be considered separately from the decision system,
or more accurately, independently from Sc. Is it not obvious that some situation
can be simple for one decision-maker, i.e., for his preference relation B¢, and be
complicated for another decision-maker that has another preference relation B¢?
Suppose, for example, that the first is a colorblind person in a situation in which
the consequences are colors.

But the model S (or just the scheme Z) of the situation and the preference re-
lation B¢ do not define the unique preference relation By . Indeed, it was already
in Example 2.1, at the third crossroads, where we saw that two different heroes
in the same situation, having the same preference f¢, later chose two different
preferences By and correspondingly made two different decisions, i.e., chose
two different roads. Each one justifies his choice in his own way, and each one
is right—in his own way. But then we are tempted to classify these choices as
arbitrary! To eliminate such arbitrariness it is necessary to transform the third
step into a precise mathematical problem.

Before doing this, let us turn again to our examples. In particular, in Exam-
ple 2.1, at the first crossroads, the hero of the story, having his preference B¢
with respect to consequences, makes a decision without any speculation. In this
decision situation, the choice of the road is uniquely determined by the hero’s
preference B¢, because a single consequence corresponds to only one road. We
generalize this episode in the following way. Consider the situation in which
the mapping y(-) of the decision set U in the set C of consequences is single-
valued. Denote such a mapping by . The inverse mapping ¥~ : C — U is not
necessarily single-valued, and the consequence ¢ € C can be generated by any
element of some set U.cc C U. Note that the sets U, and U are disjoint for all

CiyCj,i # j. Thus the mapping {~ decomposes the dec1s1on set U into a system
U of disjoint subsets {U,,c € C} = U in such a way that ¥~ (c;)Bc¥'(c))
follows from c¢;fBcc;. Thus if the preference B is satisfied for the set of images
C, then the same P is satisfied for the set of preimages U. But we denoted the
preference relation on the set U by the symbol . Thus the mapping ! trans-
ports, or projects, the preference relation from the set C onto the set U in such a
way that if ¢;Bcc; and u,, € U, uc; € U, then U (ue,) Bclfl(ucj). Clearly, there
exists a unique preference relation By that does not contradict the preference re-
lation ¢, or to put it briefly, retains (or supports) Bc. We say that the third step
of such a decision problem is simple or degenerate simply because there exists
only one such preference relation . Indeed, in this case one must solve only
the optimization problem of the fourth step. In other words, the whole compound
decision problem degenerates into the optimization problem.
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So perhaps the decision problem does not become degenerate in the case that
the mapping y(-) is multivalued, and we do not know what the result of our
action will be. That is frequently the case, but not always. Here is an example.

LetC,, = {c1,c2} and G, = {c3, ¢4}, and according to B¢ let c3Bcci, c3fcca,
cafeci, caPeca, i.e., all results of the action u; are preferred to all results of the
action u;. So we have here the multivalued function y(-). But there exists a
unique By that does not contradict B¢. This By is produced by a specific combi-
nation of the inverse mapping w~!(-) (which is a surjection) and the preference
relation fc.

But the crossroads in the second and the third episodes from Example 2.1 are
different. Here, at every crossroads, it is not known which of the several conse-
quences will occur. In terms of the lottery model, in this situation the mapping
y(-) is many-valued, and it is such that the inverse mapping y~!(-) does not ex-
ist. Therefore, the hero’s preference B¢ does not determine the unique preference
Bu. We say that this is the effect of uncertainty inherent in the situation.

And nevertheless, our hero is making his decision according to his personal,
i.e., arbitrary, preference relation fy .

We now resume our attempt to model the third step of the compound decision
problem. Denote by S the set of decision situations. For any decision situation
S € S let B¢ denote the set of all preference relations B¢ on C, B¢ the subset of
B¢ available to the given decision-maker, By the set of all preference relations
By on U, and By the subset of By available for the decision-maker.

Definition 2.1. We call the mapping
ﬂZSXBc—>BU (2.19)
a projector or criterion choice rule.

Denote by II the set of all possible projectors or criterion choice rules 7.
Then it follows from the above that any decision-maker in a decision system
reacts in his own way to the information about what is unknown, executing in
his own way the operation of projection. In other words, any decision-maker in
the decision system is a certain projector 7, or equivalently, has his own criterion
choice rule. This allows us to represent a decision-maker as a triple

b= (Bc,BU, 7'6), Bc CBe, By CBy, withx CII. (2.20)

This model allows us to describe the aforementioned arbitrariness in the fol-
lowing way: in the same situation S, with the same preference relations f¢, two
different decision-makers 7y and 7, can establish two different preference rela-
tions B, and B that can define two different best actions. A natural question
is then, which one of them has chosen the best action? And what does it mean,
“the best,” if each decision-maker, | or 7, has his own opinion, his own fourth
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step “optimization” problem according to which each of them determines his
own “best”?

The only exit from this arbitrariness is, most likely, to find and to put in the
same group all decision-makers that have the same criterion choice rule. This
will eliminate the arbitrariness inside the chosen group, or class: in the same
decision situation S, all representatives of this class, having the same preference
relation ¢, will establish the same preference relation By, and finally will make
the same decision. However, is there such a criterion choice rule? And if it exists,
then what kind of criterion By does it generate?

We are not ready to answer these questions. The problem of choice arises, as
we saw, in decision systems with uncertainty, but we still do not have a precise
notion of what it means for uncertainty to exist in a decision system.

2.6 Existence of Uncertainty in Decision Systems

We have already mentioned a few times the word “uncertainty,” but we have thus
far never tried to make it precise. The sense of this word in everyday speech does
not need any refinement. However, in everyday speech the word “probably” also
does not need to be refined. Nevertheless, the quantitative characterization of
the probable event demands a precise mathematical method, namely probability
theory. Similarly, the notion of uncertainty demands at least a more precise defi-
nition. To begin with, note that in decision theory one has to be able to divide the
whole class of decision problems into two subclasses: decision problems with
and without uncertainty. For such a classification we need a criterion of exis-
tence of uncertainty in a decision system. Before we introduce such a criterion,
we shall make some remarks.

There are two parts of a decision system that can be sources of uncertainty:
the decision-maker and the decision situation. We suppose that the decision-
maker can reveal uncertainty only in the choice of the preference relation B¢. So
let us restrict decision systems to those for which any decision-maker can have a
single personal preference relation ¢ for the given situation. In this case, when
Be is fixed, the decision situation becomes the only source of uncertainty in the
decision system, and thus in the corresponding decision problem.

Note that the data I can only decrease the uncertainty of the situation. Un-
der these assumptions, uncertainty in the decision system comes only from the
scheme Z of the situation.

To simplify our reasoning we limit the set B¢ to linear preferences (linear
ordering) and define

Bc = (C,>).
Let
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Set
R=(29",

that is, the set of all mappings y : U — 2€.
Denote the class of mappings that bring uncertainty into the decision system
by K C R.

Definition 2.2. We say that decision u; dominates decision u; relative to e =
(C,=) if Cyy = Cyy, i€, ug = up if ¢; = ¢ Vey € Gy, and Ve € Cyy, We have
Card(Cy, NCu,) < 1,Cy; # Cyy.

Definition 2.3. The procedure of constructing the preference relation By =
(U, >) in accordance with the following conditions is called projecting:

Condition 1
Cy, = Cyy = uy = up, Vuy,up €U,;
Condition 2
(Cyy =Cyy,Card(Cy,) =1) = uy ~uz, Yuj,up €U.

Definition 2.4. A decision system contains uncertainty if the projecting proce-
dure is not single-valued.

Obviously the multivaluedness of the mapping y(-) is a necessary condition
for the existence of uncertainty, i.e., K # (2°)V. But it is clear that this condition
is not sufficient, i.e., K # (2€)V \ cV.

Intuitively, one can easily propose some version of a sufficient condition.
Suppose for simplicity that the sets U and C are finite, and the mapping y is
single-valued everywhere but on one action u* € U. At this point, let the set of
consequences be given by C» = {c1,c2}, ¢1 < ¢2. Suppose there exists the ac-
tion u** with the consequence C,+» = {c3} such that ¢; < ¢3 < ¢;. Then there

exist two variants of the preference relation B : the first B[(jl) with u* > u™*, and

the second [3[(,2) with #* < u™*. So a sufficient condition can be formulated as
follows: uncertainty exists if there is a situation § = Z and if there is a pair of
decisions u*,u** with consequences C,» = {c1,c2} and Cy = {c3} such that
c1 <c3 <03

But it turns out that one can prove a much stronger statement. In order to
define the class K we need to prove our next lemma.

Lemma 2.1. We have y(-) € K if there exist a preference relation (C,>) and
distinct uy,up € U and consequences cy,cy € W(uy),c3,ca € Y(up) such that
c1 <C3, C3 > C4.
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Proof. Necessity. Let some relation (C, =) generate different projections on the set U. Assume the
converse. This means that for all u;,u, € U,u; # uy, precisely one of the following conditions holds:

y(u) < w(uz), Card(y(ur) Ny (uz)) <1,

V() = y(u), Card(y(u) Ny (u)) <1
y(ur) =y(w), Card(y(ur)) =1

Then for the chosen (C, ), according to Conditions 1 and 2, there exists a unique (U,>), namely

uy = up <= y(ur) > y(up), for all uy,up € U. This contradicts the assumption that the relation (C,>)

generates different projections on the set U. In other words, this contradicts the ambiguity of the choice

of the preference relations on the set of decisions U.

Sufficiency. Let the preference relation (C,>) satisfy the conditions of Lemma 2.1. Then there exist
W eU, u #u', cr,c0 € W), c3,c4 € W(u'") such that ¢ < c3, ¢2 > c4. Let (U,=') be some
preference relation on U (for example it may be a lexicographic relation with respect to (C,>)). Then
one can take another preference relation (U, 5”) such that

uy = uy,

up =" uy = ,
up < up, up S up.

The lemma is proved.
Next we need the following lemma.

Lemma 2.2. The necessary and sufficient conditions are equivalent to the fol-
lowing conditions: there must exist distinct uy,uy € U and consequences c,c, €
Yy (uy), c3,ca € W(up) such that either ¢y < c3 < ¢z or ¢ = ¢3, ¢3 = ¢4, €1 # C2.
Proof. Necessity. Suppose the conditions of Lemma 2.1 are satisfied for uy, ua, ¢y, 2, ¢3, c4. Then
without loss of generality, one may assume that ¢; < ¢;. If ¢; = ¢3, then setting ¢’ = ¢4, 3’ = ¢4’ = ¢y,
¢2’ = c3, we obtain for ¢1’, o', ¢3', ¢4’ the first condition of Lemma 2.2. If ¢ < ¢3, then when ¢3 > ¢», for
¢’ =cy, 2’ =3, 3’ = ¢2, ¢4’ = c; we obtain again the first condition of Lemma 2.2. The same holds
if c3 < ¢;. In the case ¢3 = ¢y, if ¢; = ¢4 we have at ¢’ = c1, ¢2’ = ¢3, 3’ = ¢3, ¢4’ = ¢4 the second
condition of Lemma 2.2. And finally, if ¢| # c4, for example at ¢4 = ¢y, then at ¢;" = c1, ¢’ = ¢3,
c3' = ¢4, ¢4’ = c3 we have the second condition of Lemma 2.2

Sufficiency. Let the conditions of Lemma 2.2 be used for uy,uy,cy,c2,c¢3,c4. Then if ¢; < ¢3 < ¢4,
the condition of Lemma 2.1 holds for ¢;’ = ¢y, 2’ =2, 3’ =c¢4’, ¢4’ =3, and if ] =3 = 2 = ¢4,
then the condition of Lemma 2.1 holds for ¢’ = ¢3, ¢2’ = ¢1, ¢3’ = ¢3, ¢4’ = c4. The lemma is proved.

From these two lemmas we obtain the following theorem.

Theorem 2.2. A decision scheme Z; contains uncertainty if there is y(-) such
that one can determine distinct uj,uy € Dom(y) and cy,cy such that either
y(u1) = y(up) = {c1,c2} or there is also c3 different from c| and ¢ such that
c1,c2 € Y(uy) and c3 € y(ua).

NowletZ =2, =(0,U,C,g(-,-)), and this Z,, is equivalent to Z; in the sense
of Theorem 2.1. Then Theorem 2.2 can be reformulated for Z,, as follows.

Theorem 2.3. A decision scheme Z,, contains uncertainty if and only if there
is g(+,+) such that there exist distinct uj,uy € U for which either g(®,u;) =
8(®,uy) and Card(g(®,u;)) = 2 or there are 01,6, € © such that g(0;,u;) #
8(62,u1) 7# g(61,u2) = 8(62,u2).
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In other words, these conditions define the class K of such schemes Z for
which there exists ¢ € B¢ such that one can project the pair (f¢,Z) into more
then one preference relation f, i.e., more than one criterion of choice of the
best action.

2.7 Criterion Choice Rule

Now we can return to the central, third, step of the compound decision problem
from Section 2.5, namely to the construction of the preference relation By, or
in other words, of the criterion of choice of the best decision. We already know
that this problem becomes nontrivial if the decision situation contains uncer-
tainty. We have already seen that in any decision system uncertainty exists if for
a given preference relation B¢ there is a scheme Z of the decision situation such
that there exists more than one preference relation f, i.e., there is more than
one criterion of choice of optimal decision. In other words, in this case the map-
ping (2.19) is multivalued, and the decision-maker can choose one of several
criteria following his personal tastes. As is known [58], the complement of the
decision scheme Z by the regularity I of the cause—effect mechanism does not,
in general, remove uncertainty and the resulting arbitrariness from the decision
system. To remove this arbitrariness one has to subordinate the projector 7 to
some conditions. In some sense, these conditions, or axioms, may be considered
as an axiomatic description, or a model, of the decision-maker. On the other
hand, these conditions define a class of projectors, or decision-makers, that in
the same decision situation S, having the same preference relation f¢, project
the pair (S, Bc) in their common preference relation ;. Thus at the fourth step
of the compound decision problem, they will choose the same optimal decision.

To proceed further with this task it is necessary to make the set B¢ and the set
By common to all decision-makers that we are going to put in the same class.
To this end, we may assume, for example, that Bc = B¢ and By = By, where
B¢ and By are all possible preference relations on the sets C and U respectively.

As to the conditions imposed on the criterion choice rule, or on the projector
7, it is not clear now whether such conditions may be found in our quite general
formulation of the decision problem, i.e., in terms of preference relations. How-
ever, for some constraints on the class of decision situations, significant results
have been obtained in this direction. These results constitute today’s armory of
decision theory.

The first significant constraint is that instead of the preference relations B,
real-valued functions are used as the criterion for the ordering of the sets C and
U. In economics these functions are called utility functions, and in engineer-
ing they are called loss functions. This restriction was sufficient to suggest an
axiomatic description of four classes of projectors that brought forth four crite-
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ria (by Wald, Savage, Hurwicz, and Laplace [20, 58]) uniquely for the matrix
scheme Z,,, i.e., for the matrix situation model S,, with strict uncertainty.

However, the central result, the foundation of modern decision theory and its
applications, particularly in economics, is the expected utility theorem [69, 61].
This theorem has played a principal role in microeconomics since the 1940s.
Therefore, we consider it here with some comments but without proof (see the
proof, for example, in [21, 61, 82].

Suppose that in a decision system there is a nonparametric stochastic situation
S1 = (Z1,1)), where Z; = (C,U,{C, Yu € U}) and the regularity of the cause—
effect mechanism /; is the family of stochastic distributions {Q,,,Vu € U} on the
set C. Let the decision-maker choose some complete, reflexive, and transitive
binary preference relation B¢ = (C, >) € B¢ that orders the set of consequences
C.

Definition 2.5. A real-valued function 41 defined on the ordered set C is a utility
function if it is monotonic, i.e., if for all pairs (c;,c;),

CiZCj— U(ei) > Ll(Cj). (2.21)

In order not to complicate this discussion we limit the presentation of this
result to decision situation models with finite sets of decisions U and con-
sequences C. Then, for example, the indices i of the ordered consequences
cr = cy ==, Me) =i,i=1,2,...,t, can serve as a utility function. Thus
instead of the pair (S, Bc) we have the pair (S,4(-)). But we need to construct
a criterion of choice of optimal decision, that is, a utility function of deci-
sions {I(-). In order to do this, first note that the set of probability distributions
Q = {Qu,u € U} is homeomorphic to the set of decisions U, i.e., Q,; >~ Qu; if
and only if u; > u j.9 Therefore, the set of probability distributions Q, or the set
of lotteries, can substitute the set U. Suppose that the decision-maker would like
her utility function on decisions to be linear on the set Q (i.e., on the set U). To
satisfy this demand, the preference relation on Q should satisfy the following
conditions:

Condition 3 For any Q1,02,03 € Q the sets

{a:a0i+(1-0)0> = 03} and {a:03= Qi+ (1— )02}
for a €10,1] are closed.

Condition 4 For any Q1,02,03 € Q, Q1 ~ Q», and for any a,0 < o < 1,

aQ+ (1 —a)03 ~ a0y + (1 — o) Q3.

9 In economics, the set Q is called the set of lotteries.
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The first condition is the condition of continuity of the preference relation on
Q. The second is the condition of independence of the preference relation on Q.
Both of these conditions, conveying the wish of the decision-maker to have a
linear decision utility function, are nevertheless purely mathematical, and could
be common to many decision-makers. But what conditions can be characterized
as specific to a certain group of decision-makers? Intuitively, it is clear that the
preference relation on the set of lotteries Q should be consistent with the prefer-
ence relation on the set of consequences C. One such consistency condition can
be written, roughly speaking, in the following form:

Condition 5 If ¢ = ¢;, then

0= ((a).(2)) =0~ <<q1> : (%)) 2.22)

if g1 > ¢}

That is, the decision-maker prefers the lottery in which the best consequence has
the highest probability.
We now have the following theorem.

Theorem 2.4. In order that a linear utility function ﬂ(u) exist in the form

) = Y U(c)qu(c), (2.23)

ceC

it is necessary and sufficient that on the set U, Conditions 3-5 be satisfied. The
utility function (2.23) is unique to within an increasing linear transformation.

The utility (2.23) is called the expected utility. One can reformulate Theorem
2.4 in terms of a matrix situation. The expected utility function in this case is

) =Y U(g(0,u))p(6), (2.24)
0O

where p(60) and g(6,u) are found according to formulas (2.12) and (2.5) respec-
tively.

In other words, in our framework, Conditions (or axioms) 3-5 describe a
specific criterion choice rule or the class I, of projectors (or decision-makers)
7. All decision-makers from this class would in the identical situation make
decisions assuming that

Y U(e)gu, (¢) > Y 4(e)qus (€) & uy = ua. (2.25)

ceC ceC

Note also that all conditions (axioms) of Theorem 2.4 presuppose that the
regularity of the cause—effect mechanism of the decision situation is a stochastic
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regularity in the form of a family of probability distributions I = {Q,,u € U}.
Thus the preference relation (2.25) makes sense only for multiple, or mass, de-
cisions under stochastic regularity.

Recall, though, that (2.25) takes place only over a very large number (infi-
nite) of decisions in the same situation. When a single decision is made, the
consequence is random with the probability distribution that corresponds to the
chosen decision. This means that the consequence of a single choice of decision
u; can be worse than the consequence of a single choice of decision u;. The
same is true for all criteria belonging to the so-called nonexpected utility criteria
group (see [59] and the literature therein), where the probability distribution on
consequences is used in one way or another.

It seems that the only decision-maker who can avoid this is the decision-
maker who makes decisions according to the criterion of Wald that sometimes
is called the principle of guaranteed result.'? In this case, the best decision has
the form

u’ = arg max meinL. (2.26)
u

In other words, the decision-maker does not use any information about the regu-
larity of the cause—effect mechanism. However, when in this situation decisions
are made multiply (or massively), i.e., by many decision-makers but only once,
or by one decision-maker but many times, this behavior, or attitude, seems less
reasonable.!!

The mass character of decisions in the axiomatics of the expected utility is
presupposed by the regularity of the cause—effect mechanism in the form of a
probability distribution. Namely, the third axiom (Condition 5) reflects this psy-
chological element, demanding a decision-maker to prefer that decision where
the most “useful” consequence has the greatest probability. In [68, p. 4] the fol-
lowing is said on this occasion: “Once you have introduced probabilities into the
definition and measurement of utilities, you have made a bargain with the devil,
and you can’t get rid of them again.”

We can ask whether we might be able to conjure up such an axiomatics of a
criterion choice rule whereby the mass character of decisions does not rely on
the regularity of the cause—effect mechanism. Perhaps in this way we can obtain
a criterion that is good for decision-making in situations with regularities of
mass phenomena different from stochastic ones. But are there such regularities,
and what do we know about them?

To answer this question let us try—at first intuitively—to understand what
phenomena it is natural to consider as random. The foremost difference between
random and nonrandom phenomena consists in the fact that when we call some

10 The axiomatics of this principle can be found, for example, in [20, 82].

11 The author knew a professor who had the privilege of flying free of charge but never did so, fearing
an accident.
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phenomenon random, it always means that we do not know the regularities (call
them local) that would allow us to predict the behavior of the phenomenon.
The study of a random phenomenon can be twofold: one can reduce it to the
nonrandom, looking for its local regularities, and one can, if it is a mass random
phenomenon, try to find its global, statistical regularities, that is, regularities of
the asymptotic behavior of the average values of different characteristics of the
phenomenon. For example, this could be frequencies of certain consequences,
arithmetic averages of certain functionals, etc.

If with the increase of the number of decisions and, correspondingly, of the
number of appearances of their consequences, all these averages tend to cer-
tain limits (and some other similar conditions are satisfied as well; see details in
[47]), then this phenomenon is called statistically stable or stochastic. And as
is well known, the study of such phenomena is the subject matter of probability
theory. At the same time, we can call all such phenomena where the aforemen-
tioned sample averages do not tend to unique limits statistically unstable random
phenomena. It is reasonable to call these random phenomena nonstochastic. This
takes place, for example, for the increasing average lifetime of a human being:
for a newborn child, the probability of reaching the age of 60 has a tendency
to increase, due to successes of medicine and hygiene.!> Today such examples
may be found in excess in economics and finance: time series of equity price
indexes, interest rates, commodities, foreign exchange rates, etc.

It is natural to consider as random in a broad sense all mass phenomena that
are studied only to within their statistical regularities. Once again, if a decision-
maker happens to be in a situation with nonstochastic randomness, she cannot
make use of the optimality criterion from Theorem 2.4. There are two reasons
for this. First, the axioms of this theorem, i.e., the definition of the class I
of projectors, substantially use the regularity of stochastic randomness. Second,
she does not know whether there exists any regularity of a nonstochastic random
phenomenon.

Therefore two new problems appear. First, it is necessary to establish the
existence of regularity of phenomena that are random in a broad sense. Second,
itis necessary to find an axiomatic description of the class I'l; of decision-makers
that would take into account only the mass character of a random phenomenon
but not its regularity.

These two problems make up the core of the remainder of this book.

12 This example is due to Emile Borel [4].






Chapter 3
Indifferent Uncertainty

There are many faces to the mask of uncertainty.

Richard Bellman

3.1 Preliminaries

In the control of technological processes of mass production, one often finds the
following decision situation. In every realization of a technological operation, it
is necessary to choose the value of some operational parameter, for example, the
time ¢ of a treatment, knowing the following information:

(1) The “ideal” value t* of the parameter r—that is, the value that we would
choose if we knew all necessary variables or inputs—is contained within
certain limits 1] < t* <1y,

(2) If ¢ deviates from ¢* by no more than a given value At > 0, the article is
good; otherwise it is bad or wasted.

(3) The technological operation is carried out many times; therefore it is expe-
dient to estimate it by the average quantity of wasted articles over infinitely
many realizations.

It is clear that if

h—n

Y

At <

then there is no hope of obtaining all products in good condition, and now we
have a problem of how to decrease the percentage of waste. This problem is
often formulated in the following way.

To estimate one operation, choose the loss function in the form

V.1. Ivanenko, Decision Systems and Nonstochastic Randomness, 39
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0, if|t"—t| <At .
T | i | <4, with t*,1 € [11,12].
1, if|r" —1| > At,
Denoting by 7* = (t{,1;,...) the sequence of unknown “ideal” values of the
parameter, and by 7 = (t,t2,...) the sequence of values that we choose (our
decisions or controls), we introduce the function

_ 1 &
L(7*,f) = limsup — Z L(t; 1) .

N—oo n=1

This function serves as an estimate of the control sequence 7 for infinitely many
technological operations. We shall further call it the average loss function. In the
situation under consideration our wish to reach the minimal value of the average
loss function—our goal—by means of the choice of “control” f appears to be
quite natural. However, dependence of the average loss function on the unknown
sequence 7* prevents us from achieving this goal. Speaking figuratively, for any
chosen 7 the value of the average loss function is uncertain.

At first sight, it seems that it is possible to eliminate this uncertainty by means
of reduction of the control problem to the following optimization problem:

supL (7*,7) — inf (F“je [zl,tz}N) : 3.1)
7 t

where [t1,1,]" is the set of all possible sequences with values in [t1,2,]. But two
objections appear. First, in the case

ty—t
A< 21

Y

we arrive at an absurd conclusion: the left-hand side of (3.1) will be completely
independent of 7, being identical to 1. As a result, we are deprived of the possi-
bility of preferring one control to another. Second, such a reduction of the prob-
lem corresponds to what would be the case if 7 were chosen by a reasonable,
intelligent adversary completely informed about our choice of 7. If one could
link the first objection with the form of the loss function especially selected for
our situation (which, as a matter of fact, is not the case), the second objection
would have a deeper and more general character. The fact is that in control of
technological processes the assumption that the choice of #* is made by an intel-
ligent adversary is unrealistic: there is no such opponent. Having admitted his
existence, assuming that

e t,nV,

we have deliberately overestimated the minimal percentage of waste, accepting
at the same time some unknown and groundless additional losses. Of course,
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in technological control problems this assumption is unrealistic. Yet still worse
is that such a direct approach not only leads to an overestimation of losses, but
also, and this is of principal importance in the considered problem, provides us
with no recommendation with respect to the choice of 7. This issue, appearing in
the “game against nature,” is well known in decision theory. There are different
recommendations as to how to overcome it. According to [30], one has to choose
some 0 < o < 1 and to minimize not

sup L(7,7),

e, nN
but the value

o inf L f5)+(1—a) sup L(F,7).
f*e[[hlz]N I_*G[ll,l‘z]N

Unfortunately, in this approach the choice of ¢ remains a riddle. The aim
of this and other empirical criteria that are more or less commonly used in de-
cision theory (see, for example, [58, Chapter 13], [59]) is not a reflection of
objectively existing information about the unknown parameter, but more likely
a clarification of the intuition of the decision-maker. Therefore, for control of
technological processes such “psychological” means are unconvincing.

What remains? Either

(1) the assumption that 7},7;, ... is the sequence of values of independent ran-
dom variables with an unknown probabilistic distributions P, or

(2) the guaranteed result principle, formulated in its most general form in [22].
In case of the considered problem, this principle consists in extracting the
set I' of “situations” (7*,7) that we consider “real” or “permissible” and to
minimize instead of the value

sup L(7,7),
IS [tlatz]N

the value

sup L(7*,7), where I ()= {r* e [0 : (7.7) er}.
el (f)

The first of these two approaches is mathematically the clearest and allows us to
take advantage of all the modern arsenal of antagonistic game theory (see, for ex-
ample, [84]). However, in many practical situations the assumption of existence
of a probabilistic distribution is more than doubtful. Indeed, this assumption im-
poses statistical uniformity of behavior of the sequence 7*. It is clear that in many
cases one cannot guarantee this: frequencies of various values can differ consid-
erably from sample to sample. Of course, one can object that from a practical
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point of view, all mathematical details of asymptotic behavior of frequencies are
unimportant, and what really matters is only what happens in finite samples. But
this objection is incorrect. In passing to consideration of mixed strategies, game
theory essentially uses the probability-theoretic notion of independence, which
is not transferred to the case of finite samples.

The theory of noncoalition (nonantagonistic) games [84], currently under ac-
tive development, also cannot be applied directly to the problem under consid-
eration. We meet the same difficulties as with the “psychological,” or empirical,
criteria mentioned above: we can nowhere obtain information for the precise
assignment of the goal that we formally ought to attribute here to the physical
mechanism generating the sequence 7*.

Therefore, from all currently existing approaches, only the guaranteed result
principle has a chance to be adequately applied in the situation. But first, we
must understand which sequences * we are ready to accept as real, and “not
especially invented as a response on our 7,” and second, we have to define math-
ematically the set of all such sequences. It turns out that this can be done with
very little additional information. Indeed, if the physical mechanism generating
the sequence #* is one of the manifestations of the indifference (with respect to
our purposes) of nature, then it is natural to suppose that each member of the
sequence 7* appears without any relation to the members of the sequence 7, in-
dependently and irrespectively of them. In problems of control of technological
processes, the possibility of such parameterization follows from the essence of
the production organization. It seems that this can be true in many other situa-
tions.

Let us introduce more general notation. Let X and Y be arbitrary nonempty
sets, and @ = XN, U = YN the sets of all possible sequences of their elements.
What conditions must the sequences 6 € ® and u € U (they play further the roles
of the respective sequences 7* and 7 described above) satisfy in order that we
could believe that each of them was built without regard to the other? If the sets
X and Y are finite, probability theory prompts a natural variant of the required
condition: the conditional frequencies of appearance of different elements x € X
in the sequence 8 must not depend on the “conditions,” i.e., on what elements y €
Y simultaneously appear in the sequence u. Mathematically it is more convenient
here, as in probability theory, to write down this condition in the form

. 1 N 1 N 1 N
lim !N; L (0n) 1y (un) — (N )y lx(enl)) (N Y ly(un2)>] =0, (3.2)

N—reo ny=1 ny=1

VxeX,yeY.

Here and in what follows, the symbol 14(-) denotes the characteristic function
of the set A (perhaps a single point).
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Declaring independent those and only those pairs of sequences (6,u) that
satisfy relation (3.2), we can intuitively formulate the following statements:!

(1) If one of the sequences 0 and u is stationary, for example ) = 0, = - - -, then
regardless of the other sequence u, the sequences 0 and u are independent
in the sense of (3.2).

(2) If one or both sequences 6 and u are realizations of sequences of indepen-
dent random variables, then with probability 1 these sequences are indepen-
dent in the sense of (3.2).

(3) If one of the two sequences 6 and u, for example 0, is a realization of a
sequence of independent random values and the other is an arbitrary fixed
sequence, then with probability 1 these sequences are independent in the
sense of (3.2).

These statements confirm that the definition we have introduced is quite nat-
ural; yet there is an objection. Let the sequence u, interpreted as a sequence of
control parameter values or as a sequence of decisions, be fixed. How can we
write down the condition that the behavior of the uncontrolled parameter 6 does
not depend on u#? Obviously, in the form

6 € {0’ € O : the relation (3.2) is satisfied}.

But formally, this looks like dependence! To see the weakness of this objection
we can imagine the following situation. Two blindfolded persons are each asked
to choose a point, that is, to choose 6 and u, in the segment [0, 1]. Can we believe
that under these conditions they could possibly choose the same point? Of course
not. But in formal language, the situation looks analogous to our definition of
independence

6c{6c0,1]:0 F#u}.

So formal dependence of the permissible set of values of one variable on the
values of another variable is not yet what we intuitively understand as depen-
dence. It is the “size” of the forbidden area that matters, and in our case one can
conclude on the basis of the above statements (1)—(3) that this area is sufficiently
small.

If the sets X and Y are arbitrary, selection of the set of independent pairs of
sequences is more complicated. One can immediately see that exact transfer of
the relation (3.2) in this case is impossible: any two sequences (even sequences
related by functional dependence) that take each value no more than once would
be independent. At the same time, to proceed as in probability theory, that is,
to select some systems of subsets &/ and & in X and Y respectively and to
formulate a definition like (3.2) but this time with respect to the sets from these
systems, is not an easy task.

! Their validity follows from general theorems that are proved below, in Section 3.2.
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The point is that the choice of such systems of subsets cannot be completely
arbitrary. For example, taking as &/ and & the one-element systems consisting
of X and Y themselves, i.e.,

o ={X}, #={r},

we find that any two sequences are independent. On the other hand, one can
show that even if 6 and u are sequences of values of independent random vari-
ables having continuous distribution functions, with probability 1 there exist
systems of subsets .7 and % such that with respect to them the sequences 6 and
u are dependent.

It seems that the natural way out of this situation consists in constructing the
required systems of subsets using directly the loss function /. In this case, instead
of “independence” we shall speak about “I;-independence,” which in some sense
is even more convenient: for example, in the case of finite X and Y, it can be that
dependent sequences become I;-independent for some loss function [ [36].

Therefore we introduce the following definition of I;-independence.

Let X and Y be arbitrary subsets, / : X X ¥ — R a bounded real function, and N
the set of natural numbers. Furthermore, we shall denote the union of mutually
disjoint sets by the plus sign.

Definition 3.1. We shall say that the sequences 8 € (N— X)=0 andu € (N —
Y) =U are I-independent, or that they are in relation I (I; C U x ©), if for any
€ > 0 one can determine finite subdivisions

X=YX, Y=YY, IxJ=E+E,
icl jeJ

of sets X, Y, and [ x J into disjoint subsets such that the following conditions
are satisfied:

Condition 1

sup |I(x1,y1) —I(x2,y2)| < & V(i,)) € Er;
X1,X€X;
y1,02€Y;

Condition 2 Forallic 1, j € J,
li Ix.(6,)1 l [ =0;
NIBZO Z X ( Y] (tn) N2 n,z—'l x;(On, nzzl Y; (t4ny) 0;

Condition 3
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We note that (6,u) € I; will also be written in the form 6 € Ij(u). Theo-
rems 3.1 and 3.2 confirm that this definition is natural. Now our problem can be
written as

sup L(0,u) — inf . (3.3)
0cI;(u) uev

Later on, we shall call the problem (3.3) a decision-making problem under
Ij-independence (it is implied that the sets X, Y are included in the definition of
the function /).

Solution of the problem (3.3) is based on the following principal identity
(Theorem 3.3):

sup L(O,u) =supL(6y,u) YueU,
0<T; () xeX

where O is a stationary sequence 8; = 6, = --- = x. This can be interpreted
in such a way that the changes of 8 that take place “regardless of u” are not
“dangerous” to us.

It is proved further that under broad assumptions,

inf supL(6,,u) = inf sup [(x,y)p(dx)q(dy),
inf sup L(6; ) e (x,y)p(dx)q(dy)

where P (+) is the family of all probability distributions on the corresponding
o-algebra of subsets of the set (-).

As a result, the control problem for I;-independence is reduced to some an-
tagonistic game, and we come to Theorems 3.4, 3.5, 3.7. Roughly speaking, the
sense of these theorems is that the minimal average losses in the case of I;-
independence turn out to be equal to the value of this game. At the same time,
we note an interesting difference from the game theory: it turns out that the op-
timal sequence of decisions u does not have to be stochastic even in the case
that the optimal strategy in the appropriate game is mixed. It is sufficient that
frequencies of different values of the chosen sequence tend, in a certain sense,
to the optimal mixed strategy. This is fairly consistent with the initial assump-
tion that distinguishes the considered decision or control problem from the game
problem: there is no antagonist here who is capable of using the knowledge of
our algorithm against us.

3.2 I;-independent Sequences

Unless otherwise stated, we everywhere suppose that the following assumptions
hold:
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1. X and Y are compact Hausdorff spaces with respective countable bases A
and B;

2. o and A are respectively c-algebras of Borel sets of the spaces X and Y

3. Z(X) and Z(Y) are respectively families of all probability distributions on
o/ and A;

4. &, and M, n € N, are independent random elements taking values in X and
Y respectively; the distributions of all £, are equal and denoted by u, while
the distributions of all 1, are equal as well, and denoted by v;

5. the joint distribution of the pair of independent random elements (&,,n,) is
denotedby A (A =pu-v);

6. finally, C is the set of all break points (which may be empty) of the function
[, and G is a family of all open sets G C X x Y covering C.

Theorem 3.1. If infgeg A(G) = 0, then ((Nn)nen, (§n)nen) € I with probabil-
ity 1.

To prove this and other theorems we need the following lemma.

Lemma 3.1. Let S be a finite set of indexes, X and Y arbitrary sets, and X (%) cX,
Y®) CY, s €S. Then one can find finite subdivisions of the sets

X=YX, Y=YV, IxJ=Eqg+Eq)
iel jeJ

into disjoint subsets such that the following conditions are satisfied:

Condition 1

Ux9WxyW= Y X xv;

seS (i,j)GEl
Condition 2
(X xY)\ (Ux“) X Y(S)> = Y (XixY):
seS (i,j)€Ey

Condition 3 For any s € S one can find subsets of indices I; € I and J; € J such
that

XW=Yx, r9=Yy,.

i€l j.e]s

Condition 4 For arbitrary i € 1, j € J, the sets X; and Y; belong to algebras of
sets generated by the respective families

{X(s) \ses} and {Y(S) !ses}.
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Proof. Let
O‘:{(xl,xz)GXXX:VSES (leX(S)<:>x2€X(S))},
BZ{()’I:YZ)GYXY:VSGS (yIGY(S)<:>yzey(s))}

Obviously, the relations « and f3 are relations of equivalence that divide the
sets X and Y into disjoint of equivalence classes

xX=YXx, vy=Yyv,

iel jed
and since the set S is finite, the number of such classes is finite. Define

Z=JX¥WxyW,
s€S

Ey={(i,]) EIxJ:XiijﬂZ:@},
El = (IXJ)\E07

and prove that in this case, Conditions 1—4 are satisfied.
Note that for any i € [, either it is possible to find a nonempty subset S; C S
such that

X;= () x¥

sES;

or else

Xi=x\|Jx,

seS

and analogously for any j € J. This proves Condition 4.
Further, if (x,y) € Z, then one can find a pair (i, j) € I x J such that (x,y) €
X; x Y}, and since (x,y) € Z, it is clear that (i, j) € E;. In other words,

ZC ) X;xY;
(.)€

Conversely, if
(i7j)€Ela (xvy)EXiXYjv
then from

XixY)(Z+#2
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it follows that the point

(x1,31) € (X;xY;)(\Z
exists as well, which means that there exists a nonempty set S1 C S for which
(xl,yl) € ﬂ X(S) XY(S).
sES|

In this case,

X € m X(s), Vi € ﬂ Y(S),

sES| sES]

and thus

xe ﬂX(S), ye ) Y®),

se S| se S|

whence it follows that

xy)e NxYx NrYc NEYxrWycz
SES]

SES] SES|

Condition 1 has been proved. The validity of Condition 2 follows from the va-
lidity of Condition 1 and from the equality

Y Xixy;=Xxy)\ ) XixY).
(i,/)€Ey (i,))EEr
Finally, Condition 3 means just that foranyi € I, s € S,

e cither X; C X
e or X;NX® =g,

and analogously,

° eitherY,-gY(s)
e or YjﬂY(S) = g forany j € J.

And this is indeed so, for otherwise, if, for example,
X(XY £ and X\X¥ £o,

then points x1,x> € X; could be found such that x| € X (%) and x ¢X (S>, in spite
of the choice of X; as the equivalence class modulo . The lemma is proved.

We now proceed to the proof of Theorem 3.1.
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Proof (of Theorem 3.1). Choosing an arbitrary € > 0, fix the set G¢ € G such
that A (G¢) < €. Then for its complement

F. = (X xY)\Ge,
the inequality
AFe)>1—¢

holds, and the function / will be continuous at all points of the set F¢. Let us
surround every point z = (x,y) of the set F; by a neighborhood of the form

Q.=AxB (x€AcA, yeBcB),

so that the following relation is satisfied:

diam(l(QZ))déf sup |l(z1) —1(z2)| < €.

21,22€ 02

From the open cover {Q;|z € F¢} of the closed and hence compact set Fg, let us
choose a finite subcover
{0¥ses),

and making use of Lemma 3.1, construct subdivisions

X=YX, Y=YV, IxJ=E+E
icl jeJ

corresponding to the family

{Q(S)|s € S}.

In so doing, we discover that Condition 1 of I;-independence is satisfied by
construction of the subdivisions X; € & and Y; € % for all (i,j) € I x J, and
therefore, according to the strong law of large numbers, Condition 2 is satisfied
with probability 1 for the sequence of values (&,),en and (1) nen-

Finally,

Z ZIX (&) IY (1) = ZIZ() (&ns M)

(i,j))€Eo N3
N
Z Z\Fg énann —>)L(Z\F£)

where
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Zo= Y, XixYj;, Z=XxY,
(i,j)EEO

so that Condition 3 is satisfied with probability 1. Theorem 3.1 is proved.
Theorem 3.2. If u € U and

inf supu{xeX:(x,y) € G} =0,
GGG er

then (u, (&y)nen) € I with probability 1.
Proof. Choosing an arbitrary € > 0, we find a set G € G such that

supu{x € X : (x,y) € Ge¢} < &,
yey

and then making use of this set, we construct the set F; and the subdivisions

X=YX, Y=YV, IxJ=E+E
icl jeJ

in the same way as in the proof of Theorem 3.1. Let us show that in this case all
the conditions of I;-independence will be satisfied with probability 1.

Condition 1 is satisfied by construction. To prove that Conditions 2 and 3 are
satisfied, we define

Hi(N)={n<N:u, €Y},

N
kj(N) = Z,l 1y, (un) = Card(H;(N)),

Zi,j = (X,' X Yj),
C' (N) — [ZIVY:I lzi.j(gnaun)] /kj(N)v if kj(N> 7é 0;
b w(X;), if k;(N) =0
It is obvious that
N N N
Z IZiAj(énvun) = Z 12@]‘(6”7“") = Z 1Xi(§n),
n=1 n€H;(N) n€H;(N)

and therefore, according to the strong law of large numbers,
Gii(N) == (X)) (3.4)

foralli €1, j€J. Thus



3.2 Ij-independent Sequences 51

1 N

1 N
N lezi,j(élhun)_ﬁ Z 5”1 Z lY un2
n=

I’ll— l’l21
k( )

Clj Z 1X gn ]

nll

foralli €/, j € J. Thatis, Condition 2 is satisfied with probability 1.

It remains to prove that the same is true with respect to Condition 3. To this
end, note first that if V is some probability on an arbitrary c-algebra % of subsets
of the set Y, the set Zy belongs to the o-algebra ./ ® %, and A= uv, then
A(Zp) < €. Indeed, by Fubini’s theorem,

where
Xy ={xeX:(xy) € Z},
and since Zy C Gg, from
u{xeX:(x,y) €Ge} <€
we conclude that
MZo) < €

We now introduce into consideration the probability ¥y on the c-algebra %
generated by the family of sets {¥;|j € J}, which we define by the formula

)
= — ly‘(un).
Nn:l !

It follows from (3.4) that with probability 1, Ny € N can be found such that for
all N > Ny, the following inequality will be satisfied:

€

155N) — (%) < g

for all (i, j) € Ey and therefore for all N such that
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(i,J)€Ey
Y G (X)) Vv (Y)
(tuf)EEO (i,])EE()
)
vy(Y;) < e
Card( )( j)ZE’E( (¥)

with probability 1. This, according to the above comment, means that the fol-
lowing inequality will hold with probability 1:

hm sup ZIZO ‘gna”n + Z :u ( j):i‘(ZO)+£<2£,
(7/)€E0

where Ay = U - Vy. By virtue of the arbitrariness of € > 0, this completes the
proof of Theorem 3.2.

3.3 Main Identity

Define
L:®xU —R,
L(6,u) —hmsup Zl O, Uty),
N—oo IV =
H(u) = sup L(G,u) Vuel.
OH)
Theorem 3.3.

H(u )—supllmsup leun Vuel.

x€X N—oo n=1

Proof ([55]). Denote by x the stationary sequence (x,x, ... ), where x € X, and by
X the set of all stationary sequences from @. Obviously, whatever the sequence
u € U, in consequence of Theorem 3.2, assuming that &, is concentrated in one
point x, it is always true that x C I;(u), and therefore

H(u) = sup L(0,u) > supL(X,u) = suplimsup — Zl X, Up),
0cI;(u) xeX XEX N—oo n—1
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so it is sufficient to prove that for 6 € I}, (u) the inequality

limsup — Zl O, uty) < suphmsupN Zl X, Uy ) 3.5)

N—oo n=1 x€X N—oo n=1
holds. Given an arbitrary € > 0, we construct the subdivisions

X=YX, Y=YV, IxJ=E+E
il jeJ

that appear in the definition of I;, and setting

XixY;=Zj, XxY=Z Y Zj=%Z (k=0,1),
(i,J)EEy

we shall assume, without loss of generality, that
Zij# @, when (i,]) € Ej.
Then to every pair of indices (i, j) € I x J we associate some point
zij = (x,y;) €X xY

such that z;; € Z;; when (i, j) € E;. Let (u, 0) € I}. Now represent the expression

N
Z, (env”n)

in the form of the sum

_ 1 X

IZ(N) = Z N Z 1z (ena”n)[ (emun> l(xlayj)] >
(i,))EE, " n=1

_ 1 XN

l3(N) = Zl xl?.y] le enaun N2 Z 1X ni Z 1Y an 9
icl n:l ni=1 np=1
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- 1 X N

LN = Y wr X W(6n) Y ) [ 0xty) — i)
(i$j)€EO I’l[:] n2:l

_ 1 N N

N = Y 2 X 1o(6n) X Ly, () [1i,) = i)
(ivj)EEl np=1 ny=1

- 1 X N

l6(N) - Z A2 Z IXz(enl) Z lY,(unz)l(xuunz)
IE\I] ny=1 ny=1
J

The following relations can be checked easily:

N
|L(N)| < diam(l(Zo))% Y 12(64,un) < (e+0(1))diam(I(Zo))

n=1
for N — oo;
|lz ) <e Z ZIZ,, O, un) < €
(i,) €E1 =
N 1 N N
|l3( )| <sup]l Z Z envun ﬁ Z 1Xi(9n1) Z le(”nz)
lEI]EJ n=1 ni=l1 m=1
—0 (N —oo);
|(N)| < diam(I(Zo))
1 N N
X Z 72 Z Z 1Y (unz Z IZ,j enaul’l)
(i,j)EEQ =1 np=1
N
Z Z Qn,un .
(i.7) EEO n=1
Therefore
limsup |i4(N)| < € diam (/(Z)).
N— oo
Finally,

|l_5 (n)’ <eE.
Thus, by virtue of the arbitrariness of € > 0,

L(6,u) =limsup(N) < limsupig(N).

N— oo N— oo
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But
- 1 X N
l6(N) = Z N2 Z lxi(gnl) Z le(unz)l(xiaunz)
el nj=1 ny=1
jedJ
1 Y | N
<5 L X hx(0)sup Y Y 1 () (x,t0)
n=liel xeX ny=1jeJ
N
=sup — Z 1(x, up,),
xeX ny=1
and hence

1 N
L(6,u) <limsupsup — Z 1(x,uy)
N—oo xeX 1V 1
N
= lim sup sup— ) I(x,u
Ni— NN xeX ,l; (%)

N
= lim sup sup — Zl(x,u,,).
Ni—eoyexn>n N =

It remains to show that the last expression does not exceed the value
N

. ) 1
sup lim sup — Z I(x,u) = suplimsup —
xexNi—=eonsy N 5 X€EX N—oo n

N
1(x,up).
=1

Note that otherwise, Ny € N could be found such that for all Ny > N,

N N

2 ) > i s 3 )
and this means that for some x; € X, we have

N . N ‘ | N
SN ) S B ) 2 B )
for all N; > Ny, whence a contradiction follows from
N N
Nlliinm;glgl —n;l I(xy,uy) > leiinm;;l][\)b —’; 1(xy,uy).

Theorem 3.3 is proved.
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One can interpret this theorem in the following manner: when 6 changes or
behaves “independently,” then for the purposes of control it is the same as if 0
were a stationary sequence.

3.4 Risk Estimates

‘We shall call the value

inf (1),

uclU

i.e., the lower bound of guaranteed average losses under I;-indifference, risk and
denote it by p ().

Theorem 3.4. Let p e P (X), g P(Y), and

inf supp{x’ € X : (¥',y) € G} = inf supg{y €Y : (x,y') € G} =0.
GGGyGY GEG)CEX

Then the inequalities

inf [ I(x,y)p(dx) < p(I7) <sup [ I(x,y)q(dy) (3.6)
yey xeX

make sense and are correct.

Proof. Let o/ and 4 be the algebras of sets generated by the families A and B
respectively. It is clear that 27 and % contain no more than a countable number
of elements. Define

(%z{GE@:VAGJZi(Iim;}ilA(On):p(A)>},
n=1

N—o0

Uq:{ueU:VBe%QigL;,ils(un)=9(3)>}

Vpe P(X), qe€ 2(Y).

It is clear that ®, # @, since the sequence of independent random elements
with appropriate distribution belongs to this family with probability 1. Similarly,
U, # 9.

Choose an arbitrary € > 0 and a set G € G such that
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max{supp{x’ €X:(X,y) €Ge},supg{y €Y :(x,)) €Ge} < 8}.
yeyY xeX

Now, having fixed an arbitrary point x € X and an arbitrary sequence u € U,
set

G ={yeY:(xy) €Ge}.

It is easy to see that G* is an open set. Indeed, that G¢ is open means that it is
a union of some open neighborhoods of all its points, and one can choose these
neighborhoods in the form

D,=AxBy (z€Ge,z=(x,y)), x€A, €A, yeB,cB.

Furthermore,

G'= | B,
yeG*

i.e., G* is open. Hence the set
F'=Y\G*

is compact. Let us surround every point y € F* by an open neighborhood B, such
that

diam(I(x,B,)) = sup [1(x) ~1(x3")| <,
y’,y”eBy

and then, from this open cover of the set F*, choose a finite subcover {B;, By, ...,
By}, and then assume that

k
Yo=Y\{JBy, Yi=B\ |J By (1<s<k).
s'=1 1<s'<s
Obviously,
k
y=Yv YYe® damlxY,)<e (1<s<k),
s=0
q(Yo) <q(G') <e.
Without loss of generality, assuming that
Y, A2 (0<s<k),

choose the points
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ySEYS (Oﬁsﬁk)7

one for each Y;, and express

as the sum

where
N
Z (10, un) — 1(x,y5)] 1y, ()5

N
B(V) = X (6 00) — 05, 30)] Ty ()

We have
_ k 1 N
L] <€)+ Y () < e
s=1 Nn:l
- . 1 N N—yoo .
|L(N)| < diam(I(X x Y))N Y 1y, (u,) — diam(I(X x Y))q(Yo)
n=1
< ediam(/(X xY));
Voo N
Z X,ys)d
s=0

and

k

‘ Y (x.y)q(Y) /U l(x,y)q(dy)‘ <e

s=1 s=1 ¥y

(l(x,yo)CJ(yo) —/Y l(x,y)Q(dy)’ < diam/(X xY) x €

and in view of the arbitrariness of € > 0,
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But in this case it follows from Theorem 3.3 that

Hi(u) = suplimsup szun = sup [ I(x.y)q(dy),

x€X N—oo n=1 xeX

from which we obtain the right-hand inequality (3.6).
In order to prove the left-hand inequality in (3.6), notice that if instead of the
triple (X,Y,1) we consider the triple (X,Y,!"), where

I:YxX—=R, I'(yx)=-I(xy),

then when (u,0) € I}, due to the inequality 3.5, we have

—hmlnf— Zl O, ) —hmsupN Zl uy,0

N—oo n=1

< suplimsup I'(y,6
YEY N-—soo N,;

f1i f— 1(6,,
=~ inipint ;32 101),

ie.,

11m1nf— Zl O, un) > 1nf11m1nf— Zl 0,,Y).

N—ro0
Now to every sequence u € U associate some sequence
0" € ©,NI;(u).

This can be done due to Theorem 3.2 and the countability of the algebra of sets
/. We obtain

1
inf sup limsup— ) [(6,,u,) > inflimsup I((
"‘GUOEF() N—soo :; " n) UE N_ oo an n)

But
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limsup — Zl un)>11m1nf—Zl ((6)),un)

N— oo n=

> inf li f— 1((6y),
ity 1

and since 6" € O, one can prove, as was done above, that

lim — Zl ((6y), /Xl(x,y)p(dx).

N—oo N
‘We therefore obtain that

p(I7) > inf [ I(x,y)p(dx).

yey
The proof of Theorem 3.4 is complete.

A stronger statement can be obtained in the case that X and Y are complete
separable metric spaces.

Theorem 3.5. If X and Y are complete separable metric spaces and l is a Borel
function, then for any

peZX), qe2(Y),

the following inequalities make sense and are correct:

inf [ 1(x,)p(d) < p(I7) < sup [ 10x)a(d). (3.7)
ye

xeX

Proof. We show first of all that cross sections /(x, -) are Borel functions for all
x € X. For this purpose, we note that if

reR, F.={(xy):l(xy) <r},
then
Feod @B,

since [ is a Borel function. In such a case, in accordance with [23, Lemma 2],
we have

Yo={y€Y:(x,y) €F} €A,

for all x € X as a cross section of a measurable set, and hence /(x,-) is a Borel
function. Precisely the same proof is valid for the function /(-,y) for all y € Y.
So we have proved that the required inequalities (3.7) make sense.
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Now we use Luzin’s theorem in the following form [71, Corollary 24.22]:

Theorem 3.6 (Luzin). Let X and Y be complete separable metric spaces and let
W be a probability measure on the ¢-algebra % of Borel sets of space X. If f is
a Borel mapping from X into Y, then for any € > O there is a compact set K C X
such that W(Kg) > 1 — € and the narrowing of f on K¢ is continuous.

Since in our case Y and R are complete separable metric spaces, g is the
probability measure on the c-algebra & of Borel sets of the space Y, and /(x, -)
is a Borel mapping from Y into R, then for any € > 0 there is a compact set
F* C Y such that g(F*) > 1 — € and the narrowing /(x, -) on F* is continuous.

The rest of the proof is carried out in exactly the same way as for Theorem
3.4. Theorem 3.5 is thus proved.

3.5 Decision-Making under I;-independence and
Antagonistic Games

Let us suppose that the function / is measurable relative to the o-algebra o7 © %
and define

S 2(X)x P(V) >R, L(p.a) = [ 1ny)p(dr)a(ay).
and

v= inf sup L£(p,q), v= sup inf £(p,q).
qE(%(Y)pepj(X) ( ) pegz(x)qegz(Y) ( )

Thus 7 and v are respectively the upper and the lower values of the antagonistic
game (Z(X), Z(Y), L).

Theorem 3.7. If the conditions of Theorem 3.4 are satisfied and if there exist
pE€ P(X)and g€ P(Y) such that

inf [ 1(x.y)p(dx) =sup [ 1(x.v)a(dy) &V, (3.8)
yeY xeX
then
E:V:v’:p(ﬂ):milr}%/l(u):Ji/l(u*) 3.9
uc

for any sequence u* € U,,.

Proof. Since Y is a Hausdorff space, the set consisting of one arbitrary point
y €Y is measurable. Therefore
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> inf £ ,/:'f/l, dx) =V
vz (p.q) = inf [1(x,y)p(dx) =v

Similarly,
7< sup £(p',q) =sup [ I(x,y)q(dy) =V".
Pe2(Y) xeX

It remains to make use of Theorem 3.4 and of the well-known fact that v < v
always. Theorem 3.7 is thus proved.

Theorem 3.8. If X and Y are complete separable metric spaces and the function
[ is a Borel function, then v < p(I;}) < v, and (3.7) follows from (3.6).

Proof. According to the definition of v and ¥, for any € > 0 one can find p, €
Z(X) and ge € Z(Y) such that

;gﬁ/l(x,y)pe(dX) >v—¢€  sup 1(x,y)qe(dy) < v+e.
But then, according to Theorem 3.5,
v—e<p(lj) <v+e,
which by virtue of the arbitrariness of € > 0, proves the required inequalities. In

this case, if

v=v=sup [ I(x,y)q(dy)

xeX
for some ¢ € Z(Y), we obtain (3.9), making use of the relation (3.3).

Theorem 3.9. If the function [ is continuous, then

v=7=p(I}) = inf Hi(u),

uclU

where

<

= U U,

qe 2(Y)

Proof. By virtue of the compactness of the spaces X and Y, the continuity of the
function /, in accordance with Gliksberg’s theorem [25], guaranties the existence
of the value of the game

(2(X),2(Y),£),

i.e., the validity of the equality v = ¥ = v. This means that for any &£ > 0 one
can find p € Z(X) and g € Z(Y) such that on the one hand, the condition of
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Theorem 3.4 will be satisfied (since C = &), and on the other hand, the following
inequalities will be true:

v—e< inf £(p,d)< sup L(p,q) <v+e.
qe2(Y) pPe2(Y)

From this we immediately obtain that

v—g <inf [ I(x,y)p(dx) <sup [ I(x,y)g(dy) <v+Ee,
yey xeX

and further, making use of Theorem 3.4 and also the inequality
p(Ii) <v+e,

which arises from the proof of that theorem, we prove the validity of Theo-
rem 3.9.

3.6 Some Examples of I;-Independence

Example 3.1. Let us consider an example in which average losses reach their
lower value [54].

Theorem 3.10. Let X =Y = [0, 1] with the natural topology of a segment,

—1, ifx<y<x+y;
e =10, ify=rory=x+};
+1, inall other cases.

Then

p(I}) = min % (u) =y < .

uclU

Proof. The corresponding game (Z(X), Z(Y),£) was proposed in [74] as a
game that does not have a value. The authors showed that in this case, v = %,\7 =
%. Our goal is to construct a sequence u* € U such that 7} (u*) = % Setting

e 1-1 ifn=3k, keN,
" 1, in other cases,

and writing for short /(x,u) = f,(x), we consider four possible cases:

(Hx=1,
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1, n=3k,
f”(x)_{o, n+ 3k;
2)x=
0, n=3k,
f”(x)_{l, n + 3k:
(3)0<x< 1,
-1, n=3k,
wa={h
@1<x<l,
1, n=3k,
f"(x)_{—l, n+ 3k.
Now make use of the well-known fact that if f,, — f, then
Jim an—
In our case
1Y
f(X)ZA}gnmNr;f()—lggnm[an '+ ¥ )]
n=3k n#3k
2.
*g,}lmfn() = lim £,
and therefore
%-14—%-0:%, ifx=1orx=3
f) =<t (-n+21=1  ifo<x<i;
1 1+3(-1)=-1, iffi<x<l.

On the basis of Theorem 3.3 one can conclude that

Jﬁoﬁ)znmx{;,

LA
373
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Theorem 3.10 is proved.

Remark 3.1. It is worth noticing that one can obtain the same result by mak-
ing use not of sequences, but of finitely additive mixed strategies [87]. How-
ever, these two approaches, although they look essentially similar, cannot be
interchanged, since not every finitely additive measure corresponds to some se-
quence, and not every sequence corresponds to some finitely additive measure.
This circle of questions is discussed in detail in Chapter 4.

Example 3.2. We return to the example discussed at the beginning of Section
3.1. First we shall prove the following theorem.

Theorem 3.11. Let X =Y = [0, 1] with the natural topology of the segment 0 <
8 < 1, and let

l(x )_ 07 lf|x_y|§67
Y= 17 lf‘x_y’>67

and

Then

1—-L if [m] =
minyﬁ(u):{ ] lm (3.10)

m
ucelU I—W, l]([m]<m,

where [m] is the integral part of the number m.

Remark 3.2. To prove this theorem one can use general methods of game theory
[83], but it is more interesting to give a straightforward proof, based only on the
results mentioned above.

Proof. Set r = m — [m]. The proof of the theorem will depend on which of the
following three possible cases takes place:

(Hr=0,

2)0<r< %
B)i<r<i.

‘We consider them in turn.

Case r = 0. Set x; = (2k—1/k) 8, yp = (2k— 1)8, p(x) = g(y) = =, k =
1,2,...,m. Obviously, 0 < x; < 1 and

Yoot —xp = [QUE1) = 1/k+1)— 2k—1/k)]8 = 2+ 1/k—1/k+1]8 > 28,
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so for any y € [0, 1] there exists no more than one point x; at a distance from y
not exceeding 0, and therefore

/ (x,y)p(dx) 1, if there are no such points,
X, x) = . . .
P 1— %, if there is one such point.

On the other hand, obviously, 0 < y; < 1 and
Virl — Yk = [(2(k+1)—1)— (2k—1)]6 = 26,

so for any x € [0, 1] there exist either one or two points y; at a distance not
exceeding 6 from x, and therefore

/ 1(x,y)q(d) 1-— %, if there is one such point,
X, = . .
YR 1— ﬁ, if there are two such points,

ie.,

1
sup [ 1(x,y)q(dy) =1——.

xeX
From this, on the basis of Theorem 3.8, we conclude that

1
: 1
min 7 (u) -
and it is attained by any sequence u* € U,.
Case 0 <r <1 Setay=2(k—1)§and by =ay+2r§ k=1,2,...,[m]+1.
Obviously,

0=a; SakSa[m]+1 :2[m}5< 1,
0<b< b gb[m]_H :a[,n]+1+2r5 :2[m]5+2r3 =26m = 1,

g1 —ag = 20.

Thus, the segments [ay,by] have the same length, equal to 20, and so less
than 0, and they are spaced with the “step” 26 on the segment [0, 1]. Denote

their union by A:

(m]+1

A=Y abd.

k=1
It is evident that for any given point x € [0, 1], the set of points y € A situated at
a distance less than & from x is either one of segments [ay, by or the union of the
two parts of two adjacent segments with the total length of these parts equal to
the length of one segment. Therefore, if ¢ is the uniform distribution on A, then
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/l(x,y)q(dy) —1—1/[m]+1 VxeX.

Now let

xk:2(k—1)<1+r>6 (k=1,2,....[m] +1).

[m]
It is evident that

0=x1 <xp < Xpyjp1 = 26[m)] (1 + [r]> =26([m|+r)=20m=1.
m
This is a collection of [m] + 1 points, situated at distance
25 (1 + r) > 28

[m]

from one another, and hence no more then one point x; can be found in the
neighborhood of radius d of any given point y € Y. This means that when

1
Xx) = ,
we have
1— #, if there is one such point,
Jiteyplan =4 T P
1, if there are no such point.
Thus
inf [ 1(x,y)p(dx) =1
in =1—-—-.
yey J THYIPLEE [m] +1
Again making use of Theorem 3.8, we obtain that
. 1
min.JZ(u) =1— ,
uclU [I’l’l] +1

and it is attained on any sequence u* € U,.
Case % <r<1.Set

b= (2k—1)8, ay=br—28(1—r) (k=12 [m]+1).

Obviously,
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0<8=by < by < by = [2(Im] +1) = 1]8 = (2[m] +1)3

=20 <[m]+;> <1,
1

O<5—25(1—r):a1 Sakga[mH] =20 ([m]+2> —25(1—]")

=24 <[m]+r—;> =1-6,
bk+1—bk:25.

Thus the segments [ay,b;] have the same length, equal to 28(1 —r), i.e., less
than 3, and are placed on the segment [0, 1] with the “step” 20. Setting

[m]+1

A=Y la,bil,

k=1

we see that for any point x € [0, 1], the intersection of the set A with the J-
neighborhood of the point x is either one of the segments [ay,by| entirely, or
two parts of two adjacent segments with total length equal to the length of one
segment.

And again, denoting by ¢ the uniform distribution on A, we obtain

1
[m]+1

[ )atan) =

for any x € X. But choosing the measure p € &?(X) in the same way as in the
previous case, that is,

1
xp) =——— fork=1,...,[m|l+1,
we make relation (3.8) valid, and thus, making use of Theorem 3.8, obtain the
required equality for this case. Theorem 3.11 is proved.

Now speaking formally, in order to find the solution of the problem discussed
at the beginning of Section 3.1 it is sufficient to choose the value [t —1;] as
the unit of time measurement, and to apply the proved Theorem 3.11 when
0 = At/(ta —t1). It is clear, however, that the formula (3.10), which depends
on whether the number (1, —#;)/2A¢ is an integer, is of no practical use. At the
same time, construction of the optimal sequence realizing the precise value of
min,cy () is too complicated. However, accepting the obtained value as a
benchmark, it is easy to construct a suboptimal algorithm and to estimate its
error.

Let us break up the segment [t],1,] into equal parts by the points
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Hh=17,7,...,ln=10, T —T= (lz—ll)/l’l

and choose in turn 1 = T, = T, .-, In = Tu—1,In+1 = TnyInt2 = 10,6n+3 = T1,
etc.

Intuitively, this is clear, and it corresponds exactly to the formal definition of
I;-independence that the sequence #* will not “spy” on the sequence 7. That is,
on the basis of Theorem 3.4 we have

At _ At 1
" (11— << (1- + :
n+1 h—h n+1 h—1h m+1

or for sufficiently large n,

At
h—t

Example 3.3. Let X =Y = (1,2,...,m). The loss function has the form

(x,y) 1, ifx=y,
x7 = .
Y 0, ifx#y, xeX,yeY.

Thus in order to eliminate losses, the control must avoid coincidence with the
unknown parameter.
According to Theorem 3.3,

xeX N—oo

1 N
H(u) :maxlimsupﬁ Z I(x,y,) Yuel.
=1

This allows us to reduce the control problem to a finite antagonistic game. De-
note by v the value of the game (X,Y,1), i.e., set

VY= max min I(x ,
[ax | min x;{ Y)p(x)q(y)

yeyY

or in view of the finiteness of the sets X and Y,

Vv= min max I(x ,
nin | max, x;,{ Y)p(x)q(y)

yeY

where () are all possible distributions on (-).
Let ¢g* € Z(Y) be one of those distributions (mixed strategies) on which the
appropriate minimum is attained:
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min max I(x =v= max I(x *(y).
min max x;{ ¥)P(x)q(y) max x;{ )Px)g*(v)

ye Y yE Y
On the basis of Theorem 3.9 we have in this case

min % (u) = 4 uw*)=v Yu" €U,

uclU
U*E{uéU‘limlil () =q"(y) VyEY}
'N—><><>Nn:1 rion '

Now taking into account the form of loss function, it is obvious that the uni-
form distribution upon Y will be optimal, i.e., ¢* = 1/m for all y € Y, and

min 7 (u) = #j(ux) =v = 1 Vu*eU”".

uclU m

According to this, the sequence
w={1,2,....om1,2,....m1,2 ...}

in particular will be optimal. It is interesting to note that if we did not consider
the available information on independence between 6 and u in this example, i.e.,
if under the same conditions we solved the problem

supL(0,u) —inf, wuecU,

0cO
then we would have been able to provide the guaranteed level of the average
losses equal to 1 instead of % and we would have no reason to prefer one control
to another.

Example 3.4. Now with the same X =Y = (1,2,...,m), let the result of the op-
eration be evaluated by the loss function

I,y = 0, ifx=y,
TN, i x £y,

That is, to eliminate losses the control must coincide with the unknown param-
eter. Then obviously,

min %} (u) = %fl(u*):v:l—l Vu' e U™

uclU m
Comparing this example with the previous one, we note that in this case the
optimal guaranteed value of average losses tends to 1 as m increases. These
two variants of loss function in some sense are polar opposites. In the interval
between them is a set of other loss functions that can occur in practice.



Chapter 4
Nonstochastic Randomness

Si, lorsque le nombre des épreuves est tres grand, cette fréquence ne tend pas vers
une limite, mais oscille plus ou moins lentement entre diverses limites, on devra
affirmer que la probabilité p ne reste pas constante, mais varie au cours des
épreuves.

Emile Borel

Speaking of randomness in the ordinary sense of this word, we mean those
phenomena in which we do not find regularities allowing us to predict their
behavior. Generally speaking, there are no reasons to assume that random in this
sense phenomena are subject to some probabilistic laws. Hence, it is necessary to
distinguish the randomness in this broad sense and stochastic randomness (which
is the subject of probability theory).

A. N. Kolmogorov

4.1 Preliminaries

The results of Chapter 3 allow us to look in a new way at the problem of
decision-making under uncertainty as a whole. Let us begin by noticing that
in research in this field there is one at first sight terminological, but in fact rather
fundamental, confusion. Some authors, following [46], mention only two types
of behavior of the cause—effect mechanism that generates consequences: (1) so-
called complete uncertainty, or just uncertainty, when nothing is known about
the mechanism and (2) so-called risk, when consequences are random with a
given probability distribution. Others, such as [80] and [79], consider this sec-
ond variant as one of the main types of uncertainty, and call it correspondingly
stochastic uncertainty or a first information situation.

This terminological diversity has deep roots. For applications it is quite nat-
ural to understand any ambiguity with respect to the unknown parameter as un-

V.1. Ivanenko, Decision Systems and Nonstochastic Randomness, 71
DOI 10.1007/978-1-4419-5548-7_4, © Springer Science+Business Media, LLC 2010
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certainty. At the same time, for pure mathematics it is much more important
that methods and approaches to a decision-making problem under stochastic be-
havior of the parameter relate to an entirely different mathematical discipline,
namely probability theory, and have, it would seem, nothing in common with
the rest of decision theory.

Even in [22], one of the main goals of which is promotion of a guaranteed
result principle as the “only one ...that an operations researcher can rightfully
use” (p. 70), the author, speaking of stochastic uncertainty (p. 77), refuses to
follow this principle strictly. If, however, we are to take advantage of the tech-
nique we introduced in Chapter 3 and consider explicitly the sequences of values
of the unknown and control parameters, then we will see that in this approach
stochastic uncertainty does not substantially differ from two others types:

(1) “strict uncertainty” when one knows nothing about 0;
(2) “indifferent uncertainty” when one knows only that 6 does not depend on u.

In all these cases we solve the problem

N
sup lim supl 1(6,,u,) — inf,
0 N—oc0 Nn:1
and the difference consists only in the choice of the set of possible values of
the parameter 6. In case of “full uncertainty” it is the set X, while in case of
“indifferent uncertainty” it is the set I} (), and in case of “stochastic uncertainty”
it is the set of all sequences 6 € I;(u) that satisfy an additional condition: the
relation

.
Al,lggoﬁngllxi(en) = P(X))

is satisfied for any subsets X; appearing in Definition 3.1 (it is assumed that
P is a known distribution of the unknown parameter and all X; are chosen as
measurable). It is easy to prove that a sequence of values of independent random
elements with distribution P will satisfy this condition with probability 1.

Indeed, assume that (X,.o7, P) is a probability space and it is known that the
unknown parameter is a random element with distribution P. Moreover, the set
of admissible decisions Y and a bounded loss function / : X x ¥ — R with mea-
surable cross sections [(-,y), y € Y, are given. It is clear that the usual endeavor
to minimize average losses by means of choice of y € Y in these conditions leads
us to the problem

/l(x,y)P(dx) —inf (yev).
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Now in the same way as in Chapter 3, we introduce the sets @ = X N u=vN,
and the function L: ® x U — R,

1 N
L(O,u)= 1 — Y /(6 .
(6,u) nggosupN’; (61, un)
We add to Definition 3.1 one further condition:
1 N
lim Y 1x(6,) =P(X;) Viel
n=1

(implying that for all i, X; € &7) and denote by I;, the set of all pairs (u,6) €
U x O that satisfy Definition 3.1 with this additional condition. From the results
of Chapter 3 (see the proof of Theorem 3.4) it follows that for any u € U, 0 €
I, (u), the relation

1 N .
L(6,u)= Alfig;supﬁ Z / I(x,u,)P(dx)
n=1

holds, which means that

inf sup L(O,u)= inf/l(x,y)P(dx).
uclU OEI—ZP(M) yey

It remains to note that if the parameter 6 is random with distribution P, then for
natural assumptions, 6 € I}, () with probability 1.

So if in case of stochastic (or Bayesian) uncertainty one explicitly considers
infinite numbers of “trials,” the exclusiveness of this kind of uncertainty will
disappear, i.e., the point is not in the specific form of information about the pa-
rameter 6, but only in the way we are going to estimate the whole set of our
decisions: all of them on average or each of them separately. In other words, it
is more important to distinguish between the problems of making “mass” and
“unique” decisions than to distinguish stochastic and nonstochastic problems.
The “pasting together” of the “mass” property and the stochasticity is stipulated
only by the absence of mathematical methods of description of the mass phe-
nomena that are not stochastic.

Therefore Chapter 4 is dedicated to the development of mathematical tools for
describing mass phenomena without any assumptions about their stochasticity
[39, 43].

Let us concentrate further on terminology. The notion that in this context we
consider natural to denote by the word “mass” is closely related to more habitual
notions of “random” (not in the probabilistic sense, but in the common sense of
the word) and of “statistical.” As is known, the notion of randomness that we use
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in everyday life is considerably broader than the one used in probability theory.
For example, in [47] the following is said about this:
Speaking of randomness in the ordinary sense of this word, we mean those phenomena in which
we do not find regularities, allowing us to predict their behavior. Generally speaking, there are
no reasons to assume that random in this sense phenomena are subjected to some probabilistic

laws. Hence, it is necessary to distinguish the randomness in this broad sense and stochastic
randomness (which is the subject of probability theory).

However, what do the words “we do not find regularities, allowing us to pre-
dict their behavior” mean? We should scarcely understand them in the sense that
such regularities do not exist. Then either it is impossible to discover the un-
known regularity by means of existing tools, or this regularity, for some reason,
does not interest us.

The first viewpoint was proposed by A. Church in [11] and then was inves-
tigated in works of many authors (see, for example, [89] and the references
therein). The second, as far as the author of this book knows, has not yet been
considered. Let us consider examples of the phenomena in which the second
viewpoint seems natural.

(1) In the theory of errors [78], random errors are defined as those such that
“their values change from one measurement to another.” As an example,
there is a list of random errors that can appear in the measurement by a mi-
crometer of a wire’s diameter: the error due to inaccuracy of the micrometer;
the error due to deviation of the wire’s shape from cylindrical; the error due
to possible ellipticity of the wire cross sections. It is clear that all these errors
are subject to quite specific regularities that can be easily discovered. Since
the goal of this measurement is to learn the average value of the diameter of
the wire over a long piece of wire, we are not interested in local regularities.

(2) There are many situations in which values of the variable of interest can be
easily measured, but they change so rapidly that we are physically unable to
react to these changes. We are compelled to consider such variables as ran-
dom even when we know exactly the local regularities by which they change
and to orient ourselves on some average characteristics, in other words, on
global or statistical regularities.

(3) Option investors, or even option traders, are not interested in local regular-
ities (or explanations) of underlying price changes. A change in price of
the underlying stock is a result of complex decisions of the participants in
the stock market, sellers and buyers, for whom it can be vital to understand
short-term market trends. For option investors and traders, on the other hand,
the price of the underlying stock is a parameter about which in making their
pricing decisions they are interested only in its global statistical properties.

(4) Finally, in many cases of practical design of control systems it turns out that
technically we can take into consideration local regularities, but economi-
cally this consideration is disadvantageous. It means that here we also need
some coarse-grained, rough description that characterizes the phenomenon
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not “in detail” but “as a whole,” i.e., again in the sense of its statistical reg-
ularities.

Therefore the following heuristic definition seems natural: mass phenomena
concerning which we are interested only in their statistical regularities are called
random in a broad sense.

An exact definition of this notion will be given later. Here we just note that
when we speak about statistical regularities of certain phenomena, we imply
more than is usually meant. In particular, we do not mean that these phenom-
ena are described by means of stochastic distributions: as mentioned above, sta-
tistical regularities of stochastic phenomena are studied in probability theory,
whereas we know almost nothing about statistical regularities of nonstochastic
random phenomena.’

Let us begin with the simplest case, in which the mass property manifests
itself in the form of a sequence. Let X be an arbitrary set, f : X — R a real
bounded function, and ¥ € X" an arbitrary sequence. Suppose further that we
are interested in the asymptotic (for n — oo) behavior of the averages

n

=LY fw). @.1)

n3

It is clear that they may have no limit. However, by virtue of the boundedness of
the function f, a set of limit points of the sequence {y,;n € N} is automatically
not empty. And since for usual probabilistic suppositions this set consists with
probability 1 of only one element, the mathematical expectation of the function
f, one can hope that in the general case, the set of limit points will play a role
analogous to mathematical expectation. But what in this case will be analogous
to the probability distribution?

Associate to each natural number n and to each subset A C X the frequency
of hitting in A in the first n terms of the sequence x:

SN
PA) =~ Y 14(%). “2)

! The author first encountered a random-in-a-broad-sense phenomenon in the far-off year 1960, when
he tried to amplify 108-10° times a very week (1073-10~° W) electric signal, a so-called cathode (or
shadow) current of a thyratron. According to the physics of the situation, this signal was a weakly
correlated random function with normal distribution, almost a white noise, i.e., stochastic, or in other
words, a statistically stable phenomenon, generated by nature itself. However, the signal from the output
of the amplifier, a device sensitive to everything, even the smallest external perturbations, was already far
from being statistically stable or stochastic: its mathematical expectation and dispersion were changing
rather significantly. Our intervention by means of the amplifier had destroyed the regularity created by
nature. As a result, we had a statistically unstable, nonstochastic phenomenon that happened to require
artificial stabilization [33].
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We obtain the sequence {p)(?");n € N} of probability distributions on 2% that
always has, as will be shown later, a nonempty set of limit points, the finitely
additive probability distributions on 2X. And this set is the sought-for analogue
of a probabilistic distribution for the sequence ¥, which we call the statistical
regularity of the sequence x. To be more precise, let us denote by PF(X) the
family of all finitely additive probability distributions on the set of all subsets of
the set X, i.e., suppose

PF(X)={pe (2* = 1[0,1]): p(X) =1,p(AUB) = p(A) + p(B\ A)
VA,BCX}.

Further, let M(X) be a Banach space of real bounded functions on X, 7(X) a
weak-* topology [13] in PF(X), generated by the system of neighborhoods

Ue fifornfa(P) = {P € PF(X) : |pfi—p'fi| <€ Vi€ 1,n},

wheren € N, € >0, fi,f2,...,fn € M(X), and pf = [ f(x)p(dx) (in the natural
sense of the integral over a finitely additive measure).?

Denote by P(X) the union of all nonempty closed, in the sense of the topology
7(X), subsets of the set PF(X), and if P € P(X), f € M(X), then we denote by
the symbol Pf the set of numbers {pf;p € P}.

Associate now to any sequence ¥ € X" the set P; of the limit (in the sense of
7(X)) points of the sequence

{p)(z");nEN}.

From the compactness of the topological space (PF (X), 7(X)) it follows that the
set P is not empty, and moreover it is obviously closed. Hence P; € P(X).

We shall call the set P; the statistical regularity (or just the regularity) of
the sequence X¥. We have established that every sequence has its regularity. It
turns out that it suffices to know this regularity in order to “predict” the result of
the averaging of an arbitrary function with respect to the considered sequence.
Speaking more precisely, the set of limit points of the sequence of numbers y,
(see (4.1)) can be written in the form a

P = { [ 1@t vp e Pf} .

Thus, the regularity of an arbitrary sequence plays for this sequence a role simi-
lar to that of the probability distribution for a random value. One can speak of a
joint regularity of two sequences, etc. It is clear, however, that the set of regulari-
ties is “much richer” than the set of sequences. Therefore the following question
arises: what is described by the regularities of the general form?

2 See Appendix A.2.
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We call the set

X®=JX", whenX"=XxXx-xX,
~—_——
n=1

n

the space of samples from X, or sampling space, and by sampling directedness
in X we mean any directedness that takes values in the space of samples from
X, in other words, the directedness of the form

(P:{(Plvl GA,Z},

when
Q) = (fpx,,(%,«--’(m,,l) €X", ny el

To any sampling directedness ¢ we will associate the directedness of distribu-
tions

(i aens),
where

Py € PF(X),
A 1 &
PSp '(4) = a Y 1a(y), ACKX.
i=1

We call the set of limit points of this directedness of distributions, which ob-
viously is the regularity on X, the regularity of sampling directedness ¢ and
denote it by Py. It turns out that for a description of any statistical regularity, the
concept of sampling directedness is already sufficient. Speaking more precisely,
any sampling directedness has a regularity, and any regularity is the regularity
of some sampling directedness (Theorem 4.2).

Thus, one can say that the concept of sampling directedness relates to the
concept of statistical regularity as in probability theory the concept of random
value relates to the concept of probability distribution. And what is more, the set
of “average values” Py f = {pf:p € Py} coincides with the set of limit points of
the directedness of real numbers

1 &

ya=—Y. f(®,), AeA.

ny =1

In other words, the mathematical formalism of sampling directedness and its
statistical regularity is a generalization of usual notions of random value and its
probability distribution on random-in-a-broad-sense phenomena. This formal-
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ism includes the usual notions of probability theory as a limiting case (Theorem
4.1).

There is one more road on which the regularities of the general form appear.
Denote by E(X) the family of all equivalence relations on the set X, and if E €
E(X), then X is the set of equivalence classes with respect to E. Let further

Ke: X = X(gy, Ke(x)=e>ux,
and if
E\,E; €cE(X), E;CEj,
then
KeE, * X(E) = X(E,) Ke,E,(€1) = €2 Dey.

Finally, we shall agree to consider any mapping g : Y — Z predetermined on
PF(Y) in the following way:

g(p)=q €PF(Z), q(A)=p(g'(4)),
for all
peEPF(Y), ACZ.
We shall call any family of regularities of the form
{Pg;E € &},

where

& CEX),Pe € P(X(g)),
and for any

E\,E,e&

there exists

Eve &, EyCENE;
satisfying the condition

Ke,E,(PE,) = Pg, (i=1,2)

a coordinated family of regularities on X.
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A coordinated family of regularities {Pg;E C &} in which all sets X () are
finite will be called a simple coordinated family on X . It is easy to see that if

PeP(X), EcE(X), Pg=xg(P),
then
Pr € P(Xg).

In this case we shall say that kg (P) is a projection of the regularity P onto the
division X ().

Evidently, the set of all projections of one regularity is a coordinated family of
regularities. It turns out that the converse is also true. Any coordinated family of
regularities is the family of projections of one or more regularities on X. We shall
call them preimages of this coordinated family of regularities. One can show
that the union of all preimages of the same coordinated family of regularities is
a preimage as well, determined now uniquely. We shall call it a source.

Thus we see that any coordinated family of regularities has one and only
one source. The converse is trivial: every regularity P on X is the source of the
coordinated family of regularities consisting of just this regularity.

However, a stronger statement is also true (Theorem 4.3). Any regularity can
be presented as a source of some simple coordinated family of regularities, i.e.,
can be given by means of its projections on finite subdivisions. This is the above-
mentioned second way in which the regularities of the general form appear. It
is of interest, it seems to us, because the projection of any regularity on a finite
subdivision is simply a family of probability distributions on a finite set, while
the notion of an arbitrary regularity, even consisting of one distribution on 2%, is
hardly conceivable.

We mention one more consequence of our results. Let

x =T]x,

i€l

where / is an arbitrary nonempty set of indices, and all X; are arbitrary nonempty
sets. Let further

P, e P(X;).

Then to every i € I one can associate the equivalence relation
E; € E(X)

given by

A
xEjyy <= x; = y;.
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In so doing, to any P, there will be naturally associated
PEi € P(X(El))’

and we can expand the notion of coordinated family of regularities on the family
of regularities P;, defined on different sets X;.

Thus it turns out that any coordinated family of regularities, even in such a
broad sense, is generated by one and only one source.

4.2 The Concept of Statistical Regularity

Let X be an arbitrary set, M (X) the Banach space of all real bounded functions
onX,

PF(X)={pe (2X = 1[0.1]) : p(X) = 1,p(AUB) = p(A) + p(B\ A)
VA,BC X}.

Let us consider PF(X) as a subset of an adjoint space (M(X))* and define on
PF(X) the topology 7(X) that is the trace of the weak-* topology in (M (X))*.
In other words, denoting, for brevity, the integral of the function f € M(X) over
the finitely additive measure p € PF(X) by pf, we declare as a fundamental
system of neighborhoods in PF(X) the sets

Us.fy fornfu(P) = {P € PE(X): |pfi— P'fi] <&, Vie 1},

wheren € N, € >0, fi, f2,...,fn € M(X).
Finally, for an arbitrary P C PF(X), f € M(X), assume that

Pf={reR:3pePpf=r}.

Definition 4.1. Let X be an arbitrary set. We call any nonempty closed set P of
the topological space (PF(X), T(X)) a statistical regularity on X. We denote the
family of all regularities on X by P(X).

If PeP(X), F C M(X), we say that the regularity P is u-F-stochastic (or
simply F-stochastic) if there are a o-algebra o7 of subsets of the set X and a
probability (countable additive) measure i on 27 such that

pf = [ flom@

forallpe P, fcF.
As is known (see, for example, [13]), the topological space (PF(X),7(X)) is
compact for any X. Therefore, the sequence
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{(p":n eNY,

constructed in accordance with the formula (4.2), always has a nonempty set
of limit points P, € P(X), which we call the regularity of the sequence x € X".
The connection between these notions and usual notions of probability theory is
established by the following theorem.

Theorem 4.1. Let (X, <7, 1) be a probability space, & = {&,, n € N} a sequence
of independent random elements taking values in X with the probability distri-
bution p, and F C M(X) a finite or countable family of L-measurable functions.
Then the regularity of the sequence of values & will be p-F -stochastic with prob-
ability 1.

Proof. Obviously, by virtue of the boundedness of the functions f € F and
countability of F, there is a countable system % of subsets of the set X such
that all B € & are -measurable sets, and for any € > 0, f € F, one can produce
a finite subdivision E of the set X into nonoverlapping subsets satisfying the
conditions E C #,Ve c E,

sup f(x) —inf f(x) < &

x€e xee

Denote by (2,Y,7) the probability space on which all &, are determined,
and further, set

QA_{weQ lim — ZIA (& (w ))_,u(A)}, Aed.

n—en {

For any B € 4, m € N, one can find measurable sets AB,m and X&m such that
Ap,, CBCApy,

and

H(Apm\Ap,,) <€

Let

Q= ﬂ ﬁ (QAB7H1 ﬂQAB.m) )

Be#Am=1

Then from w € Q it follows that

and thus
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Pe(w)f = {/Xf(x)u(dx)} VfeF.

It remains only to obtain, making use of the strong law of large numbers, that
7(£2o) = 1. The theorem is proved.

It is clear, however, that only the regularity concentrated on a countable subset
of the set X can be the regularity of some sequence. Indeed, let ¥ € X N p.=pP.
Denote by Xy = %(N) the set of values of the sequence x. This set is at most
countable. Let us show that for any p € P the relation p(Xp) = 1 is correct.

By the definition of the set P, for any € > 0, ng € N, f € M(X), there is n > ny
such that

pfz")f*pf‘<8-

In particular, if f = 1x\x,, i.e.,

0, forx e X,
fx) =
1, forxeX\Xo,

we obtain

P X\ Xo) — p(X \ Xo)| < €.

But
P (X \ Xp) =0,

and hence for any p € P, € > 0, the inequality p(X \ Xo) < € holds. Hence
p(Xo) =1.

Therefore the question arises whether there are more general constructions
resulting in regularities of general form. Here we investigate two such construc-
tions. The third construction is considered in Chapter 5.

4.3 Sampling Directedness and Statistical Regularity

Let us begin by recalling the definition of directedness. A direction on the set A
is a binary relation > on A possessing the following properties:

1. If A1,A2,A3 € A, A1 > A, and A, > A3, then A; > A3 (transitivity).
2. If A € A, then A > A (reflectivity).
3. If 1,4, € A, then there is an element A3 € A such that A3 > A; and A3 > A,.
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A directed set is an ordered pair (A, >) consisting of an arbitrary set A and a
direction > on it. A directedness is an ordered pair (¢,>), where ¢ is some
function, and > is the direction on the domain of definition of this function. If
(¢,>) is the directedness, ¢ : A — Y, and 7 is the fixed topology in Y, then
we say that the point y € Y is the limit of the directedness (¢,>) if for any
neighborhood of that point one can find Ay € A such that @(A) is situated in
this neighborhood for all A > Ag. It is written in the form y = lim(¢,>). We
call the point y € Y the limit point of the directedness if for any Ay € A and
any neighborhood of the point one can find A > A such that ¢(4) is contained
in this neighborhood. We denote the set of all limit points (perhaps empty) by
LIM(¢,>). Finally, in those cases in which we have to indicate explicitly the
domain of definition A of the directedness (¢, >), we shall use for this purpose
the notation (@|A,>) or (@, A € A,>).

Let, as earlier, X be an arbitrary set. By X* we denote the “space of samples
from X"”’:

X =Jx"
n=1

where

X'"=XxXx---xX.
| Sy ———

n

Definition 4.2. We call any directedness (¢,>) taking values in the space of
samples from X a sampling directedness in X.

To each sampling directedness (¢|A,>) we associate the directedness of nat-
ural numbers (n¢|A,>) and the directedness of distributions (pgy|A,>). The last
two are defined in the following way: ny(A) is n € N such that ¢(1) € X", and
pe(A) is the distribution from PF (X) such that

(Pp(R))(A) =

where
ACX, (01,02,....0,,2)) = (1)
We call the set Py, of limit points of the directedness (pgy,>), i.e.,
Pp =LIM(py, >),

the statistical regularity (SR) of the sampling directedness.
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It is obvious now that to any sequence ¥ € X" one can assign a sampling
directedness (¢ | N,>) in X, where > is the natural direction in N and @(n) =
(X1,X2,...,X,). Here py(n) = pz(n) (n € N), and so Py = P;. It turns out that the
notion of sampling directedness generalizes the notion of an arbitrary sequence
exactly as we need.

Theorem 4.2. Any sampling directedness has a regularity, and any regularity is
the regularity of some sampling directedness. Furthermore, the set

Pof ={pfip € Py},

where f € M(X) and @ is the sampling directedness in X, coincides with the set
of limit points of the directedness of average values

1 &

ya=—Y fl@y), AeA,

M iz
ie.,
P(Pf:LIM{y,1,7L EA L

Remark 4.1. Finitely additive measures have been attracting ever greater atten-
tion from many researchers (see [9, 86, 88], for example). In this connection it
seems interesting that in the theorem formulated above and also in Theorem 5.2
from the next chapter, finitely additive probabilities appear not as an indepen-
dent research object but “out of necessity” when one is considering such natural
notions as sequence, directedness, and the criterion choice rule [37, 38, 24].

Proof (of Theorem 4.2). If (¢,>) is the sampling directedness in X, then
Py # < follows immediately from the compactness of the topological space
(PF(X),7(X)). That the set Py is closed follows from the fact that it is the set
of limit points of the directedness (py,>). Indeed, if p € PF(X)\ Py, then for
some € > 0 one can find Ay € A and a finite set of functions fi, f2,..., fr € M(X)
such that for all A > Ag some i € 1,k exists such that [pf; — py(4) fi| > 2¢. But
in this case, for any po € U 1, 1,..... 5, (p) we have

2e < |pfi— pe(M)fil < |pfi— pofil+|pofi — Pe(A) fil < €+ |pofi—pe(A)fil.

and thus

\pofi — Pe(A)fi] > €,

i.e.,

Po € PF(X)\ Py.
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Now let P be a nonempty closed set in PF(X). Our purpose is to construct a
sampling directedness (¢, >) such that P, = P. For that denote by Q the set of
all distributions g € PF(X), satisfying two conditions:

(i) g is concentrated on some finite subset X, of the set X;
(ii) all numbers g(x) (x € X) are rational.

It is easily checked that to every g € Q one can associate n, € N and

x‘l’,xg, e ,xzq € X, in such a way that

1 &
g4)=—Y L) (Acx).

q =1

Indeed, assuming without the loss of generality that ¢(x) > 0 for all (x € X,,),
we present all g(x) (x € X)) in the form of irreducible fractions and denote by
ny the least common multiple of their denominators. Reduce all these fractions
to the common denominator 7. Define

q(x) = my(x)/ng.

And now, since

Z my(x) = ng,

xeXy

we can take a collection of elements {x?, i € 1,n,} in which every x € X, occurs
exactly mg(x) times.

We can now show that the set Q is everywhere dense in the space (PF(X),
7(X)). For that purpose, taking arbitrary p € PF(X) and f1, f2,...,fx € M(X),
note that for any € > 0 one can find a subdivision £ of the set X into a finite
number of disjoint nonempty subsets

(E={e1,e2,...,e5})
such that for any e € E and any i € 1,7 the inequality
sup fi(e) —inf fi(e) < €

holds.
Now in every set e € E choose one arbitrary point x, and set

k= 1 -
max {1, max [Ifill},
Ep = {e € E : the number p(e) is irrational }.

If Ey = @, then assuming ¢g(x,) = p(e),Ve € E, we obtain
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q€Q, |qfi—pfil<e Vieln.
If Ey # @, then we set

o0 =minp(e), & =min(l—p(e)), &=min{,6}.

eckEy eckEy

Obviously 0 < & < 1. Therefore for any e € Ej one can find a rational number
r. such that

0

P() = Card ()%

<Te <p(€),

and then, fixing an arbitrary set ey € Ey, assume that

ple), if e € E\ Ey,
q(xe) — ¢ Fe, ife € Eo \ {6()},
ZEEE() p(e) - ZEEEO Ve, lfe = €q.
e#eq
We obtain
€0.lg(e)—ple)| < —>—— VecE
e)— e S ——
TN =PNS caaE
and thus
ol fi
lafi—pfil < H,f”+e§6+sgze.

By virtue of the arbitrariness of € > 0, this proves that the set Q is dense in
the space (PF(X),7(X)).
Now let P € P(X) be an arbitrary regularity on X. Define

where

and
A=RtxM=) xP

On the set A introduce the direction > by the formula



4.3 Sampling Directedness and Statistical Regularity 87

(&1, fi1, f125- -5 fing 1) > (&2, 21, f22, -+, fony, P2)
S (e < e {fit,fiz,-- - fim} 2 {21, 25, fomn })

(in this case no condition is imposed on p; and p»).
Associate now to any

A= (gvfl)f27"'7fn’p) €A

some distribution

42 € QNUe f1.fo....£u (D)

which exists by virtue of the denseness of the set Q. Some collection of points
{x’{,xg, s ,xzq} € X"

corresponds, as was shown above, to this g = g .
We denote this collection by ¢(A) and thus arrive at the sampling directed-
ness {¢, >}, where

P:A—>X" L o).

It remains to prove that Py = P.
First, let the point p belong to the set P, and we have to prove that p € Py,
i.e., that for any € > 0, any collection of functions

Ji,fos s fn € M(X),

and the point

Ao = (&1, for, foz, - -+ fongs P0)
one can find a point

M = (&1, firs fiz, -, fing, P1)
such that

M=o

and

p(P(l]) 6 U87fl-,f27"'sfn(p)'

But this is obvious: it suffices to take
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€ =min{g, &},
{fir, fios o fim F = {15 fas o5 fus fou, foos - -5 fomg }s
P1= P2,

and we obtain by definition
M=, po(M)=aqn €Ue fiy fryfin (P) S Ue i oo (P)-

Now suppose that p € P, \ P. In this case, since the set P is closed, there exist
e>0,neN, fi,f,...,f,» € M(X), such that for any p; € P, an index i € 1,n
can be found for which

Ip1fi—pfil > & (4.3)
On the other hand, since
p € Py =LIM(py, >),
for any A € € one can find A > A such that
pe(Xi)fi—pfil <€/2 Vieln. (44)
Let us take a concrete
Xo=(€/2,f1, fas-- s fusP0)
and write in detail what in this case would be A; appearing in (4.4):
M = (e, fir, fizs -5 fing, P1),
where
e <&/2, fit.fizo-o s fing 2 [15 S5 S
However, by the construction of the sampling directedness (¢, >) we have
lpe(M) fij—pifijl <& VjeTln,
and hence
lpo(M1)fi—pifil <€/2 Vieln.

But this, in combination with relation (4.4), contradicts relation (4.3). This
proves that Py = P.
To complete the proof of the theorem it remains to demonstrate that
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P‘Pf = LIM{ylvzy €A, Z} - LIM(y7 Z)
By definition,

(Po(A))f =2

so that if a € LIM(y, >), then

a=1im(y|A,>) = lim((pe(-))f|A,>),
for some cofinal subset A C A, and thus

a € LIM(py()f|A,2),
i.e.,
Ppf 2 LIM(y,>).

The inverse inclusion is proved similarly. The theorem is proved.

4.4 Coordinated Families of Regularities

In order to describe the second construction leading to the regularities of general
form, we shall agree to associate with any subdivision E of the set X into disjoint
subsets the equivalence relation E, generated by this subdivision, i.e.,

E:{(xl,xz)EXZ:EIeEE, xl,xZEe}.

Denote the family of all equivalence relations on X by E(X), and denote by
E*(X) the subfamily of £ € E(X) for which the set E of equivalence classes
is finite. Analogously, the family of all subdivisions and the family of finite
subdivisions will be denoted by E(X) and E*(X).

Furthermore, when

E,E|,E; cE(X), E CE,,
we shall consider the canonical mappings
Ke: X —E, Kkg(x)=e€E,
where e is determined by
x€e, Kgg El—E), Kgg(e)=e, e Cep.

Each mapping g : Y — Z is predetermined on PF(Y) in the following way:



90 4 Nonstochastic Randomness

such that

for any
pEPF(Y), ACZ.

In other words, g(p) is the image of the measure p for the mapping g in the
usual sense: if P C PF(Y),g:Y — Z, then g(P) = {g(p);p € P}.

Definition 4.3. A coordinated family of regularities on X is any family of regu-
larities of the form

{PE;EE@“’},
where
& CE(X), PzeP(E),

satisfying the following condition: for any E;,E, € & there exists Ey € & such
that

Ey CE\NE,,
and at the same time,
KEoEi(PEo) =P, (i=1,2).

We shall call a coordinated family of regularities {Pg; E € &} in which all
sets E are finite a simple coordinated family on X. We shall say that P is the
source of the coordinated family of regularities {Pg; E € &'} if the following
conditions are satisfied:

(1) PeP(X);
(2) kg(P) =Pg forall E € &,
(3) if pe PF(X) and kg(p) € Pg forall E € &, then p € P.

Theorem 4.3. Every coordinated family of regularities has one and only one
source, and every regularity on X is a source of some simple coordinated family.
Proof. For arbitrary

EcE(X), Pg€eP(E)
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the set kK ! (Pg), which for brevity we shall denote by P; ', is a regularity on X.
Let us prove this. Let g € M(E). Then, obviously, the function f = go kg
belongs to M(X), so that

M={feM(X):3ge M(E),f =goxke}

is a linear subset of the set M(X) and to every function f € M(E) one can as-
sociate one and only one function gy € M(E) such that gso kg = f, and for
any

pEPF(X), feM(E),

the relation
(k" (P))f = Py
is true.
Associate to an arbitrary p € Pg the linear functional

I, M(E) =R, 1,(f)=pgy
Since
Iye M(E), [,(1g)=1,

and since [,(f) > 0 when f > 0, it follows that ||/,|| = 1. Continue /, with

conservation of the norm on all M(X) and denote this continuation by /. We

have to make sure that /() > 0 for any nonnegative function f € M(X).
Suppose the contrary, i.e., that there is a function f > 0 such that

I(f) <O0.

Without loss of generality one can suppose that

sup f(X) =1.

xeX

In this case we have

0<1y(x)—f(x) <1, I(Ix—f)=1-1(f)>1,
and this means that

1) o lx—1) _ |
>

Mx—f1

|| = sup
A<t 1A

in spite of the condition

120 = 1125 = 1.
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It remains to assume that

and to make sure that
po € PF(X) and «g(po) € Pg,
since if
BeE,

then
o= B) =1 (1 15)) = o (L 1)) = PIB).

Sopo P! # .
Completeness of the set Py ! follows from the fact that if

pi € PF(X)\ P,
then
p2 = Ke(p1) € PF(E)\ Pk,
and therefore one can find
>0, gi1,82,...,8n € M(E)
such that for any p € Pg one can always find i € 1,7 such that

|pgi — p2gil > €.

Setting

fi=gioke (i€l,n),
we obtain that
k' (p)fi—pifi| > € (i€ Ton).

But this means that in PF (X) there is a neighborhood of the point p; that does
not intersect the set pgl. Thus we have proved that

Pl e P(X).
Now the following lemma will be necessary.

Lemma 4.1. Let



4.4 Coordinated Families of Regularities 93
{Pg; E€&}
be the coordinated family of regularities
neN, E|,E,...,E,€&.

Then
n
Pz €P(X).
i=1

Proof. It follows from the condition of Theorem 4.3 that there exists a subdivi-
sion

Eye &

such that

ol
N
1D-
I

and at the same time,
PE,' = KEE; (PEO) Vie H

Indeed, if n = 2, this statement is contained in the definition itself. If one assumes
that it is true for some fixed collection E,E,...,E}, then applying it to an
arbitrary E,1 € & and Ej constructed on E,E},...,E,’, we obtain that the
desired Ey does indeed exist.

Note that nonemptiness of the set P_Ol, proved above, immediately implies
that

KE; <PI::01> = KE,E; <K‘E0 (PEI>) = Pg, foralli e m,

ie.,
n
—1 —1
P C(\P' # 2.
i=1

Completeness of the set

follows from the fact that if
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n
—1
pePF(X)\(Pg',
i=1

then i € 1,7 can be found such that
pEPF(X)\P;".

Thus, as was proved above, there is a neighborhood U; of the point p that does
not intersect PE’i T hen, a fortiori, it does not intersect

and hence the statement of the lemma is true.

Returning to the proof of Theorem 4.3, note that according to Lemma 4.1,
{PE LEec& } is the centered family of closed sets in the compact topological
space (PF(X),7(X)). Hence it has a nonempty intersection

P=)P",
Ec&

which by virtue of its obvious completeness is a regularity on X. It remains to
note that if

pEPF(X)\P,
then one can find
Ec&
such that
PR,
and hence
Ke(p) ¢ Pe.

The first statement of Theorem 4.3 is proved.

In order to prove the second statement, choose as & the family of all subdi-
visions E having a finite number of elements. Let P be an arbitrary regularity
on X,

Pr = KE(P) VE € &.

Obviously,
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{PE,E €& }

is a coordinated family of regularities, and we have only to prove that P is its
source. To put it more precisely, the only fact that needs to be proved is that if

pEPF(X)\P,
then one can find E € & such that

Fix € > 0 and functions

fl?fZa"':fn GM(X)

such that the neighborhood Uy f, 1,.....7,(p) does not intersect P.
Let

35

€

S = sup {| fi(x)

sielnxeX}, K:[ }%—1,

where the brackets denote the integral part of a number, and

E= {(xl,xz) ex2:vieTn IkeT,K,Vje(1,2),

— S+ (k— 1)% < filx)) < —S+k§},

i.e., the subdivision E is such that for any i € 1,n the diameter f; of the image of
any element e € E does not exceed £. Finally, define

gi:E—R, gi(e)=supfi(x), icln.

xece

Then we have
/ / €
P fi—xe(p)eil < 3
for any
P eEPF(X), icl,n,

and so if p; € P, then one can find i € 1,7 such that
£
|xe(p1)gi — ke(p)gil > 3

Thus
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ke(p) & Ke(P) = P,

and the theorem is completely proved.

4.5 Statistical Regularity of a Sequence

The structure of statistical regularity of a statistically unstable sequence with
values from an arbitrary set is quite complicated, because the corresponding
sequence of frequencies may have subdirectednesses that are not subsequences
of the original sequence. But in the case of a sequence with values from a finite
set, the situation is simplified [91].

Let Q be a finite set, i.e., Q = {@,,...,®,},O is some sequence of ele-

ments from Q, P(®) the statistical regularity of the sequence ©.

Theorem 4.4. The measure p € PF(£2) belongs to the statistical regularity P(6)

if and only if in the sequence of measures {p,}, pn(A) =Y, 14(6;), there exists
a subsequence {p,, } such that for any A € 29,

lim p,, (A) = P(A).
k—yo0

Proof. Necessity: Let p € P(8) and consider a neighborhood v¥(p) of the point
p of the topological space (PF(2),7(R2)):

v (p) = {p/ EPF(Q):|pf—7| <% Vie{ly:Ac 29}},

where 14 is the indicator of the set A.

Since p is the limit point of the sequence of measures P,, one can choose a
subsequence Ny of the sequence of natural numbers such that p,, € vk(p) at any
k € N. Therefore

klim pn(A)=p(A) atanyA €29
—>00

Sufficiency: Let
lim py, (A) = p(A) VA €22

k—ro0

We must show that p € P(0).
Any bounded function f : 2 — R may be represented in the form

=My, +22lp, + -+ Aply, where d; = f(w;),

and
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zw,-@):{l’ "o

0, otherwise,
pf= /Qfdp = /Q(ll[w1 +Malo, + -+ Al )dp = i_ili x p(;).
Analogously,
Puf = ili X pp, (@)
i=
By virtue of the conditions of the theorem,

lim p,, (0;) = p(@;) Vo€,
k—so0

and hence p,, f — pf as k — oo, i.e., p is the limit point of the subsequence
{pn}; hence p € P(0). The theorem is proved.

Using this theorem, one can construct the statistical regularity of a sequence
when the quantity of elements in the set ® is “not too big.” In this case one can
select from the sequence {p,} all subsequences such that for any of them and
for any subset A from the set {2 the limit

lim p,, (A) 4.5)

k—>oo

exists. It follows from Theorem 4.4 that P(®) coincides with the set of measures
that are the limits of these subsequences.
Example 4.1. Consider the following sequence of elements of the set 2 = {0, 1}:

010011000011110000000011111111 00000000000000001111111111111111 0000....

The sequence is built according to the following rule: the sequence consists of
series of zeros and ones, a series of ones following a series of zeros, and every
series of ones has length equal to the length of the previous series of zeros. The
number of zeros in this previous series is equal to the number of zeros and ones
in the previous series. The first series consists of one zero.

It is easy to see that the frequencies of zeros in the sequence {p,({0})} as
n — oo are situated in the following limits:

1
5 =pa({0}) =
while for the frequencies of ones, we have the relation

pn({l}) =1 _pn({o})’

The sequence of frequencies of zeros {p,({0})} has the limit points
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2" +k 2mt]

1 2

0}) = 55— 0})=s—

Pos0D) = 5 oo PakOD) = 50y
m=0,1,2,2,..., kel0,2"|UZ,

where Z is the set of integers; this means that any point from the interval
[1/2,2/3] is a limit point for the sequence of frequencies of zeros. The sequence
of frequencies of ones {p,({1})} has the limit points

Pri({11) =1=pp({0}),  prs({1}) = 1= pp,({0}).
12

Taking into account that the set of limit points of zeros is the interval [j, 5],
one can conclude that the statistical regularity of the sequence that we are con-
sidering in this example has the form

PO = {rrore |35]. p=1-PO)].

4.6 Statistical Regularity of I;-Independence

The definition of I;-independence of two sequences was given in Chapter 3.
Now using the notion of statistical regularity, one can formulate necessary and
sufficient conditions of I;-independence [90].

Theorem 4.5. The sequences 6 € (N — X) and i€ (N—Y) areIj-independent
if and only if their joint statistical regularity P(0,i) possesses the property that
for any € > 0 one can find finite subdivisions

X=YX, Y=YV, IxJ=E+E
=1 =J

J

of sets X, Y, and I x J into nonoverlapping subsets satisfying the following con-
ditions:

Condition 1

sup |l(x1,y1) —l(x2,y2)| <€ forall (i,j)€Ey;
xp,X€X;
y1,y2€Y;

Condition 2 For any py € P(0,i) and any (i, j) € (I xY),
Po(Xi X Yi) = po(Xi X Y) X po(X x ¥;) = 0;

Condition 3 For any po € P(0,i),
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Z po(X,' X Yj) < E.
(ivj)eEO

Proof. Necessity: Let the sequences 8 and i be I}-independent. Show that in
this case the conditions of Theorem 4.5 are satisfied. Condition 1 coincides with
Condition 1 of the definition of I;-independence. Consider Conditions 2 and 3
of Theorem 4.5. Fix arbitrary X; and Y; from the subdivisions of sets X and
Y corresponding to some positive €. Prove first Condition 2. It follows from
Condition 2 of I;-independence that

lim { p,(X; X ¥j) = pa(Xi X Y) X pa(X x ¥;) } =0, (4.6)

where

n

1
pn(Xi X Yj) = Z Z le.(Ok)ij(uk).
k=1

Consider now some po from P(8,ii). Since py is the limit point of the sequence
{pn} in the topological space (PF(X xY),7(X xY)), it follows that for any
neighborhood V (pg) of the point pg of the topological space (PF(X xY)T(X x
Y)) and for any mq € N, there is ng € N such that p,,, € V(po) for ng > mo.

Consider the sequence {UIX_ij e dxcy, (po)} 1 of neighborhoods of the
i i< r=
form

U;;r(,-ij 71X,'><Y7]X><Yj (PO)
1

— {p/ EPF(XxY):|pf—p'fl< e reN, fe {IXiij,IXiXy7IX><Yl.}}‘

Further, for convenience denote the neighborhood

-
UIX,-><Yj Axpxy lxxy; (po)

by Uir,j(pO)~
Consider now a subsequence of natural numbers {n;} such that

n>1, pu €Ul(po),
ny >Ny, Pp, € Ui?j(po)a

ng > g1, Prny € Ul]f](p())v
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By virtue of what was said above, such a sequence exists. Hence Vk € N we
have the inequalities

| P (Xi X Yj) = po(X; x Yj)| <

Y

P (Xi X Y) = po(X; x V)| <

I

== ===

|Pn, (X X Yj) = po(X xY;)| <

Y

and for the real numbers {p,, (X; X Y;)},{pn, (Xi xY)},{pn, (X xY})} we have
the equalities

lim py (X; X Yj) = po(X; x ¥j),
]}E{}opnk(Xi xY)=po(X; xY),
ggllp”"(x xY;) = po(X xY)).
Consequently,
lim { (X X ¥}) = pu (X; X ¥)  pu (X x ¥j) }
= po(Xi X ¥j) = po(X; X Y) X po(X x ¥).
By virtue of Condition 1,

klgn {pnk(Xi XYj) _p”k(Xi XY) Xpﬂk(X X Yj)} =0,

and hence
Po(Xi X Y;j) — po(X; X Y) X pn (X x ¥}) = 0.

Condition 2 is proved. )
Now consider Condition 3. Take again some poy € P(8,i) and the neighbor-
hood of pg

W, (po)

:{P/EPF(XXY):|pf_P/f|<,1»’ I‘EN,fE{IXiiji(i,j)EEo}}.

Consider a sequence of natural numbers {rn;} such that p, € Wé‘o (po), which
means that

1 .
’Pnk(Xi X YJ‘) —po(Xl' X Yj)’ < Z V(l,.]) € Ey.

Hence
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lim Y pu(Xix¥j)= Y po(XixY)).
(lv.])eEO (l ])GEO

Therefore we have

lim Y pu(XixYj) =}, po(XixY;).
(i./)eEo i,j)€Eo

By virtue of Condition 3 from Definition 3.1 of I;-independence, we have

kh_{n Z P (Xi X Yj) <
(i,j))€Eo

1.€.,

Z po(X,' X Yj) <&
(i,/))€Eo

Condition 3 is proved.

Sufficiency: Suppose the conditions of the theorem are satisfied. Choose some
€ > 0. Let {X;} and {Y;} be the corresponding subdivisions of X and Y. Condi-
tion 1 from the definition of I;-independence is clearly satisfied.

We prove now that Conditions 2 and 3 of the definition of I;-independence
are satisfied. Fix some X; and Y;. Suppose that Condition 2 is not satisfied for X;
and Y;. Then there is a sequence of natural numbers {rn;} such that

1 1 X Tk
lim Z IX 9k IY uk ) IXz Okl X Z IY ukz =, o 7é 0.
koo [ Mg = M k=1 k=1

“.7

Consider the sequence {p,, } corresponding to {n;}. By virtue of the com-
pactness of the topological space (PF (X xY), (X xY)), the subsequence {p,, }
has a nonempty set of limit points. Choosing any of them as pg, we can build, as
we did in the case of necessity, a subsequence {Pnk }2:1 such that

lim pp, (X; X Yj) = po(Xi < ;)
and by virtue of (4.7),
Po(Xi x Yj) — (po(Xi X Yj) X po(X; x Y;) =
but py € P(0,it) and consequently
Po(X; xY;) — po(Xi xY) x po(X xY;) =0.

This contradiction proves that Condition 2 of the definition of I;-independence
is satisfied.
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Condition 3 is proved analogously. Suppose that condition 3 is not satisfied,
1.€.,

hm  sup Z Z Ix,(6 Iy (um) > €.

(i.j)eEy "t m=1

Then one can select a subsequence {n;} such that
hm Z Z IX IY Mm) Z 87

1.e.,

lim Z P (Xi X Yj) > €
(i.j)€EED

It follows that 3pg € P(0, i) such that
Y pXixy;)>e

(i—j)€Ep

But this contradicts the condition of the theorem. Therefore our assumption is
wrong, and Condition 3 is satisfied. The theorem is proved.

4.7 Sampling Directedness as a Realization of a
Random-in-a-Broad-Sense Phenomenon

In this section the reader will find some alternative, probably more convenient,
formulations and definitions of the concepts and notions proposed in the previ-
ous sections of this chapter [43].

Let us define what we understand as nonstochastic randomness. For this pur-
pose let us, at first intuitively, agree what phenomena it is reasonable to consider
as random. Their foremost difference from nonrandom phenomena consists in
the fact that when we call a phenomenon random it always means that we do
not know the regularities (call them local) that would allow us to predict the be-
havior of the phenomenon. The study of a random phenomenon can be twofold:
one can reduce it to a nonrandom phenomenon, trying to discover its local reg-
ularities, and one can continue to consider it as random and try to understand
only the global, statistical regularities, i.e., regularities of asymptotic behavior
of the variables characterizing this phenomenon, such as frequencies of landing
in certain subsets and arithmetic averages of certain functionals.

If with the increase of the number of trials all these averages tend to cer-
tain limits (and some other conditions are satisfied; see [47]), then such a phe-
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nomenon is generally called stochastic. And probability theory, as is known,
considers only such phenomena. In contrast, it is natural to consider as random
in a broad sense those mass phenomena that are studied only to within their
statistical regularities.

Recall that the simplest mathematical model of a mass phenomenon is an or-
dinary sequence. In order to obtain a model of a random phenomenon on the
basis of such a sequence, one needs to identify the sequences that have equiva-
lent statistical properties.

Definition 4.4. Let X be an arbitrary set. We shall say that two sequences x(!)
and x2) of elements of the set X are statistically equivalent (S-equivalent) if for
any natural number m and any bounded mapping ¥ € (X — R™), the set of limit
points of the sequence

{?qu);neN}, W —*ZY )

does not depend on k € {1,2}.

The class of S-equivalence of the sequence ¥ € X"\ will be denoted by S(%).

Our first goal is to find the invariant of the relation of S-equivalence. To this
end, we introduce several notions.

Let M be a Banach space of bounded real functions defined on the set X, let
M be the dual space of the space M, and T a weak-x topology in M*. Further, let
PF(X) be the subspace of the topological space (M*, 1) defined by the formula

PF(X)={peM" :p(la) = 1,p(f) = Ofor f > 0},

where 14(+) is the characteristic function of the set A.

In what follows we shall often write p(A) instead of p(1,), identifying the
elements of the set PF(X) with the measures (finitely additive and normalized)
on 2%,

Then obviously, p(f) will be simply the integral p(f) = [ f(x)p(dx), defined
naturally due to the boundedness of the function f.

Now to an arbitrary sequence X = {X,;n € N} € X we associate the sequence
of measures from PF (X) defined as

i —n 1& .
{POmen}, @)=Y L), vacx.
i=1

Due to the compactness of the set PF(X) (as a bounded closed set in (M*, 7)),
the sequence {ﬁ)(?") (-);neN } will have a nonempty closed set of limit points,

which we shall denote by Py and call the regularity of this sequence. We there-
fore introduce the following definition.
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Definition 4.5. We shall call any nonempty closed set of the space PF(X) a
regularity on X. We shall denote by P(X) the set of all regularities on X and
to any sequence X € X' we shall associate its regularity. Finally, for m € N,
Y=, Ym) € (X = R™), and P € P(X), we shall denote by P(y) the set

{(r17r27"'7rm) ER™: Elpepvzemvrl :p(%)},
and in particular, p(y) = (p(11),p(12),-..,P(Ym)) for p € PF(X).

We have the following theorem.

Theorem 4.6. The mapping x — P is the invariant of the relation of S-equiva-
lence on XN,

This statement will be proved below in a more general form. So far, how-
ever, let us agree to call the classes of S-equivalence of sequences the simplest
random phenomena, and we shall call their regularities statistical regularities
of the corresponding phenomena. Any sequence X € X' will be considered as a
realization of a simplest random phenomenon S(x).

The connection between the notions introduced above and probabilistic no-
tions follows directly from the enforced law of large numbers.

Theorem 4.7. Let X be a finite set, |t a probability distribution on X, and & =
{En;n eN } a sequence of independent (in the usual sense) random elements

taking values in X with distribution |. Then with probability 1 the sequence
X of the values of the sequence & will be a realization of the simplest random
phenomenon with statistical regularity Py = { L }, that is, consisting of the single
distribution .

When the set X is infinite, everything becomes much more complicated. In
this case, the capabilities of sequences, generally speaking, are insufficient to
guarantee that the frequencies of hitting all measurable sets will tend to their lim-
its simultaneously. Moreover, it is easy to see that the regularities of sequences
comprise only a small part of the set of all regularities on X, since they are con-
centrated only on a countable subset of the set X. This seems to reflect the fact
that sequences comprise only a small part of all mass phenomena. It turns out
that a more general notion of sampling directedness is, as we shall see later,
already sufficient for our goals.

Definition 4.6. We shall define a sampling directedness (s.d.) in X to be any
directedness ¢ = {@;,A € A, >} taking values in the sampling space

X® = OX”.

n=1
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If A €A, ¢, € X" then we set n=n;, 0y = (Pr1,Pa2,---,Pan, ) and associate
to this A the measure pgp/l) € PF(X) defined as

W 1S
Py (A)—aZIA(%i), ACX.
i=1

We shall call the set Py, of limit points of the directedness py = { p@ ALEA, 2}
the regularity of the sampling directedness ¢. We shall denote the class of all
s.d. in X by @(X).

Now we can extend the relation of S-equivalence to the whole of ®(X).

Definition 4.7. We shall consider sampling directednesses ¢¥) € ®(X), k =
1,2, as S-equivalent if for any natural number m and any bounded mapping
Y € (X — R™) the set of limit points of the directedness of the averages

)

1
aeaz}, =3 yel), (48)

i1
does not depend on k € {1,2}.
We can now reformulate Theorem 4.2 in the following way.

Theorem 4.8. (i) For any s.d. ¢ € ®(X), any natural number m, and any
bounded mapping vy € (X — R™), the set of limit points of the directed-
ness (4.8) can be written as Py (7).

(ii) The mapping @ — Py, defined on ®(X), is an invariant of the relation of
S-equivalence.

(iii) This mapping is a mapping on the whole set P(X), i.e., the set ®(X)/S of
classes of S-equivalence and the set P(X) of regularities can be put into
one-to-one correspondence.

The proof may be found in Section 4.3 of this chapter. However, we reproduce
it below in a somewhat more convenient form.

Proof. Denote the set of limit points of an arbitrary directedness
8= {g(X?a GA,Z}

by LIM(g) or LIM{gq, @ € A,>}. Denote the set of bounded mappings from X
into R” by M. We need to establish the following three facts:

(1) The relation LIM{y;,A € A, >} = Py(7) is true for all m € N, y € M™,
Q€ PX).

(2) If P,P, € P(X),P, # P,, then there exist m € N and y € M™ such that
P (y) # Pa(7).
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(3) For any regularity P € P(X) there exist s.d. ¢ € ®(X) such that P = P,.

We begin with a proof of statement (1). Let r € LIM(y), y = {y3,A € A, >}.
Then there exist a subdirectedness of the directedness y converging to t, i.e.,
there exist (see [44]) a directed set (A, >) and a function f : A — A such that the
directedness y = yo f converges to r, and in addition, for any A € A there exists
oy € A such that f(a) > A for all o > 0.

Consider now the directedness of measures p, = pg o f, where

po={pi2cnz).

By virtue of the compactness of the space (PF(X),7) it has at least one limit
point. Denote it by po and consider a subdirectedness p,, of the directedness p,,
converging to po. Let it be p, =p,08 = pyo fog, g: B — A. Then we have
that the directedness y = yo f o g, on the one hand, converges to r, and on the
other hand, yg = ﬁfpﬁ)(y), B € B, so that

r= 1ién§§,,ﬁ)(7) = po(Y) € Py(7).

In the same manner it is proved that LIM(y) C Py (7).
Conversely, if pg € Py,r = po(y), then there exists a subdirectedness py =
{ ﬁg, acA, 2} of the directedness p, converging to po. But in this case,

lim 55" (%) = po(¥)

for all i € 1,m, which means that lim,, ﬁwa) (7) = po(7y). And since [9((,,“) (v) =y
for A = f(a), this proves statement (1).

In order to prove (2), assume that there exists p; € P; \ P». Since the set P,
is closed, there exists a neighborhood of the point p; that does not intersect P,
which means that there exist € > 0, 11,9, ..., ¥» € M such that

vp2€P27 31‘61,7”% |p1(%)_p2<%)|>£7

S0 that if Y = (71,7, ., Yu)» then py (7) & Po(y).
The complete proof of (3) may be found in Section 4.3. Here we shall outline

the main ideas of the proof. Let Q be the set of all measures ¢ € PF(X) such that
each of them is concentrated on a finite set X, C X, and in addition, all numbers
q(x), x € X, are rational. One can show that the set Q is everywhere dense in
(PF(X), ).

Now to an arbitrary regularity P € P(X) we associate the directed set (A, >)
such that
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m=1
A=R"xM*xP, R"=]0,0o[, M"=|]JM",

and the relation (>) is given by the formula

(817}’11,?’127-~-a?’1nppl) > (827’}/217’)/227--'7’)/21127192)
s (e <a.{nmun- Y 2{PLr2 - P )

Finally, to any A = (&,%1,%,---, %, P) € A We associate some

a, € Q({p' €PF(X):Vie I,m,

p(y)—r'(%)| <e}.

It is proved further that to any A € A one can associate simultaneously a

sequence of points xgl) ,xgl), el ,x,%) € X, satisfying the condition
1 & (
42(4) =~ Y 1a(gd)), VACKX.
i=1
It remains to choose ¢, = (xgl),xgl), . ,xﬁ,’})), and we obtainans.d. ¢ : A — @y

that has the regularity Py = P.
Therefore we can justly give the following definition.

Definition 4.8. Any class of S-equivalence of sampling directednesses in X is
called a random-in-a-broad-sense phenomenon in X . The regularity Py is called
a statistical regularity of the random phenomenon S(@). Any s.d. @' € S(¢) is
called a realization of the random phenomenon S(¢@). A random phenomenon
having statistical regularity P is called u-stochastic if there exists a nontrivial
o-algebra o/ C 2% on which u is a o-additive probability and p(A) = u(A) for
allpe P,Ac o.






Chapter 5
General Decision Problems

I warne thee (quoth he), Icarus, a middle race to keepe.

For if thou hold too low a gate, the dankenese of the deepe

Will overlade thy wings with wet. And if thou mount too hie,

The Sunne will sindge them. Therfore see betweene them both thou flie.

Daedalus to Icarus, Ovid, Metamorphoses

5.1 Preliminaries

The regularities on ® provide a mathematical tool that can be used for the de-
scription of mass events depending on a parameter and estimated on average.
It is interesting, however, that this conclusion can be obtained regardless of the
results of Chapter 4.

Let Z be the class of all ordered triples of the form

Z= (87 U7L)a
where ® and U are arbitrary nonempty sets, and
L:OxU—R

is a real bounded function. Recall that we call any such triple a matrix scheme
of a decision situation or simply a matrix decision scheme and interpret it in the
following way: @ is a set of possible values of the unknown parameter 6, U a
set of possible (“our”) decisions, and L a loss function. We denote by Z(®) the
subclass of all decision schemes of the form

Z= (@v'a ')a

V.1. Ivanenko, Decision Systems and Nonstochastic Randomness, 109
DOI 10.1007/978-1-4419-5548-7_5, © Springer Science+Business Media, LLC 2010
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where O is a fixed set. Note that in this chapter we shall use only matrix schemes
of decision situations.

In order to choose the optimal decision from the set U of all possible decisions
it is not enough to know only the decision scheme. One needs to know how for a
given decision scheme one can construct some preference relation on U. There
are convincing reasons (see Section 5.2) to require that this preference relation
be given by “its” own loss function

L;:U—R,

which we call a “criterion.” For example, if 6 is random with a given distri-
bution, one usually prefers the decision that leads to smaller average losses
(Bayesian criterion). If nothing is known about 8, then decisions are, as a rule,
compared with respect to the maximal losses (minimax criterion), and so on.
However, what is it precisely that dictates such a choice of criterion? Is it pos-
sible to state that as soon as the decision scheme and the information about the
behavior of 0 are fixed, the criterion choice is thereby already predetermined?

As is known (see, for instance, [58]), in the general case that is not so. There-
fore, some other considerations, the nature of which is not quite clear yet, par-
ticipate in the criterion choice. But the necessity for clarity in this question is
obvious, for arbitrariness in the criterion choice is, in essence, the arbitrariness
in choice of a decision, which, as a result, turns out to be weakly connected with
the accepted mathematical model.

Our aim in this chapter is to isolate the class of criterion choice rules such
that inside this class a criterion is already a univalent function of the decision
scheme and the “information about 08” [37, 38].

Definition 5.1. We define a criterion choice rule to be any mapping 7, de-
fined on Z(®) and associating to every scheme Z = (®,U, L) some real function
L(-), a criterion, determined on U. We denote the class of all criterion choice
rules by IT(®) and include in the subclass IT; (@) C I1(0) all criterion choice
rules that satisfy the following three conditions:

Condition 1 If Z = (0,U;, L)) € Z(®), i = 1,2, Uy C Us, and Li(6,u) =
Ly(0,u) Vu € Uy, VO € O, then Ly (u) =L (u) for all u € U).

Condition 2 IfZ = (©,U,L) € Z(®), uy,u € U, then if
L(O,u;) <L(0,us)

is true for all 6 € O, then
Ly () < Ly(u2),

andifa, beR, a >0, then if
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L(6,u;) =aL(0,uy)+b
is true for all 0 € O, then
Ly (u1) = aLy(up) +D.

Condition 3 IfZ = (®,U,L) € Z(O®), uy,up,uz € U, and

L(G,u1)+L(9,u2):2L(9,u3), VO €0, 5.1
then we have the inequality
Ly(u1) + Ly (u2) > 2Ly (u3). (5.2)

The first two conditions are quite natural: they are conditions imposed by the
decision-maker on the criterion when there is no uncertainty (see Section 2.6).
Therefore we concentrate only on the third condition, which characterizes the
behavior of the decision-maker under uncertainty.

Let us compare two decision systems Z = (@,U,L) and Z = (0,0, L), where
O =0 x @,U =U X U,i((el, 92), (ul,ug)) = L(Ol,ul) +L(62,u2). Interpret-
ing Z as a two-stage decision problem under the same conditions (assigned by
decision scheme Z), it is natural to assume that

Ly (ur,up) = Ly (uy) 4+ Ly (u2).

Thus inequality (5.2) means that according to the assumption (5.1), it is better
to choose us3 twice then to choose u; once and then u;. What is the reason for
this? We have from (5.1) that

[L(G],u3) —|—L(92,M3)] — [L(Q],ul) —i—L(@z,uz)]
= [L(ez,ul) +L(91,u2)] — [L(Qz,u3) +L(91,u3] .

This may be interpreted as follows: for any pair of values 0; and 6,, the losses
in system Z associated with the choice (u3,u3) do not depend on the order of
appearance of 0; and 6,, but if we chose (u1,u2), then the corresponding losses
do depend on the order of appearance of 0; and 6,: if 6, follows 0y, the losses for
(u1,uz) are smaller then for (u3,u3), and in the other case, when 6, follows 6,
the losses for (u,us) are bigger then for (u3,u3), but the difference is the same.
Thus Condition 3 is just a specific form of the guaranteed result principle for
mass events, which seems to be the most natural form of uncertainty aversion.'

! Perhaps numerous examples from the financial industry may serve as illustrations of this principle.
Imagine that an investor chooses two stocks in which to place his wealth. He can invest all of it in one
of the stocks or in both of them. In this case, the decision is the way the investor partitions his wealth,
{u} = {wi,wa2}, wi +wy = 1. The parameter 0 is the market movement, {0} = {ry,r>}, where r| and
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Now introduce into consideration the mapping
K:P(O®)—II(0)

defined in the following way. If P(®) is the family of all statistical regularities
on O (see Chapter 4), and if

PePO), n=x(P), Z=(O,U,L)eZ(®), =n(Z)=L,(-),
then

L( max/L (6,u)p(dO) (5.3)
peP

for all u € U (the existence of a maximum follows from the set P(®) being
closed).

It turns out that for any decision scheme Z € Z(®) and any statistical regular-
ity P € P(®) the criterion choice rule m = x(P) belongs to the class IT; (Z(0)).
And conversely, for any criterion choice rule 7 from the class IT;(Z(©)) one
can find a decision scheme Z € Z(©) and a statistical regularity P € P(®) such
that k¥ (P) = x. In short, (Theorem 5.2),

kz0)(P(O)) =I1,(Z(0©)).

We have obtained thus that if we choose the guaranteed result principle (in
the form of Condition 3) as the optimality principle, then for rather wide as-
sumptions, in order to give an exact mathematical formulation of the decision
problem once the decision scheme Z = (®,U, L) is given, it is sufficient to fix
only some statistical regularity P on ©.

In other words, the projector & belongs to the class I if and only if it pos-
sesses the structure of mapping K.

Remark 5.1. According to the terminology of Chapter 2, the pair S = (Z,P) is
called a model of a decision situation, whereas the criterion choice rule, the
projector, 7 is a model of a decision-maker. The pair (S, 7) constitutes a model
of a decision system. Now, according to Theorem 5.2, when Conditions 1-3 are

r are the stock returns. The loss function in this case is written as L(0,u) = wy - r{ +w - 2, and is the
“profit and loss” function. Let decision u; consist in placing all the wealth in the first stock, u; = {1,0},
while decision uy is placing all the wealth in the second stock, up = {0, 1}, and decision u3 consists
in placing a half in the first and a half in the second, u3z = {2, 2} It is clear that regardle%s of the
market movement 6 = {ry,r,}, Condition 5.1 is satisfied in this case, r| +r, = 2( r+s rz) =ri+n
or L(0,u;) +L(6,uz) = 2L(6,u3). So if our investor belongs to the class IT; of decision—makers, he
would prefer to choose decision u3. In other words, he would prefer to invest in the diversified, or
market neutral, portfolio rather than in a directional one; he would prefer not to take directional risks.
Moreover, as will become clear from Theorem 5.2, only for such investors does it make sense to use
criterion (5.3), which becomes the usual criterion of expected losses, or expected utility, in the stochastic
case.
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satisfied, the decision system (S, 7) induces the unique criterion L. Therefore
if we remain in the limits of the class ITj, there is no difference in using (S, 7),
(S,L%), or just S.

This allows us to introduce the following definition.

Definition 5.2. An ordered quadruple of the form S = (®,U,L,P), where Z =
(@,U,L) € Z, and P € P(O), is called a general decision problem. We denote
the class of all decision problems of the form (@®,-,-,-) by S(®), and to any
decision problem S = (®,U,L,P) € S(®) we associate the function (decision
criterion)

L;:U—R, Lyu max/LGu (d0),
peP

and the number

p(S) = inf L7(u),

uclU
called the risk of the decision problem S.

We call the decision problem S = (®,U, L, P) a Bayesian decision problem if
there is F C M(X) such that

(1) L(-,u) € F forallu € U,
(2) the regularity P in S is u-F-stochastic (see Chapter 4).

We call a decision problem S = (®,U,L,P) a minimax decision problem if
P =PF(0O).

It is easy to see that the criteria of these decision problems, in the sense of
the above definition, correspond to Bayesian and minimax criteria in a generally
accepted sense.

Remark 5.2. Note that by virtue of Theorem 4.8 (or Theorem 4.2) and Definition
4.8, to any regularity P one can associate some sampling directedness. But any
sampling directedness is a realization of some random-in-a-broad-sense phe-
nomenon. Therefore, criterion (5.3) makes sense only for multiple choices of
decisions in the same situation, i.e., for a mass phenomenon.

5.2 On the Preference Relation in Mass Operations

In any decision system we deal with two sets of alternatives and preference re-
lations on them: the set of consequences C or @ x U, and the set of decisions
U. We suppose that when the decision system contains uncertainty, the prefer-
ence relation B¢ on C, or on ® x U, is given initially, but we ourselves have to
construct the preference relation By on U.
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In many practically significant cases the relation B¢ is given by means of a
loss function, i.e., it is supposed that

(el,ul)ﬁc(eg,uz) = L(@l,ul) < L(@z,ug)

(here and below, S is interpreted as “not worse”). And generally speaking, it ap-
pears that the relation B has also to be defined by means of its own loss function
L*. However, there are in fact quite distinct intuitive prerequisites if we are to
see in this assumption something more significant. It turns out that the condition
that the preference relation is equivalent to its loss function is connected directly
with the assumption of the possibility of comparing not only various alternatives
but also arbitrary finite sets of all possible alternatives. Therefore, it is natural
to conclude that if the loss function L exists, then the loss function L* exists
as well.

Note that in utility theory there are many results of this kind [20]. However,
among them we could not find any to which we could simply refer, and therefore
this result is presented here with a complete proof.

Let A be an arbitrary set. We shall use the following, basically standard,
terminology and notation (see Appendix A.1). If B is a relation on A, i.e.,
B C A x A= A2, then we consider the records (a,b) € B, aBb, and b~ 'a as
equivalent, thus denoting by B! the inverse relation

B! ={(a,b) € A%: (b,a) € B}.
By definition,
B=Bnp~", B'=BB'=BB°, A=y A",

and instead of (af8b) A (bBc) we write simply affbfc.
Next, if

g:(al,az,...,ak)eA(“), Q:(bl,bg,...,bm)eA(”),
then define
a,b=(ay,ay,...,ax,b1,bs,...,by), n(a)=k, n(b)=m, etc.

Definition 5.3. The relation 8 on A is called a statistical preference on A if it
possesses the following properties:

Property 1 afc follows from aBbBc (transitivity).
Property 2 BUB ' = A=),

Property 3 Ifa,b € A®), n(a)=n(b)=n, a= (aj,a,...,a,),b="by,bs,...,b,),
and by = ai (1 <k <n), where
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12...n
i1 ... iy

Property 4 If a,b,c.d € A™) and af°b, then caPdb < cpd.

is some permutation, then af3 0p.

Property S Ifa, b, c, d € A and aP'b, then there exists a natural number n
such that

g7a7' b 7Q7£B/b7b7 M 7@7@'

—_— Y=

n n

Theorem 5.1. In order for B to be a statistical preference on A it is necessary
and sufficient that there exist a function L : A — R such that

n(a

) n(b)
apb<= Y L(a;) <Y L(b;)
i=1 j=1
foralla= (ay,ay,...,a,4)), b= (b1,b2;,..., b)) €A™,
This function is determined uniquely up to a scale factor, i.e., if L1 is a second
Sfunction of this kind, then there exists r > 0 such that

Li(a) =rL(a) foranya € A.

Proof. (1) We determine first of all that the relation 8° is an equivalence relation
on A ie., that it is symmetric, reflexive, and transitive.

(i) Symmetry. If a8°b, then aBb and bBa. But then also bBa.
(ii) Reflexivity. Obviously, afia, for otherwise (a,a) ¢ B U B -1 contrary to
Property 2 from Definition 5.3. From here, a8 ~'a, and thus, af%a.
(iii) Transitivity. If af°bB%, then aBbBc, and by virtue of Property 1 from
Definition 5.3, afc. In precisely the same way we obtain that c¢fa, and
thus aB’c.

(2) We set
Ba) ={beA™) :bB%}, X ={x:3acA® x=pa)}.

In other words, X is a factor set of the set A with respect to the equivalence
relation B°.
We set further

(=) ={(xy) €X*:3a€x.b e y(aBb)}

and prove that < is a linear order on X, i.e.,
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(i) x X z follows from x <y < z;
(i) x =y follows from x <y, y < x;
(iii) (U (=)' =X

For this purpose we verify first that
(%) ={(xy) € X% Vd' € x.b' € y(d'BE)}.

By definition we have af8b, and at the same time, af3°4’, and so o’ BaBbBl, i.e.,
d' Bb’, as required.
Now we can prove the above statements:

(i) Leta€x,b €y, c € z. Then afbPc, and thus afic, i.e., x < z.
(i) Ifx<y,y=<x,a€x,bcy,thenaBbBa,i.e., aB’b andso f°(a) = B°(b) =
xX=y.
(iii) This assertion follows immediately from Property 2.

(3) Let
vaeA(m)) x:ﬁo(a), y:ﬁo(b)v Z:ﬁo@'

We show that if @’ € x, b’ €y, then d’, b’ € z, i.e., in essence, z is determined
only by x and y, and the described construction defines a binary operation on
X : x4y = z. To this end, note that a’3%, b’'B°b, and so by Property 4, taking
into account Property 3, we have
a'b'B%b, ie.,d,b ez
(4) We show that (X,+) is an abelian semigroup with a reduction law, i.e.,

that

(i) x+y=y-+x (commutativity);
(ii) (x+y)+z=x+ (y+2z) (associativity);
(iii)) x+z=y+z = x =y (reduction rule);

To prove (i), note that if a € x, b € y, then (x+y) 2 a,bB%a € (y+x), and
so x+y = y+x. Property (ii) follows from the fact thatifa € x, b€y, c € z,

then a,b,c = a,b,c = a,b, c. Finally, property (iii) follows from Property 4 in
combination with Property 3:ifa € x, b € y, ¢ € z, then

a,cfb,c = aPfb=x=<y
and
b,cBa,c = bBa=y=<x, (5.4)

and since in our case acB%bc, we have af%b, i.e., x = y.
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(5) We show that the linear order < on X is consistent with the semigroup
operation (+) in the natural sense:

xyex+z3y+z VayzeX.
Let

x=y, a€x, bey cez
Then by virtue of Property 4, we obtain

afb=a,cfb,c=x+z=3y+z

We have already proved the reverse implication (5.4).

(6) We now make use of the theorem (see [51, Chapter II, 5, paragraph 3])
that any abelian semigroup with reduction law can be isomorphically embedded
in an abelian group, and having performed the embedding (X,+) in the group
(G,+), we identify the elements x € X with their images in this embedding.

As follows from the proof of this theorem, any element g € G will then be
representable in the form

g=x-y (ryeX).
(7) We now extend the relation < defined on X onto the whole set G, setting

(g1 2" g2) & Iy, meX
(gl =X1—Y1, &2 = X2 — Y2, X] —l—yz = X2 +y1)7
and prove that <* is a linear order consistent with the group operation, i.e., that

(i) =" u(=""1=aG;
(i) = N(=") "= (=)
(i) g1="g2 2 g3 = g1=3"¢3;
(iv) g1*g2 & g1 +8=x"¢2+8g Vg1,8,8€G.

Relation (i) is obvious, since for any g1, g2 € G, according to the proof of (6),
there exist points xj, x}, x2, x5 € X such that

X=Xy =g1, Xx—xy=g,
and since
<U='=X,
at least one of the relations

x1+xh Zx+x] and xp+x) <x+x



118 5 General Decision Problems

must hold.
It is more convenient to prove (iv) first. To do this, having assumed that g; <*
g2, i.e., that there exist x1,x},x2,x, € X such that

x1—X;=g1, Xx—x,=g, X2+xh=<x+x], (5.5)

we represent g in the form

<

g=X—
and set
X +x=x% m+ri=xt, ¥i+x¥ =¥, ¥r+x=x3,
gItg=2g1, &+8&=g-
We obtain

x =¥ +g=x1—x] =g,

X=Xt g=x—xy =g,
X+ =x - x+x X,
b +A ] =0 +E+x +2,

and by virtue of assumption (5.5), on the basis of the proof of item (5) above,
we have

(x1 +x2) + (X4+x) = (o 4+x'1) + (F+x),
or on the other hand,
(1 +5) + (2 +x) = (o +5) (1 +2),
1.e.,
X 4x5 = x5+,

and, by definition of the relation (<*), g = g5. We obtain the inverse implica-
tion immediately by substituting g with (—g). Relation (iv) is proved.
Incidentally we note that

g3 e n-—9050="gn—g (5.6)

follows at once from the proved relation (iv).
Now we have to make sure that if g; <* g5, then the relation

/ /
X1+x2=Xx+x
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is valid for all x,x2,x"1,x'> € X such that gy = x; —x'1, g2 = xp —x'». Indeed, it
follows from g; =* g5 that for some

)f],)fz,);,l,)zlz eX
the relations
QL=X1—X1, g=%-x2 X+x|=xr+x (5.7

are valid. From these relations we obtain

X1 —)fll =X —x'l, )fz—)fé ) —x’z,
and so

X —X] :x’l —)E’l, x’2 —)E’z :xz—ié,
ie.,

X1 —f—x’z — X1 —)2/2 :xll +x2 —)2/1 —X2.

Now, denoting the common value of the right and left parts of the last relation
by g, we note that

X1 H Xy =X+ X+ X+ Xy — % — X, =X +X%+g,
/ = =/ / = =/ = =/
X+xi=X+X+xo+x—X—x=X+x +g,

and so, according to (5.6) and (5.7),
X1 +x5 < x+x,

which is what had to be proved.
We now prove (ii). If

g12"g and g ="g
then, by virtue of what was proved, there exist x, x2, x}, x5 € X such that
X1 +Xy Sx+x), x4x] x+x,
and so
X1+ x5 =x2+ ),
1.€.,

81 = &2
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It remains to prove (iii). Let
x,xXieX, xi—xi=g (i=1,2,3).
Then it follows from
/ * / * /
X1 —X] 2 X=X 2T X3 — X3
that
x1 +xh < x0+ X, x0 + x5 < x5+ x5,
and according to the proof of item (5),
/ / / / / / / /
X1+x+x3 Zxo+x +x3, x2+x3+x; 2x3+x+Xx],
whence by virtue of the transitivity of the relation =, it follows that
X1 +x5 +x5 2 x3+x5 +x].

It remains to apply (5.6).

(8) We have obtained that (G, 4, <) is a linearly ordered abelian group. Later
on, to simplify notation, we shall write < instead of <*, and a > b instead of
—(a =< b). We shall show that this is an Archimedean group, i.e. (see [51]), that
for any g1, g2 > 0 one can find n € N such that ng; > g». Let

g1=PB%ay) - B°(a), g2=PB"ay)—B’d)).

Then g; > 0, ie., B%(a;) > Bo(g’l), follows @'fB’a;, and by virtue of property
(5), we can find n € N such that

/ / !/ /
Q])Qlu' . 7Q1)Q2ﬁ Qlth' .. ’Q17QZ‘

n n

But then

nB®(d;) +B°(a2) < nB°(ay) + B°(ad),

and so ng; > g2, which is what had to be proved.

(9) We now make use of Holder’s theorem [51, Chapter VI, 3, paragraph 4],
according to which any Archimedean group is isomorphic to some subgroup
of an additive group of real numbers with its natural ordering. Denoting this
isomorphism by .Z(.Z : G — R), we prove that the function

L:A—R.L(a)=Z(B"a))

is the function we are looking for, i.e.,
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apb= Y L(a) < Y L(b;) (5.8)
Vaivbj GAv ny,ny € N» a= (ai)ISiSVLla b = (bj)lﬁignz-

For this purpose we must prove that

ﬂw@ﬁgzwm» (5.9)
or, what is equivalent,
2(6°0) = ¥ 2(B°(b))). (5.10)
j=1

We shall prove the relation (5.9) by induction. Let n; = 2. Then a = aja;, and
SO

B°(a) = B%(ar,@) = B°(ar) + B’ (a2).
If we suppose now that the required assertion is true for n; = n, we obtain
a=(a,a;,...,ap11) =d",an11,
where a, = (aj,ay, . ..,a,) and

n+1

(@) = B%(a") + B’ (ans1) = ; B (ans1).

It remains to make use of the fact that . is an isomorphism, and thus the rela-
tions (5.9) and (5.10) are valid along with the relation (5.8).

The reverse statement, i.e., that if L : A — R and (5.8) holds then f3 is a sta-
tistical preference on A, is checked directly.

(10) To prove the single-valuedness of the form of the function L, suppose
that L; : A — R, and a relation similar to (5.8) is valid on substituting L by L.

Obviously, this implies that

n(a) n(b)
ap’b e Y Li(a;) < Y Li(b)),
=1 Jj=1

1
and therefore we have the right to introduce the function

n(a)
L1 X—-R, £ (BO(Q)) = ZLI (ai).
i=1
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For this function the relations

are valid, and so if

in the sense of the group G, then from
x+y =xX+yeX

it follows that

ie.,
Z1(x)=Z1(y) = Z1(X) = Z1().
Analogously, we are justified in introducing the function
L:GR, LA(g)=ZLi(x) - Z 1Y),
where ¢ = x —x’. And at the same time,

Z(g1+8)=2(g1)+%(g), Zi(g1) <Z(g) =g =",

i.e., 7] is an isomorphic mapping of the Archimedean group (G, +,<*) into the
additive subgroup .7 (G) of real numbers. Thus, .Z; (G) is isomorphic to G and
G is isomorphic to .Z(G), i.e., £ (G) and £ (G) are isomorphic.

We now make use of a lemma from [51, Chapter VI] that says that if A and B
are subgroups of an additive group of real numbers with its natural ordering, and
¢ is a monotonic homomorphism of A onto B, then there exists a real number
r > 0 such that for all a € A, the relation a@ = ar is satisfied. In our case we have
not merely a homomorphism, but an isomorphism, and therefore » > 0, and we
obtain that

Z1(8) =rZ(g).
In the particular case
g=acA,

this implies that
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Li(a)=rL(a) forallacA.

The theorem is proved.

5.3 Statistical Regularity and Criterion Choice

Let the ordered triple Z = (®,U,L) be a decision scheme in which ® and U
are arbitrary nonempty sets, and L : ® x U — R is a real function satisfying the
following two conditions:

(1) inf{L(O,u); 6 € O,uc U} > —oo;
(2) sup{L(0,u); 0 €O} < 4o, Yuel.

We denote the class of all decision schemes by Z, and the subclass of those
for which the set O is fixed by Z(@). The number L(6,u) will be interpreted
as losses from making the decision # when the value of the unknown parameter
equals 6. Our goal here is to understand how, on the basis of what reasoning, to
every decision scheme Z € 7 one can associate to the function L} : U — R—
the “criterion,” interpreted as L} (u)—an a priori estimate of the result of the
decision u.

Let the set ® be fixed. Denote, as in Chapter 4, the set of all finite additive
probabilities on ® by PF(0), i.e.,

PF(0)

= {pe@® = 0.1):p(©) = 1.p(ANB) = p(A) + p(B\A) VA.BC O}

and let P(®) be the set of all statistical regularities on ®, and M (®) the Banach
space of all bounded real functions on ® with norm

1f1l = sup [l (0)].
ISIC)

Recall Definition 5.1 and consider the mapping x : P(®) — I1(©®), defined
in the following way. If

PcPO), n=x(P), Z=(O,U,L)eZ(®), =n(Z)=L,(-),
then

L;(u)=sup [ L(6,u)p(dB) foralluecU.
peP

We have the following theorem.

Theorem 5.2. k) (P(O)) = I (Z(0)).
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Proof. Let t € IT; (®). Define on M () a functional ¢ = @y(-) of the following
form. To any function f € M(®) associate the triple

Zr=(0,U,Ly) € Z(O),

where U = {u} is a one-point set, and the function L is defined with the help
of the function f in the following way:

Li(0,u) = f(6) VO €O.

Since Zy € Z(0®), we, knowing the criterion choice rule 7, can find the “func-
tion” L}f = t(Z). Its domain of definition U contains the unique element u. As

the value of the functional @(f) we take the number L}, j,(u), the value of the
function L}f on this element.

This definition makes sense, since the value @(f) does not depend on the
concrete form of the one-point set U.

Lemma 5.1. The functional ¢ = @ possesses the following properties:
Condition 1 If f1,f» € M(®), f1(0) < f2(0) for all 6 € O, then ¢(f1) < @(f2).

Condition 2 If f1,fp€M(®),a,b R, a>0, fi(0)=af2(0)+b forall 6, then
@(f1) = ag(f2) +b.

Condition 3 ¢(fi1+ f>) < @(f1) + @(f2) for all f1, f>» € M(O).

Proof. To prove Conditions 1 and 2, consider a two-point set U = {uj,us} and
set

Ui={u} (i=1,2),

L:OxU—R, L(6,u)=fi(6) (i=12),
L:OxU—R, LO,u;))=fi(0) (i=1,2),
Zi=(0,U;L) (i=1,2),

Z—(0,U.L).

According to Condition 1 of Definition 5.1,
Ly, (ui) = Ly (i) = @z (fi))  (i=1,2).

Therefore from f1(0) < f>(0), for all 8 € ©, with the help of Condition 3, it
follows that

¢x(f1) < @z(f2)-
Condition (1) of Lemma 5.1 is proved.

Similarly, from a,b € R, a >0, f1(0) = af>2(0) + b for all 6 € O, it follows
that
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L(6,u1) =aL(0,uz)+b atallb €O,
and in accordance with Condition 2,
L (u1) = al;(up) + b,
or equivalently,

¢(f1) =ag(f2) +b,

i.e., Condition 2 of Lemma 5.1 is also satisfied.
To prove Condition 3 of Lemma 5.1, denote by U’ a three-point set U’ =
{uy,up,us} and assume that

(6.) = {fi(@), ifi=1.2,
)

(9)';1"2(9)’ ifi=3,

7Z'=(,U L),
L3(9,M3) :Ll(evu:’))
Z,‘ = (@,{u,‘},Li) (i = 1,2,3).

According to Condition 1, we have
7 (ui) = Lz, (ui),
and since
L'(0,u)+L(0,uy) =2L'(0,u3),
it follows from Condition 3 that
Ly (u1) + Ly (u2) > 2L (u3),
ie.,

fit+/f
2

o(1) + 0(f2) 22@( ) — o1+ ).

The lemma is proved.

Denote by G the set of all limited linear functionals g on M (@) satisfying the
following two conditions:

(1) g(1e) =1
(2) g(f) > 0if f(6) >0V €6.
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Obviously, if p € PF(©®) and

g:M(©) >R, g(f) = [ £(6)p(an). (5.11)

then g € G. We now prove the converse, namely that for any g € G there exists
p € PF(O) for which (5.11) holds. To this end, assume p(A) = g(14) for all
A C ©.Obviously we have p(@) =1, p(A) > 0,and p(AUB) = p(A)+ p(B) \A)
for all A,B C ©. Thus p € PF(®). It remains to prove (5.11).

We set an arbitrary f € M(®) and € € (0, 1) and construct according to them
the decomposition E = {e;i € 1,n} of the set © into a limited number of disjoint
subsets satisfying the condition

sup f(e;) —inff(e;) <& Viel,n.

Let

Then
whence it follows that

and hence

0<g(f—f)=g(elo)—glelo—f+[f)=e—g(elo—f+f)<e
But

N

() =Y () = Y. finlen,
1

i i=1

and at the same time,

0< [T®)p(ae) - [ 1(0)p(d6) <

It is similarly proved that

/ f(0)p(de)| < 2e.
Due to the arbitrariness of f and &, the representation (5.11) is valid.

Lemma 5.2. In order that the functional

©:MO)—R,
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satisfy Conditions 1-3, it is necessary and sufficient that it be representable in
the form

o(f) = sup g(f), VfeM(O),

gEG(p
where G is some nonempty subset of the set G.

Proof. Necessity. Choosing an arbitrary function fy € M(®), denote by M, a
two-dimensional linear subspace of the space M(®), generated by functions fj
and 1g:

My={feM(®):3a,beR, f=afo+ble}.
Define further on the set M a bounded linear functional
go:Mo— R, glafo+b)=aq(fo)+0.
It is easy to see that go(f) < @(f) for all f € My. Indeed, if
a=0, f=afo+ble,
then
8o(f) = a@(fo) +b = o(f).
If a < 0, note that from
() +o(=f) =20(f - f) =2¢(0-19) =0

it follows that @(—f) > —@(f).
Hence when

f=afo+ble,

then

¢(f) = —o(=f) = =[(=a)@(fo) — b] = ap(fo) +b = go(f)-

So, due to Conditions 2 and 3, ¢ is a gauge function on M(0®), and go(f) <
o(f) for f € Mp. Then by the Hahn—Banach theorem (as in [15]), there exists a
linear functional g; on M (®) such that

g1(f) =go(f), f€Mo(O),

and

gi(f) < o(f), VfeM(O).



128 5 General Decision Problems

We show that g; € G. Since the functional g; is bounded and linear, it remains
only to check that

gileg)=1 and g(f)>0

when f > 0.

Since 19 € M, the first of these relations is obvious, and the second follows
from the following argument.

If f >0, then — f <0, and thus according to Condition 1,

¢(=f) < 9(0-19) =0.

Therefore

So g1 € G. And what is more,

gief{ecGgf)<o(f) VfeM©@)}¥G,.

It remains only to note that on the one hand,

o(f) > sup g(f),

g€Gyp

since
o(f) > g(f) forall ge Gy, feM(O),

and on the other hand,

o(f) < sup g(f),

gEG(p

since for any function f € M(®), denoting it by fy, one can construct, as it was
done above, the functional g; € G such that

o(fo) = g1(fo)-

The necessity is proved.
Sufficiency. Let Gy C G,

¢:M(©) =R, w(f)zsugg(f)-
8€Go

We prove Condition 1. Let f1, f» € M(O),

f1(0) < f2(0) forall 6 € O.
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Then g(f> — f1) > 0 for all g € G, and so due to the linearity of all g € G,
@(f1) = sup g(f1) < sup g(f2) = ¢(f2)-

g€Gy 8€Gy

Condition 2 is obvious. Condition 3 follows from the fact that

o(f1 + f2) = sup g(f1 + f2) = sup [g(f1) +&(f2)]

8€Go 8€Go
< sup g(f1) + sup g(f2) = @(f1) + @(f2)-
8€Gy 8€Go

Lemma 5.2 is now entirely proved.

To complete the proof of Theorem 5.2, we associate to every @ € IT;(0O) a
functional @ = @ as is done in Lemma 5.1, find the appropriate subset G, € G
from Lemma 5.2, and then, associating for every g € G, the corresponding (in
the sense of (5.11)) distribution p = p, € PF (@), we set Py = {p,, g € Go}.
Obviously P, = [Py] in the sense of the topology 7(®).

We obtain

sup g(f) = sup [ f(0) maX/f

8€Gyp PEPy reR

for all f € M(@) by the definition of completion in the topology 7(@).
It is proved similarly that for any decision scheme Z = (®,U,L), u € U, and
m € IT) (®), for L, = n(Z) we have the equality

L) = o(L(- ) max/L (8,u)p(d6).
PEPy
Therefore IT; (®) C k(P(®)).
To prove the reverse inclusion we note that when P € P(®), one can construct
for any p € P the functional g = g, defined by formula (5.11), and then, setting
Go = {gp,p € P}, we check that according to Lemma 5.2, the functional

¢:M(O) =R, o@(f)=supg(f)

8€Go

satisfies Conditions 1-3. Similarly, assuming for any decision scheme Z =
(0,U,L) the criterion L} to be equal to

Lz:U =R, Lz(u) = @(L(-,u)),

we arrive at the criterion choice rule 7 : Z — L}, from the class IT; (©).
The theorem is proved.






Chapter 6
Experiment in Decision Problems

As I have already noticed many times, experiment means nothing at all unless it is
interpreted by a theory.

Max Born

6.1 Preliminaries

So far, we have considered the case in which we know beforehand the set ®
of values of the unknown parameter 8 and the function L, that is, the scheme
Z = (0,U,L). It follows from Theorem 5.2 that for a univalent assignment of
the criterion L%, it is sufficient to know as well the statistical regularity P on ®
describing the supposed behavior of 6 € ©. In this way, the pair S = (Z, P) be-
comes a complete description of the decision problem 7' = {S, L} } (Remark 5.1).

However, we may ask the following question. If the parameter 0 is not observ-
able, is it obligatory to introduce 6 into consideration? To answer this question
we have to return to notation introduced in Chapter 2. Namely, the quadruple
Snm = (0,U,L,P) was called the matrix model, while the triple S; = (U, v, Q),
where v : U — 2R, was called the lottery model of decision-making situations.!
Is it not simpler in this case instead of the matrix model S,, to consider the lottery
model S;, where Q = {Q,;u € U} is the family of regularities on R describing
the behavior of losses for different u € U?

We shall show that the matrix model S, is equivalent to the lottery model
S; in the case of a finite set U and independent consequences. For the situations
with stochastic regularity this equivalence was shown in Chapter 2; see also [42].
Here we show that this equivalence takes place for statistical regularity as well.

It is easy to see that in order to pass from S, to S; it is sufficient to construct
the statistical regularity in the following form:

! Recall that in this book we consider only decision situations with C = R.

V.1 Ivanenko, Decision Systems and Nonstochastic Randomness, 131
DOI 10.1007/978-1-4419-5548-7_6, © Springer Science+Business Media, LLC 2010
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0,={qePF(R):IpePVACR, q(A)=p({06€O®:L(O,u)cA})}.
(6.1

In order to pass from S; to S,,, one can construct the set @ and statistical
regularity Pg as follows:

O = {(rl,rz,...,rn) irj ERj,j: (1,7)}

def .
L((ri,r2,..-,Fn),uj) = ri, j=(1,n),
def
Po & {pepF(R"):aql € 0uyr 42 € Quyr - n € O,

VAL Ag,..., Ay, Aj CR,
n
j=(Tn), plArAs,....A) = [Ta;(4)) }-
J=1

It is clear that for the aims of decision-making, the lottery model does as
well as the matrix model. However, the situation changes sharply when before
making a decision we want to conduct an experiment to obtain some additional
information about the decision situation, i.e., to take advantage of observation
[50, 57, 60].

In Chapter 2 we have already mentioned that two types of experiment are
possible in decision systems: the experiment with observation of consequences
of decisions and the experiment with observation of the unknown parameter.
However, experiments of the first type, observation of consequences, are feasible
in parametric as well as in nonparametric situations, whereas experiments of
the second type, observation of the unknown parameter, are feasible only in
parametric situations.

In a matrix decision problem 7, = {Sm, L}m} (or in view of Remark 5.1, just
S,), the observation is some function 4, on @®, i.e., h, : @ — W,,, where W,,
is the set of all possible values of the observation /,,.> Therefore the decision
situation model §,, with regard to the experiment /4, can be formalized thus:

Stn =(0,dy, 2, P),
where
dy Wy —U, dy€Dpy={W, = U},

and where D,, is the set of all possible “experiment utilization strategies” or
decision functions [14], and

2 Notice that in refusing to consider here random functions of 8, we do not restrict in any way the
generality of our reasoning, because the case of a random function of 8 can be reduced to the one under
consideration by means of an obvious change of notation (the direct product ® x Q, where £ is a set
of elementary events, is assumed to be the new set of values of the unknown parameter 0).
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L0 %Dy =R, L(0,dn) =L(0,dn(hn(0)))

is the loss function recalculated in the natural way. Thus we distinguish the ma-
trix decision problems with and without experiment as

hm —_— hm
Tm - {Sm ) }
and
1, = {StmL}m} ’

or taking into account Remark 5.1, simply S and S,,,.
In the lottery decision problem 7; = {SZ,LZ }, taking into account (5.3) and
(6.1), the criterion LZ has the form

L7 (u) = max max /L r)qu(dr), (6.2)
45 quEQu
where
= arg max /L r)qu(dr), (6.3)
qu€Qu

and where L(r) is the loss function defined on consequences r € R.
Therefore we can consider the lottery models with and without experiment

h h %
' ={sLs ) T={SiLy},

where
= (d,y()),0), w:U—2% deD={W—-U},

and where the observation /; is some function 4; : R — W;, where W, is the set
of all possible values of the observation #;.

In both cases, matrix and lottery, it is quite natural to present the gain from
the observation as the difference between the “best average results” in S and S"
[62, 77]. If we used a lottery model, then the dependence of the consequence
of the decision u € U on the observation w € W would have to be described by
a family of joint statistical regularities on R x W. The formulas and reasoning
that await us on this path are extremely complex and provide nothing new in
comparison to the corresponding formulas for the matrix model. Therefore, in
what follows, unless otherwise stipulated, we use only the matrix model with
experiment of the second type.

We say that the experiment h; is finer than hy, and hy is coarser than hy, if
from the equality
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hi(61) = h1(62)

follows the equality
ha(61) = ha(62)

for any 6;, 6, € ®. We denote by H(®) the class of all experiments on ® and
introduce notation for its subclasses:

H,(0)={he H(®):h(6)) =h(6,),Y6,,0, € O},
H*(©) = {h H(®) : h(6:) # h(6y), if 6, # 61}

Obviously the observations from the class H,(®) are the coarsest, and the ob-
servations from the class H*(®) are the finest.

Since the set D of all possible strategies contains all constants, obviously the
risk satisfies p(S") < p(S), whatever the experiment / (see the definition of risk
of a decision problem in Chapter 5). Furthermore, if 7 € H,(®), then

p(s")=p(9),

and if A, is finer than /5, then
p(s") < p(s™).

Therefore it is quite natural to call the difference p(S) — p(S") the informativity
of the experiment (observation) h for the decision problem S.> We shall denote
it by INF(h/S).

It is easy to prove that if ., € H.(®), h € H(®), and h* € H*(©), then

0 = INF(h,/S) < INF(h/S) < INF(h*/S) = max INF(K'/S).

~ wen(o)

We denote the last value by v(S) and call it the measure of uncertainty, or just
the uncertainty, of the decision problem S. It is equal to

v(S) = inf sup | L(6,u)p(d0)—sup [ [inf L(O,u)|p(dO)

MEUPEP peP uclU

and can—in another presentation—be used for the definition of the informativity
of an experiment, since (Theorem 6.3)

INE(h/S) = v(S) — v(sh).

3 We quite deliberately use here the word “informativity” instead of “usefulness” or “value,” which may
seem more appropriate at first glance. The reasons will be clear by the end of Chapter 7.
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This brings to mind Shannon’s definition of information quantity [75], and as
we shall see later, the similarity here is rather deep.

We denote by S(®) the class of all decision problems of the form § =
(@,-,-,-). The following property of an experiment (Theorem 6.1) is of great
importance for our study. The experiment 4; € H(®) is finer than the experi-
ment i, € H(O) if and only if

INF(h/S) > INF(hy/S)

forall S € S(O@).

In other words, if /; is not finer than /5, and 4, is not finer than /4, one can
find two decision problems S; and S, such that for one of them the informativity
will be greater in the experiment /1, while for the other, it will be greater in the
experiment /.

It is clear, however, that informativity is not the only property that we use to
evaluate an experiment in practice. A property such as “complexity,” defined as
the capacity of the set W = k(@) of values of this experiment, is also important.
Therefore, it seems natural to introduce the notion of an optimal experiment.
The experiment & € H(®) is called optimal for the decision problem S € S(©)
if

INF(h/S) > INF(h;/S)
for any other experiment 7; € H(®), and at the same time, if
INF(h;/S) =INF(h/S),
then
Card(h(®)) < Card(h(0©)).

Moreover, it turns out (Theorem 6.5) that for every decision problem one can
find an optimal experiment, and every experiment is optimal for some decision
problem. Moreover, given decision problem S = (@,,-,-) € S(@®), the experi-
ment 2 € H(®) optimal for S, and the finite set U, then

Card(h(®)) < Card(U).

Let / be an observation on ®. We call the function
K0 2% ,(0)={0"cO:h(0)=h(6)}

a classification on © generated by the experiment 4. Obviously, %, € H(®) for
any h € H(®). Note here that classifications on ® make up a subclass of the
class of all experiments on ® that plays a special role:
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INF(h, /S) = INF(h/S) VS €S(O)

if and only if 7, = J#,,. In other words, in order to find the informativity of
some experiment, it is sufficient to know the informativity of the classification
generated by this experiment.

Making use of this terminology, one can reformulate all that was said above
about optimal experiments in the following way: for any decision problem one
can find the optimal classification, and any classification is optimal for some
decision problem [40].

6.2 Informativity of Experiments

As noted previously, the introduction of the set ® makes sense only as far as we
plan to observe the value of the parameter 6 € ® before making a decision. So
we introduce the following definitions.

Definition 6.1. An observation (an experiment) on @ is any function (not nec-
essarily real-valued) with @ as its domain of definition. The class of all obser-
vations on @ is denoted by H(®).

Note that a random observation is a particular case of this definition, because
when the decision situation is formalized in the form of a decision problem we
could choose the set @ so that all the observed variables are functions of 6 € ©.
For instance, if we observe a random function

E:OxQ—W,

where (Q,A,P) is the probability space, then we may define ® as the Carte-
sian product ® x Q, and the “former” random function £ becomes an observa-
tion on @’.

Definition 6.2. We call the value
INF(h/$) = p(8) = p(S")

the informativity of the experiment 1 € H(®) relative to the decision problem
S=(0,U,L,P)€S(0).

where S" is a decision problem defined as follows:
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d:h(®) U,
deD={h(®)—U},
ZL:0xD—R,
Z(0,d) =L(6,d(h(0))),
Sh=(0,d,Z,P),

where /h(®) is the image of the set ® under the mapping h.

Remark 6.1. Interpreting the risk p(S) as the optimal estimate of the guaranteed
outcome that we have before the decision-making in decision problem S, it is
natural to consider the difference

[0(S)—p (")

as the “value” (the utility) of the experiment 4 in the given decision problem
S. In Chapter 7 we show that for one important class of decision problems any
“reasonable” measure of information quantity contained in the experiment is
proportional to this difference. Therefore we prefer to call it not the “value,”
but the “informativity” of experiment, underlining only the feature which seems
essential here [62].

Finally, we shall say that the experiment #; € H(®) is finer than the exper-
iment h, € H(O®) if for any 6,60, € ©, from h;(6;) = h;(6) it follows that
hy(61) = hy(65).

Theorem 6.1. The observation hy € H(®) is finer than the observation hy €
H(®) if and only if

INF(h; /S) > INF(hy/S)
forall S € S(O).
Proof. Let
W,=h(®), Di={Wi—U}, S=S" (i=1,2),

and Ay is finer than h;. Denote by hfl (w) the complete preimage of the point
w € W under the mapping h;. If 6;,6, € hl_l (w), then hp(0;) = hp(6,), and we
may introduce the function

FiWi=Wa,  f(w)=h(hy'(w),
and then the function

F:D;, — Dy,



138 6 Experiment in Decision Problems

which is defined as follows: if dy € D», d| € F(d>), then
dy:Wy = U, di(w)=dy(f(w)).

We clearly have d; (h;(6)) = d2(h2(6)) for any 6 € ©, and thus
L(6,d1(h1(0))) = L(6,d2(h2(0)))

for any d € Dy, d| = F(d,). Hence we immediately obtain

hy =
p(S™) dllglf)]gleelz(/ L(6,d,(h(6)))p(do)

< inf max [ L(0.d2(12(0)))p(d0) = p(5").

To prove the converse, assume that £, is not finer than h,, i.e., there exist
6o, 61 € O such that

h1(6) = h1(61)

and at the same time

ha(60) # ha(61).

Construct a decision problem of the following form: U = {ug,u; } is a two-
pointset, L: ©@ x U — R,

Lou=J T0=0 " 44
o, ife#£6 -

It is easy to verify that for such decision problems the following relations are
true:

S)= L(O,u)=1,
PIS) = g peg o)

hl —_ pu—
p(s) min maxL(0.di (m (0)) = 1

(since hy (90) =h (91), so that d; (h1 (90)) =d (h] (91)), Vd, € D1), whence

renaxL(G dl(l’ll(e))) =1, Vd, €D.
€O

On the other hand, taking d, € D, in the form

dw) = L1 if hy(6p) = w,
2 N, if ha(60) # w,
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we obtain
L(0,d>(h2(0))) =0
for all 6 € @, and so
p(s?)=0<p(s) =1
The theorem is proved.
We define

H,={hecH(®):h(6)) =h(6), V.6, € O},
H* = {h € H(@) : h(61) 75 h(@z), when 6 75 92}.

Theorem 6.2. Let
h.€H, h*€H*, heH(®), SecS(0).
Then
0 =1INF(h,/S) <INF(h/S) <INF(h"/S).

Proof. Obviously, A" is finer than h, and # is finer than k,; therefore we have
only to prove that

INF(h,/S) =0, ie.,p(S"™)=p(S).
To this end, note that the set
D, =h.(0)

consists of only one point, and hence

h* _

=%gﬂg/memwm=pw>

The theorem is proved.

From Theorem 6.2 it follows that

INF(h*/S) = max INF(h/S).

We denote this value by v(S) and call it uncertainty of the decision problem S.

Theorem 6.3. For all
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§S=(0,U,L,P)cS(®), hecHO),

we have the relations

v($) = inf max [ £(6.,)p(d6) —max [[inf L(0.1)]p(d6).
INF(h/S) = v(S) — v(sh).

Proof. We have to prove two equalities:

p(s") = max [[inf L(6.1]p(d0) 64)
and
max [[inf £(6,)p(d6) = max [[inf L(6.d(h"(0))]p(d0),  (65)
where

D* = (h*(®) = U).

We rewrite the equality (6.4) as

jnf max [ £(6.d(r"(8)))p(d6) = max [[inf L(6.1]p(d6).

and then as the system of inequalities

jnf max [ £(6,d(r"(6)))p(a6) < max [[inf L(6.w)]p(d0) (66

and

jnf max [ L(8.d("(6)))p(d6) = max [[inr L(6.w]p(@6).  (67)

Let € > 0, and suppose that every 0 € @ is associated with ug € U such that
L(6,ug) < L}g{f]L(O,u) +¢ forall® €0O.
Consider the strategy
de :h*(®) = U,de(w) =ug forw=~hn*(6).

For this strategy we have
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inf max/L(B,d(h*(G <max/L (6,de(h*(0)))p(d6)
deD* peP

<r1171€al)3(/[1nl’f;L(9 u)|p(do)+¢

which, by virtue of the arbitrariness of € > 0, proves (6.6). It is straightforward
to check (6.7):

| * .
jnf max [ £(6.d(r"(8))p(d6) > inf max [[int £(6,1)]p(d0)

= max/[gglf](L(O,u)]p(dO).

pEP

This proves relation (6.4). To prove (6.5), it is sufficient to note that on the one
hand,

inf L(0,u) < L(6,d(h(6)))

uclU

foralld € D, h € H(®), and thus

inf L(0,u) < mf L(6.d(h*(0))),

uclU

and on the other hand,

dmg L(6,d(h*(0))) <L(6,u) forallucU.
S

Hence

. \ _ _
nf L(6,d(k"(8))) < inf L(6,u)

The theorem is proved.

It immediately follows from Theorem 6.3 that for the decision problem S =
(©,U,L,{p}), where {p} is a one-point set, we have

v(S) = inf [ 1(8.u)p(a6) ~ [ [inf L(B.w)]p(d6),

uclU

and for the minimax decision problem S = (®,U,L,PF(0®)), we have

f sup L - fL
V(5) = 26 up L6.w) — Sup e 1O

For the Bayesian decision problem, v(S) is given by following theorem.

Theorem 6.4. Let (0,97, 1) be a probability space, U an arbitrary set, L : © X
U — R a bounded real function with the <f -measurable sections L(-,u), u € U,
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and suppose the set Py, is defined by the formula

Py={pePF(®):VYAc o, pA)=uA)}. (6.8)
Then

S=(6,U,L,P,) €S(0),

Li(u) = / L(6,u)u(d6) VueU, 6.9)
p(S) = ulglf} L(@,I/t)‘u(de), (6.10)
v(s)= inf [L(0.wn(@0)~ [linf L6, wp@o),  ©11)

with 7 the upper integral of the (possibly unmeasurable) function inf,cy L(-, u).
Proof. We have to prove the following relations:

Relation 1 P, # @.

Relation 2 [P,] = P,.

Relation 3 [ f(0)p(d6) = [ f(0)ud6 for every o7 -measurable function f €
M(®) and every distribution p € P,.

Relation 4 max,cp, [ f(0)p(d0) = [£(0)1(d6).

Let us begin with the proof of Relation 1. Set

0:M(©) R, 9(f)= [F(O)n(d6),

and check that the functional introduced in this way satisfies Conditions 1-3
formulated in Lemma 5.1. Denote by F(f) the set of all measurable functions
f € M(O) such that £(0) > f(0) for all 8 € @. According to the definition of
upper integral,

o) = [ 1Owtae) = int [ F(o)n(de)

Therefore Condition 1 of Lemma 5.1 follows directly from the inclusion F( f2) C
F(f1), which holds for all f; < f.
We now prove that Condition 2 holds. If fi, f» € M(®), a,b € R, a >0,

fi=afp(0)+b VOc€O,

then associating to every function f € M(®) the function
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fo=afi+ble,
we obtain that

fHeF(fi) <= HLeF(f)

and

/fz(e) (d6) —a/fl 11(d6) +b,

which proves the required relationship. Condition 3 is obvious.
It remains to construct, as we did in the proof of Theorem 5.2, using the
functional ¢, the set

Go={g€G:g(f) < @(f)VfeM (@)},

and then the set
P—{pEPF(@) Jg € Gy Ve M(® /f }

And this is the desired set Py. Indeed, if p € P, then

p(A) < @(14) = pu(A), forallAe o,
p(O\A) < 9(lg\y =u(O\A), forallAe o,

and thus
p(A) =u(A), ie,pePy.

Conversely, let p € P,. We shall show that p € P, i.e.,

[ r@p(@0) < [1O)uo) forai e M)

To this end, taking an arbitrary € > 0, choose the function f € F(f) such that
[F@m@e)< int [ Fi()u(as)+e
fieF(f)

Since this function is .7 -measurable, there exists a partition £ = E(®) such
that first, E C 7, and second,

sup f(0) —inf f(6) <& forallecE.
Oce Oce

Define



144 6 Experiment in Decision Problems

f:@ =R, F(0)=supf(6) forall@ceckE.

Oece

Clearly,

where

is a one-point set.
Therefore

and at the same time,

[Fomo) < [ fo)u@o)+e < [rO)m(ao)+2e.
It remains to note that

[ r@p(ae) < [ Fo)p(a) = [ f(e)u(as)

and to let € — 0. We have thus proved Relation 1.
To prove Relation 2 note that if p € PF(©)\ Py, then there exists A € o7 such
that p(A) # 1 (A). In this case, choosing

E=——"7"—"—, f=14,
we obtain
Ue s(p) NPy = 2,
because
Pf=u(A) forallp €Pp,.

This proves Relation 2.

Relation 3 is proved in the following way. If the function f is measurable,
then for every € > 0 we can choose a finite partition E € E(®) of the set ©® such
that all e € E are measurable, and
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supf(G)—(iaréfef(G) <¢e forallecE.

Oce

‘We obtain

| [ r@)n(ae) - ¥ sup(oule)| <e.

ecE b¢€e

| [ £©)p(d0)— ¥ sups(6)p(e)| < e.

ecE Oce

p(e) = u(e), for all e € E, which immediately proves Relation 3.

It remains to note that given Relation 2 and the way of construction of the set
P in the proof of the Relation 1, Relation 4 follows immediately from Lemma
5.2. So all the required relationships have been proved, and we easily obtain
equalities (6.9)—(6.11), completing the proof of the theorem.

6.3 Optimality of Experiments

Note that informativity is not the only feature of observation that is relevant in
practice. If it were so, we would always try to choose the observations only from
the class H*. In fact, the “complexity” of observation, i.e., the capacity of the
set of observation values /(@ ), is important as well. Therefore, we introduce the
following definition of an optimal observation:

Definition 6.3. An observation & € H(®) is called optimal for the decision prob-
lem S € S(O) if

INF(h/S) > INF(h; /S)
for any other observation 4] € H(@), and at the same time, if
INF(h; /S) = INF(h/S),
then
Card(h(®)) < Card(h;(0),
where Card(A) is the capacity of the set A.

Theorem 6.5. Every decision problem has an optimal observation, and every
observation is optimal for some decision problem.

Proof. Denote by H(S) the class of observations that have the highest informa-
tivity with respect to the decision problem S € S(®):
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H(S) = {h € H(®) : INF(h/S) = v(5)}.

A certain capacity of the set 4(®) corresponds to every experiment & € H(®),
and we can consider the set of all these capacities

{Card(h(®));h € H(S)}.

We know [2, Chapter 3, Theorem 2] that every set of cardinalities is com-
pletely ordered by value, and therefore there exists an observation & € H(S) for
which the capacity of the set #(®) is minimal. This observation is obviously the
optimal observation for the decision problem S.

Conversely, let h € H(®). Assume that

U =h(O) L(O,u):{(l)’ ﬂig;;

P=PF(®), S=(O,U,LP).

First consider the case 4 € H,.. Then the set U consists of a single element, and
L(6,u) =0, p(S) =0, v(S) = 0. Thus the observation is optimal by definition.
Now let #(®) have more then one element. Then it is easy to show that

p(S)=inf supL(6,u) =1,

uelU 0cO
p(S") = inf sup L(6,d(h(6))) < sup L(6,do(h(6))) =0,
deDgcp 0cO

where
D={(h(®)—=>U}={U — U},
and dj is the identity transformation of the set U. Since

p(S") > inf L(6,u) =0,
0cO
uelU

we obtain
p(S") =0, INF(h/S)=1.

It is easy to verify that v(S) = 1 as well, so that here it remains only to prove
that if

hy EH(S),

then
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Card(h;(©)) > Card(h(©)).

Let iy € H(S). Then p(S™) = 0, and thus for every & > 0 there exists d; €
(h1(®) — U) such that

sup L(H,d] (h] (9)) < E.
0cO

But the function L takes only the values 0 and 1, and thus
L(8,d:(h1(8))) =0,
ie.,
dy(h1(6)) =h(6) forall 6 cO.

In other words, there exists a mapping d; of the set /;(®) onto the set 4(O).
But this is possible only if the capacity of the set 42(®) does not exceed the
capacity of the set i1 (®). The theorem is proved.

Theorem 6.6. Let
S=(0,U,L,P)S(®), hecH(O),
be the optimal observation for S, and suppose the set U is finite. Then
Card(h(®)) < Card(U).

Proof. Since the set U is finite, we can associate to every 8 € ® a nonempty
subset of the set U on which the function L(6,-) takes its minimal value:

Ug = inL(0,u).
6 = argmin (0,u)

Let

U Up =U% = {uy,uz,...,u,}.
6cO

Set

@1:{9€@ZU991/£1},

i—1
@i:{GEG:Ugaui, eejL_Jl@j} (i=2,3,....n).

Clearly,
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Let

‘We have
p(s™)

i.e.,

6 Experiment in Decision Problems
n
U@i:@ and @iﬂ@j:@ fori+# j.

i=1

hi:©—{1,2,...,n}, hi(0)=i for6c0O,.

[}rellf)r;lg;’(/L (6,d(h1(6)))p(de) :I;leal)’(/ [gg{r}L(G u)] p(do).

INF(h1/S) = v(S).

If some experiment 4 is optimal for S, then

Card(h(®)) < Card(h;(©)) <n < Card(U).

The theorem is proved.



Chapter 7
Informativity of Experiment in Bayesian Decision
Problems

While we feel that information theory is indeed a valuable tool in providing
fundamental insights into the nature of communication problems and will
continue to grow in importance, it is certainly no panacea for the communication
engineer or, a fortiori, for anyone else.

Claude Shannon

7.1 Preliminaries

In this chapter we shall study the question of interconnection between the con-
cept of informativity of experiment and Shannon’s concept “quantity of infor-
mation,” contained in this experiment. Here the class of decision problems and
experiments is significantly narrowed with respect to previous chapters. There-
fore it is convenient to change slightly the notation and terminology.

Let ® and W be arbitrary finite sets, &2(0) and (W) families of all proba-
bility distributions on ® and W respectively.

Let 1 = (Ng)gco be a random function of 6 taking values in W (stochastic
experiment on ®). By observing these values we obtain some information about
0. How can we estimate the quantity of this information?

In the case in which the parameter 0 itself is random with a given distribution
P € #(0), classical information theory [75] proposes to measure the quantity
of information about 6, contained in 1), by the difference

1(P,n) = H(P) — Hy (P),

where
H(P)=—) P(6)log,P(6) (7.1)
6cO
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is the entropy of the distribution P, and

ZH (-/n=w)) ZP uw/0)

weWw 6O

is the average entropy of the conditional (on 1) distribution of 6 (u(-/0) is a
distribution of the random element 71g).

Suppose now that a stochastic experiment is conducted with the aim to im-
prove decisions in the decision problem

S=(O,U,LP),

where U is a nonempty set of possible decisions, one of which u € U we have
to choose on the basis of the experiment; L is a real loss function

L:®OxU—R

bounded from below. In this case, due to the experiment 17, we manage to de-
crease the minimal average losses from the value

r(P) = inf G%L(G,M)P(e)

to the value

ZP u(w/0) mf ZL PO /n=w)
0cO Vgco
wew

The inequality
r(P) = ry(P)

follows formally from the concavity of the function r(-), and follows intuitively
from the fact that the experiment supplies some information about 8. Therefore
the difference r(P) — ry, (P) is usually called the “value” of information, or the
value of “inquiry” [62], contained in 1. We shall denote it by A(P,n,U,L).

Thus if an a priori distribution P of the parameter 0 is fixed, any stochastic
experiment 1) contains the quantity of information about 6 equal to I(P,7n), and
if, in addition, the aim of the experiment is fixed in the form of U and L, then any
stochastic experiment 1 has the value A(P,n,U,L). In this connection, as will
be seen below, one can, generally speaking, find a pair of stochastic experiments
11 and 1), such that the value of the first will be larger, but the second will be
more informative [32].

The question arises as to what the value of the experiment consists in if not in
the fact that it contains some information about the unknown parameter. And if
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that is so, how can an experiment containing less information be more valuable
for us?

One might consider this as simply a terminological inaccuracy, but unfor-
tunately, to correct it is not easy. The fact is that on the one hand, Shannon‘s
“information quantity” plays such an important role in modern science that it is
impossible to ignore. On the other hand, when the choice of the optimal exper-
iment is made with the aim to reduce average losses, to subordinate this choice
to any external factor would be a deliberate absurdity. Therefore, the only way
in which one can overcome this difficulty is to assume that in different situations
information has to be measured in different ways [76]. But what does the word
“situation” mean here, and what is the arbitrariness in the choice of the method
of measurement in every “situation”?

Before answering this question let us try to understand how this problem is
connected to what was said above in Chapters 5 and 6. If we set

O=0xW,
p(A)= Y P(6)u(w/6) forallAC 6,
(6,w)eA
h:0 =W, h6,w)=w,
L:OxU—R,

L((6,w),u) = L(0,u),
then we see that

S= ((:),U,Z,{p})

is a Bayesian decision problem in our usual sense of the term, / is the observa-
tion on ®, r(P) = p(S) is the risk of this decision problem, while the risk after
observation is

rn(P) = p(s"), (7.2)
the value of information is
A(P,n,U,L) =1INF(h/S), (7.3)
and the uncertainty of the decision problem (see Section 6.1) is

v(S)=inf Y L(6,u)P(6)— Y [inf L(0,u)]P(0). (7.4)
uclU = A= ucU

0cO 0co

Now, returning to the question about the possible ways of information mea-
surement, we introduce some auxiliary notation. Let
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y: 2(0)—=R

be an arbitrary real function, suppose P € &?(0), and let 1 be a stochastic exper-
iment on © with finite set of values W. Denote by I(P, 1, y) the average decrease
of the function 7 as a result of the experiment 1, i.e.,

1PN, y)=y(P)— Y v(P(-/n=w)) Y P(O)u(w/6).  (1.5)

wew 60O

In particular, one can now write Shannon ‘s quantity of information (P, n) in the
form I(P,n,H).

Our first goal is to understand what properties the function ¥ should possess
in order that one could characterize the information quantity contained in the
experiment 1) by its average decrease I(P,1,7).

Definition 7.1. Let Z = (®,U,L) be an arbitrary decision scheme with finite
set ©. Set n: P(®) — R. We say that the function n is the natural uncertainty
Jfunction of the decision scheme Z if it satisfies the following two conditions:

(1) For any two statistical experiments 1; and 17, on ® we have the relation

sgn{I(P,n1,n) —1(P,M2,n)] = sgn [ry, (P) — ry, (P)],VP € 2(0).

(2) If the distribution P is concentrated at one point, then n(P) = 0.

It is easy to verify that the uncertainty v(S), considered as a function of P
(see (7.4)), is one of the natural uncertainty functions. Therefore condition (2)
means that in the Bayesian case, we want to keep the property of the uncertainty
equal to zero when 0 is known exactly. Condition (1) means that the paradoxi-
cal situation in which it would be more advantageous to produce an experiment
containing less information cannot arise. It turns out that the definition just for-
mulated assigns the natural uncertainty function univalently to within the scale.
Namely (Theorem 7.1), those and only those functions that are representable in
the form n(P) = Ang(P), where A > 0 and

nz(P) = inf Z L(6,u)P(0)— Z [inf L(6,u)]|P(6),

uEUee@ 0cO uclU

can serve as a natural uncertainty function for the decision scheme Z = (®,U, L).
In other words, if the decision problem (®,U, L, P) is denoted by S, we obtain

nz(P) = v(S), n(P)=2Av(S).

But since the decrease of the uncertainty, as was already mentioned, is the
“usefulness” or the “value” of information, Theorem 7.1 can be interpreted in
a way that once the aim of the experiment (decision scheme Z) is fixed, there
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is no other method of measuring the quantity of information but to measure its
usefulness (i.e., informativity).

This immediately implies the following question: is it possible to find “the
aim of the experiment” leading to the method of information measurement in-
troduced by Shannon?

To answer this question suppose first that the aim is not fixed and call any
function n: Z(0) — R satisfying the following conditions an uncertainty func-
tion on Z(0):

(1) I(P,m,n) > 0 for any stochastic experiment (see (7.5));
(2) n(P) =0if P is concentrated at one point;
(3) the function n is continuous in the natural topology of the set #(0).

It turns out that for any uncertainty function n on 2?(®) one can find a deci-
sion scheme Z = (O, U, L) for which this function will be the natural uncertainty
function (Theorem 7.2).

In other words, even if the aim is not indicated explicitly, any “reason-
able” method of measuring information quantity explicitly presupposes such an
aim [35].

In particular, Shannon‘s entropy (7.1) is the natural uncertainty function of
the decision scheme Z = (©,U, L), where U = #(0) and L(O,u) = —logu(0).
One can interpret this decision scheme as a problem of pattern recognition, de-
scribed, for instance, in [6]. We rewrite it here in a form that is convenient for us.

Let there be given a finite set M of objects, divided into equivalence classes.
The set of equivalence classes is denoted by ©. Further let the probability dis-
tribution p, inducing the distribution P on @, be given on M:

P(0) = Z p(m) (60 €0O).

meo

The objects m € M are presented to us independently one by one with proba-
bility p(m), and we must associate to every object the equivalence class 6,, con-
taining this object. We do not know beforehand which class the presented object
belongs to. We are allowed to use only one method of recognition: having chosen
some probability distribution # on 6, we randomly sample this distribution, and
then, by means of the special algorithm, we check whether the presented object
belongs to the class that resulted from the random sample. In case of failure, we
sample again, while in case of success, the next object is shown. The distribution
u € Z(0) does not change during the whole process of recognition.

Denote by /(m,u) the average number of failures (the number of tests before
the first successful test) for a given object m and for a fixed probability distribu-
tion u € Z(0O) = U of the random sample. Obviously,

I(myu) = 1u(6y) +2(1 —u(6y))u(6y) + -+ =

u(6y)’
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and if we describe the quality of recognition by mathematical expectation of the
value 10gl(m,n), i.e., by the number

Z log Z Z g (m) =— Z logu(6)p(6)

meM 0cO meM 6O

(serious reasons for this are presented in [6]), we arrive at the decision problem
described above.

Perhaps another decision problem is more interesting. Let ® be the set of
symbols to be encoded, U the set of all possible binary codes, and L(6,u) the
length of the “word” corresponding to the symbol 8 € ® when the codeisu € U.
However, it may be more appealing in case of the encoding decision problem to
consider as loss function the excess length defined as in [14]:

L(6,u) = L(6,u) —minL(6,u).

uclU

Since
muinlAJ(G, u) = muin(L(G,u) - muinL(G, u)) =0,
then
VL(P) = min LL(0.0)p(8) ~ L min (6.)p(6)
= muin;L(G,u)p(G) - gtmuinL(G,u) =v.(P),
with vz (P) being the uncertainty function of the decision system with the loss

function L(0,u). That is, the uncertainty functions of these two decision systems
are the same:

Vi (P) = vL(P).
On the other hand,
Vi (P) =minY L(6,u)p(6).
u 0
We now prove that

muinze“i(e,u)p(e) =H(P),

where H(P) is the entropy of the distribution P.
Let 6, €@, i=1,...,N. We set L(6;,u) = d,(6;) = d", the excess length of
the symbol 6; € © in the code u € U. Let {d!'},i =1,...,N be the collection
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of excess lengths of the symbols in the code u. Let D be the set of all such
collections. Obviously, the set U is isomorphic to the set D. Therefore,

m1nZL (6,u)p(0) mand p,—mlnzdzpz

uclU uel !

Now consider the following minimization problem (see [85] for details):

N N N
Y dpi—min, Ypi=1, YBU<1l, 4>0Vi=12,.n

where B is a positive integer, interpreted in this case as the base of the encoding
system (if B =2 we have the binary system).
Using the technique of Lagrange multipliers we have

N N
D@P(dlv"'de72*> = Zdlpl"’}b(l — ZB_d’),
i=1 i=1

0Z

= AB 4 InB=0
adl pl+ n )

whence taking the sum overi = 1,..., N, we obtain

1
1+AInB=0, A=——
AN ’ InB’
or

_B—di:07 di:_IOngia

which means that

N N
Eléigzdipi =—) pilogppi =H(P).
i=1

i=1

Thus

where H(P) is, on the one hand, the entropy of the distribution P, while on the
other, it is a quantitative characteristic of the informativity of the experiment in
the decision problem about the optimal code, with the length (or excess length)
of the code as loss function: another loss function, as was stated by Shannon in
[76], would not necessarily result in the entropy as uncertainty measure. This
can be a justification of the fact that entropy as uncertainty measure appeared
for the first time in communication problems.
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Summarizing the obtained results, one can say that a decision scheme Z =
(®,U,L) predetermines the information measurement method, and together
with the “a priori information on the behavior of 8,” the distribution P, con-
stitutes the complete mathematical description of the situation in which the de-
cision is to be made. Thus relative to the decision problem S = (©,U, L, P), the
quantity of information contained in any stochastic experiment (with finite set
of values) can be found uniquely to within the units of measurement.

7.2 Theorem of Existence and Uniqueness of Uncertainty Functions

In what follows we suppose that the set @ is finite and for any set X denote by
Z(X) the family of all probability distributions on it, and by &y the family of
all such P € & (X) that are concentrated in one point. By a stochastic experiment
on ® we mean any regular pair 1 = (W, i), where W is some finite set and u
the transition probability from © in W, i.e.,

L:OxwW—[0,1], (6,w)—=uw/6), Y uw/6)=1.

wew

A stochastic experiment on @ will be denoted further by n with or without
indices.
Now associate to each

=(0,U,L) € Z(0)
the function

Yz: 2(O) =R, vz(P) 1nf Y. L(6,u)P(6),
Yoco

and then to each triple of the form (7, f, P), where 1 is a stochastic experiment
on®,and f: Z(0) = R, P € #(0O), we associate the real number

I, f,P)=f(P)= ), p(wiP,n)f(Py(-/w)),

weWw

where

p(w:Pm) =Y P(6)u(w/6),
0cO

POM(w/0) e 0
Py(0/w) =4 PlwPm) ?fp(w,P,n);éo,
Card(@) if p(w;P,m) =0.
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Definition 7.2. Let Z = (©,U, L) be an arbitrary decision scheme with finite set
O,n: Z(0) — R. We say that the function n is the natural uncertainty function
of the decision scheme Z if it satisfies the following two conditions:

Condition 1 For any two stochastic experiments 11 and 1, on ©, we have

sgn [1(7117“71’) —1(7127“71’)] = Sgn[l(n%yZaP) —1(7717Y27P)]
forall P € Z(0).

Condition 2 If the distribution P is concentrated at one point, i.e., P € Pg, then
n(P)=0.

The set of all natural uncertainty functions of the decision scheme Z will be
denoted by 91(Z2).

Theorem 7.1. For the decision scheme Z = (®,U,L), the functions that can
serve as natural uncertainty functions are those that can be represented in the
Sform

n(P)=Angz(P), wherel >0,

nz(P) = inf G%L(Q,M)P(B) - ezza[gg(f]L(e,u)]P(@)-

In other words, if we denote the decision problem (®,U, L, P) by S, we obtain
nz(P)=v(S), n(P)=Av(S).

Proof. 1t is convenient to divide the proof of this theorem into several stages.
Let E be some linear space, A C E aconvexset, ACBCE,and f: B— R. We
say that the function f is affine (respectively concave) on A if for any xj,x, € A
we have

f((l — OC))C] + OC)Cz) = (l — Ot)f(xl) + (Xf(JCz) Yo € [0, 1]

(respectively f((1—a)x;+axy) > (1—a)f(x1)+ af(x) Vo € [0,1]).
(1) We first prove that if

a,b,c,d,cp,d, e R VneN,

a<c<d<b, c,—c, dy—d (n— )
and the function f is concave on [a, b], then from the affineness of f on all seg-
ments [c,,d,] beginning from some n = ng follows the affineness of f on [c,d)].

According to [5], a bounded concave' function f is continuous on ]a,b|.
Therefore, beginning from some n > ny, it is also continuous on [c,, d,]|, whence

1 Not concave but convex functions are considered in [5], as is usual in the literature. Therefore, let us
agree here that when we give references, we shall not stipulate every time the obvious changes that have
to be made in the presentation.



158 7 Informativity of Experiment in Bayesian Decision Problems
for every x € |c,,d,|, it follows that

d, —x xX—cp
flx) = dn_cnf(cn)“‘m

Passage to the limit n — oo completes the proof.
(2) Now let

X1,X2,x3,X4 ER,  x1X4 F# X2X3.
We shall show that there exists r # 0 such that
(x1 +rx2) (x3 +rxs) <O.
Rewrite this inequality in the form
x4 + r(x1x4 +x2x3) +x1x3 < 0.
The discriminant of the left side (as a quadratic trinomial in to r) is equal to
(x1x4 —xz)@)z > 0;

hence the desired values of r fill the entire interval between the roots of this
trinomial.

(3) For an arbitrary convex set A C E let us write in the form (f1, f2) € U(A)
the following statement: fi and f, are two concave functions on the set A, and
for any

/ ! / .
X15X2,5 e s X, X2,X5,...,x, €EA;

/ / !/
o, 00, . .., Oy, o',00,...,0, € [0,1],

from
m n m n
Ya=Y)Ya=1 Y ax=Y ox,
i i=1 j=1
it follows that
m n m n
sgn | Y aifi(xi) = Y oifi(x) | =sgn | Y aifa(xi) = Y i (x))
i=1 j=1 i=1 j=1

We shall show that if (f1, f2) € $(A) and the function f; is affine on A, then the
function f> is affine on A as well. Indeed, let

x,x €A, a€]0, 1], x3=(1—0)x;+ax.

According to our condition,
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fi(xz) = (1 — o) fi(x1) + afi(x2).
Define

I
e
I
=

(95}

ag=a=l-a, w=0=0o, x

Then
2 2
sgn | Y o4fi(xi)— Y o fi(x))
= =1

so the same equality will be true if f; is replaced by f,. The arbitrariness of xi,
X2, and a implies the affineness of f.

(4) The following fact will be necessary in what follows. If the function f is
concave and not affine on the segment [a,b] C R, then

fle)> l]::;f(a)+ Z:Zf(b) for all ¢ € ]a, b].

To prove this, note that from the condition on f it follows immediately that there
exists x € Ja, b[ such that

b—x xX—a
b—af(a)+b—a

fx) > f(b).

If x = ¢, all is proved, and the cases x < ¢ and x > ¢ are considered analogously.
Therefore we prove only the first of them. From the concavity of f we have

b—c c—Xx

o T

fle) = f(x)

whence, with regard to the previous inequality,

o) > [Z_Zf(a)Jr jf(b)] Z:;mb),‘;j’;
B b € (c—x)
10| G =* =
=f(a)Z <b>b_“-

From here it follows that under the same conditions, the inequalities

fle)=fla) _ f(b) = fla) _ f(b) = f(c)
c—a b—a b—c

are satisfied. Indeed,
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Lﬂd—fW)>§%f@%+%%ﬂ@—f@):f®%ﬁﬂ@.

c—a c—a b—a

The second inequality is proved analogously. One more obvious consequence of
the concavity and nonaffineness of the function f on the segment [a, b] is that

f(b)—f(a)

(1)
g > 0)

f7a) >
where f(")(-) and f()(-) are the right and left derivatives of the function f.
(5) Now we are ready to prove the following important lemma.

Lemma 7.1. Let (f1, f2) € ([a,b]), c; the set of points from the interval ]a,b|
in which the function f; (i = 1,2) is differentiable. Let further x1,x; € c1()c2,
X1 < X2, and suppose that the function f| (and hence f) is not affine on [x1,x,).
Set

Jilxa)—filx
:f/(xl)_ ()2;—)6]( 1) (lzl 2)
fl(x2) — Sil)—fi(x1) e

X2—X1

Then
G (xl,XQ) = GQ()Cl,Xz) % Foo.

Proof. Take an arbitrary |xj,x;[ and choose the functions F; and F; on the direct
product of intervals ]a,xo[ and ]xo, b| defined by the following relationship:

Fi(x,y) = 2— ""ﬁ( )+

It is easy to show that this relationship can be described in either of the two
following forms:

X2 — X0

[fl(xl) filx2)],
[fz(xz) filx1)].

Fi(x,y) = fi(x2) +
Fi(x,y) = filx1) +

Therefore, from the differentiability of the functions f; at the points x; and x,
follows the existence of the partial derivatives
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8E22;x2)=i§_ﬁfﬁ'<xl>+(” ’C“) iet) — )]
_ XX [ /() — — filx1 ]
)CZ*)Cl i X2 — X1
OF(x1,x2)  xo—x1 X0 — X1
aXZ :)CZ*)lei(xz)_()Cz*XI) [ (Xz) fl( )}
_ Xo—Xx; [ /(x2) — fi(x2) f,m)]
xo—xp |7 Xy — X1

which, as we noted above, are not equal to zero.
Thus,
aE (X] 7x2)
X0 — X1 dx;

X2 — X1 aFi(XwQ) ’
dxp

Gi(x1,x) =

and if the statement of the lemma were not valid, we would have

IF (x1,x2) dF3(x1,x2) , OFi(x1,x2) dF>(x1,x2)
axl 8x2 sz a)q ‘

In this case, as we saw, r # 0 could be found such that we would have the
inequality

dF(x1,x2) N raFl (x1,%2) ] [OF2(x1,x2) N ran(xl ,X2)
odx oxy oxi dx2

<0. (7.6)

Our aim is to show that this would result in (f1, f2) ¢ U(|a, b)), contrary to the
statement of the lemma. To do this we shall try to choose ¢ > 0 such that the
following four conditions are satisfied:

Condition 1 x; +¢ & ¥, € C; NG N]a,xo[;

Condition 2 x, + rt & ¥, € C; NG Nx0,bl;
Condition 3 the functions fi and f, are not affine on [x},x});

Condition 4

sen [Fi(¥;,%5) — 1 (v1,32)] # sen [, %5) — Fa(1,32)]

From the concavity of the function f; it follows that the sets [a,b] \ C; are
no more then countable [5], and so “nearly all” ¢ such that x’l € la,xo], x’2 S
|x0, b satisfy Conditions 1 and 2 simultaneously. From this we conclude that
simultaneously with Conditions 1 and 2 one can also satisfy Condition 3, since



162 7 Informativity of Experiment in Bayesian Decision Problems

otherwise, selecting the corresponding sequence #, \, 0, we would arrive at the
affineness of the functions f and f, on [x;,x;].

It remains to show that for sufficiently small ¢, Condition 4 follows from
Conditions 1-3. Indeed, if Conditions 1-3 are satisfied, the numbers x| and x}
in the statement of the lemma may play the role of the numbers x; and x;, and
s0, according to what we have already proved, the partial derivatives

IOF (x},x5) and OF(x},x5)
ox ox)
exist. Moreover, by virtue of the continuity of the concave functions f; and f,
on |a,b],
i OFix) _ 9Fix.x)

xj—x dx; oxy
x,l €

i=(1,2). (7.7)

Therefore, if we denote by T the set of all ¢ > 0 such that Conditions 1, 2, and 3
are satisfied simultaneously, we obtain that whent € T, t — 0, then

Fi(¥) ) ~ Fi(x1,x2)
= [F(4.2) ~ B x)] + (R x) — B )]

OR(m) OF(x1,32)
—T(xz—xz)—l—T(xl—xl)—i—O(t)

_ [9Fi(x1,x2) = OF(x},x2)
_[ ox, +r xs t+0(r)

_ [9F(x,x) | 9F(x],x) OFi(x),x2)  IFi(xjx)
_[ ox, +r 9% t+0(t)+rt o2 9% .

Therefore by virtue of (7.6) and (7.7), if t € T are sufficiently small, then

JF (x1,x dF (x1,x
sgn[Fl(x/laxlz—Fl@l,xZ)]—Sgn[ la(x: 2+r lé9612 2)}

&Fz(X],Xz 8F2(x1,x2)
7 sen [ ox1 +r 0x>

= Sgn [Fz(x’l,x/z *Fl ()CI,XQ)] .

In other words, we have proved the existence of the required numbers ¢. It re-
mains only to note that when



7.2 Theorem of Existence and Uniqueness of Uncertainty Functions 163

X2 — X0 _Xo— X1
o = 7 x/y 2 — )
—X X2 —X1

/ /

X — X X0—X

/ 2 0 0 1
o= 7 =7 7
X=X Xy =X

the condition for (fi, f2) € U([a,b]) in particular requires the relationship
sgn [Fy(x1,x2) — Fi (x],x5)] = sgn [F2(x1,x2) — Fa(x],x))]
so we have obtained a contradiction, which proves the lemma.
(6) We prove the following lemma.

Lemma 7.2. Let —o0 < a < ¢ <l <d < b <o, and suppose that the function f
is concave on |a,b| and not affine on [c,l), and has a derivative at points c, I, and
d. Then there exists a number k > 0 such that |G(c,x)| > k for all x € [I,d | C;,
where G; and C; are defined as in Lemma 7.1.

Proof. Since

we have only to prove that the inequalities

f;/(c)_fl'(x)_fi(c) > fll(c)_fl(l)l_fl(c) (78)
x—c —c
are valid, and that when 4 € |d,b[(C;, the inequalities
1oy S = file)] |y filh) = fie)
file)— o <|fi(h)— Tl (1.9)

are valid too.

The validity of inequalities (7.8) follows from the concavity and nonaffine-
ness of the functions f; on the segment [c,/], since under these conditions, as
was already noted, the inequalities

fitr) = file) _ fill) = file)

xX—c l—c

< fi(c)

are satisfied.
To prove (7.9) first note that if f/(x) = f/(h), then

fil) = £ie) _ fith) = fi(e)

xX—c h—c
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and since the concavity of f; implies that

£ > filx) = file)

x—c
inequality (7.9) in this case is valid automatically. It remains only to consider the
case fi'(x) > fi’(h), since on account of the concavity of f;, the reverse inequality
is impossible.

Rewriting the inequality

y fi(h) — fi(x)
S () < 755 —
in the form
filx) < fi' (W) + £ (h) (x = h),
we obtain

fi(h) + fi' (h)(c — ) = fie) = [fi(h) + fi () (x = )] = fie) + fi () (c —x)

But this means that

fi(X))C:f(C) £ < Ji( })l_fz( )ﬁ/(h)f:z
and a fortiori,
fl(x))c:fl(c) _fl/(x> < ﬁ(h]/)l:f(C) _fl/(h>7

since both parts of this inequality are nonnegative. And it is equivalent to (7.9).
The lemma is proved.

(7) We have the following lemma.

Lemma 7.3. Let (f1, 2) € U([a,b]), —o <a<c<d < b <+, fi(c) = fo(c),
fild) = fo(d), ¢,d € CiNCa, fi'(c) = f2(c). Then fi(x) = fa(x) for all x €
la,D).
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Proof. First we shall prove the required relationship for x € [a,b]. Suppose the
contrary, i.e., that there exists z € |c,b| such that fi(z) # f2(z), or without loss
of generality, f1(z) < fa(z)-

If the function f; is affine on [c,z], then as we have already seen, the function
f2 on [c,7] is also affine, and hence the condition

fi'le)=£'(c)

contradicts

f1(2) # f2(2).

Thus, we are interested only in the case in which f] and f; are not affine on [c, z].
Let z < d. We set

m=inf{x € [z,d] : fi(x) = fo(x)}.

By virtue of the continuity of the concave functions f; and f> on |a,b], it is clear
that

Ji(m) = fo(m).

Our goal now is to prove that with regard to the properties of the functions fi
and f;, the inequality

fi(z) < f2(2)

implies the inequality

film) < fa(m),

and thus the first is incorrect. To this end we shall proceed in the following
way. Represent each of the functions f;, i = 1,2, as a sum of two continuous
monotonic functions

fi=fa+fo

The possibility of such representation follows from a remark in [5], where
the following fact is asserted: if a function is concave on ]a,b|, then either it is
strictly monotonic on |a, b or there exists a point u € |a,b[ such that f is strictly
increasing to the left of this point and strictly decreasing to the right of it, or
finally, that there exist two points u,v €|a, b[ such that u < v and the function f
is strictly increasing on |a, b[, constant on ]u,v|, and strictly decreasing on ]v,b].
It is clear that setting u = v = b in the first of these cases and # = v in the second
one, we obtain the required representation on introducing the functions f;; and
fi» by the formulas
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~J filw) = fi(w) if x €la,ul,
falx) = {0 if x €]u, b;

and

oy VM itw)ifx€lav],
al2) {f,-(x) if x €]v, [

Now making use of the fact that a continuous monotonic function is clearly abso-
lutely continuous, we conclude that the functions f;, i = 1,2, are also absolutely
continuous.

Take an arbitrary point g €|z, m|[. It is obvious that the function

0:[z,q =R, 8(x)=falx)— fi(x)

is absolutely continuous, does not vanish at any point, and is positive at x = z.
Therefore K1, K> > 0 may be found such that

K1 <6(x) <K,

for any x € [z,m]. From here it follows that the function f(x) = In(8(x)) is also
absolutely continuous at x € [z,m] and so can be reconstructed from its deriva-
tive.

Indeed, it is known [67] that given an absolutely continuous function é on the
segment [z,m] with values in the segment [K], K>], and given as well a function g
(in our case In(-)) satisfying a Lipschitz condition, then the composite function
g(8(-)) will also be absolutely continuous.

Thus the function f = In(6(-)) can be reconstructed on [z,m] by means of its
derivative (defined on almost all x € [z,m]), i.e.,

r@)=f@+ [ " wdx = f(2)+ / ' ff())_}f;)d
It will be shown below that
—[Gi(e,x)] !
700~ 7109 = () — ()] -t .10

forallx € C;NC2N[z,m], i =1,2.
Therefore, making use of Lemma 7.2, one can write

g K111
< . i< -k 1)z —0)
=
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from which it follows that

£ < (m—2)(K " +1)(z—c) '+ £2) ¥ K

Therefore,
|In(0(q)) <Ko forall g € |z,m][,
or equivalently,
1f2(q) — fi(g) > e X0 >0 forall g €]z,m],
from which by virtue of continuity we have

fa(m) # fi(m),

contrary to the choice of m. It remains to prove only (7.10).
Since

file) = fale),  file) = £,
we have according to Lemma 7.1,
fl(c) — fix fz() f’( ) — (x)— fi(c)
f’(x) (x fi() f/( ) 5 (x f 9
for all x € C; N C2N[z,m], i = 1,2. This implies

\_/

><

\/

file) =)+ fiOx=c) _ file) =)+ fi()x=c

file) = filx) + i) (x—c) — file) = folx) + f(x)(x —

167

and after reducing to a common denominator, collecting similar terms, and can-

celing the common factor (x —¢) > 0, we obtain

~ FORE) + HOLE — AR AR + O ADE—0
FOAE) + A - A+ QA E ).
Next,
, FO - @+ OG-0 . FOLAK - A
1) = ) =R+ =0 T O - AW+ AOG—"
and finally,

f2(x) = AA]Ifi (e) = f1(0)]
file) =)+ fi(©)x—c)

fx) = filx) =
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At the same time,

1—[Gi(e,x)] ' =1~ - —

ie.,

1= [Gi(e)] " _ fi(e)=file)

x—c  file)=Ail)+f(e)(x—c)
The relationship (7.10) is proved similarly, and this proves the assertion of
Lemma 7.3 for the case x € [c¢,b], z > d.
Now let z > d. In this case the reasoning is similar, with the only difference
being that now by m we understand

sup {x € [d,z] : f1(x) = f2(x)}

and choose the point ¢ from the half-interval |m, z|. This completes the proof for
the case x € [, b|.

It remains only to extend it to x € [a,c[. In fact, we shall carry out a proof
suitable for all x € [a,b]. To this end, suppose

§:la,b] = lab], &(x)=a+b—x,
gi+la,b] = R, gi() (5()6) (i=

For functions g;, g» thus defined and points &, d, all the conditions of Lemma
7.3 are satisfied, and so by what we have proved above,

g1(x) =ga(x) forallx € [¢,D],
or taking into account that x = a+b — & when & = a+ b — x, we obtain
N(6)=f(8)  Véelad]

This relation differs from the desired relation in notation only. The lemma is
proved.

(8) We have the following lemma.

Lemma 7.4. Let f, g, and h be three real functions defined on the segment
[a,b] C R. The functions f and g are not affine on |a,b|, we have (f,g) €
U([a, b)), and there exist A, o, B € R such that

h:la,b) =R, h(x)=Ag(x)+oax+p,
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and
(f,h) € U(la,b]) = A > 0.
Proof. Let
X1,X0, e e oy Xy X3 X5, X € [a,B]
a17a27"'7anha{7aé7" 7a1/1 € [071]7
m n m
Ya=)di=1 Y o= Z o’
i=1 j=1 i=1
Then

n

sgn[ o;h(x;) — a}h(xf)]
i=1 1

(agE

j=

[i oi(Ag(x;)+axi+ ) — ZOC lg +0‘x1+ﬁ)
=sgn [l [i 0,g(x;) — Z:lna;g(x;)”
1= J=
— sgn(1)sgn [f‘, oif (xi) = ) nojf (x9>] :
=1 =

and the statement of the lemma follows immediately.

We now introduce one more notation that will be useful in what follows. If
X1,X2,...,%, € E are linearly independent vectors of a linear space E, and f is
an arbitrary real function defined on £ or on a subset containing the indicated
collection of points, then one can speak about the affine function g defined on
the linear span of vectors xj,x,...,x, and taking values f(x) at the points x;,
1 <i < n. Clearly this function is well defined and can be given by the formula

n

g)=Y aif(n) whenx=Y opx;, acR.
i=1 i=1

Now, making use of this formula, we can consider a new function, which we
shall denote by | fxl’x}m,xn] and define it in the following way. If A is the inter-
section of the domain of definition of f and of the linear span of the family of
vectors xi,X2,...,X,, then

[thxz,----,xn] ‘A= R, [fxuxz,---,xn](x) = f(x) —g(x).

This notation allows to formulate the following corollary.
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Corollary 7.1.
(f7g) Eﬂ([a,b]) A ([fa,b]a [ga,b]) € il([a,b]).

Proof. Clearly, if even one of the four functions under consideration is affine on
[a,b], then the rest are affine too, so any pair of them is contained in $([a, b]). If
none of them is affine, then in order to make use of Lemma 7.4, it is sufficient
to note that

[asl(9) = £0) — | 7= Fla) + 2 £(0)
:1.f(x)+f(“;j£( ) (aC)IHblf( )

(9) We have the following lemma.

Lemma 7.5. If (f,g) € u([a,b]), then there exists A > 0 such that

[fab}( )= [gab]( ) forallx € [a,b].

Proof. First note that even if one of the functions f and g is affine on [a, D], we
can take as A any positive number. Therefore only that case will be of interest to
us when both these functions are not affine on [a, b]. In this case, in view of the
almost everywhere differentiability of a concave function defined on a segment,
one can, as we have seen, choose numbers c¢,d € ]a, b[ such that the functions f
and g are not affine on [c, d] and are differentiable at points ¢ and d. Consider the
system of linear equations with unknowns A, o, 8 € R, where for convenience
instead of [f,;] and [g, ;] we write f* and g*:

fie)=2g(c) +ac+B,
fH(d) =g (d) +od + B,
(f*)(c) =A(g") (c) +a.

One can easily show that the determinant of this system is given by

cl
1]~ e+l V) 4 0) )0

and therefore A < 0, since the function g* together with g is concave and not
affine on [c,d)].
Thus, the system has a solution, which we denote by (1%, a*, f*). In addition,
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1= LD = () +(d—e)(f7)(c)]
g*(d) = [g"(c) +(d =) (g") (0]

and we consider the function

>0,

h:la,b] =R, h(x)=A"¢"(x)+a"x+p".

Then according to Lemma 7.4 we have (h,g*) € 4([a,b], and according to
the corollary of that lemma, by virtue of transitivity of the relation ([a,b]), we
obtain (h, f*) € ([a,b)).

Further, in view of

h(c)=f"(c), h(d)=f"(d), H(c)=(f")(c),
on the basis of Lemma 7.3 we can conclude that
h(x) = f*(x) forallx € [a,b]. (7.11)
It remains to prove that a* = B* = 0. To this end, note that
fH(a)=f"(b)=g"(a) =g"(b) =0,

and so from (7.11), it follows that

0=f"(a)=A"¢"(a)+a"a+B" =a*a+p",
0=f"(b)=A"g"(b)+a"b+ "= b+ ",
whence
of=p"=0,
1.e.,

h(x)=A%g"(x) = f*(x) forallx € [a,b].
Corollary 7.2. Ifej,es € E, €] # e,
le1,e2] ={x€eE:Jac|0,1], (x=(1—a)ei+oaer)}, (f,g) € U[er,ea]),
then there exists A > 0 such that
[fer,e] (X) =24 [gey.er] (x), Vx € [er,ea].
Proof. Let us parameterize the segment [e], e;] in the form
Q:[0,1] > E, o@)=(1—t)e;+ter

and set
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f(t) = f(e(), 8&4)=gle@)) (<l0,1)).

It is easy to show that (f,&) € £4(]0, 1]), and thus, by Lemma 7.5,

[fo.1] = 2 [g0.1]

at some A > 0.
But

o) ()= 7(6) = [(1 =0)F(0) +47(1)] = F(9(0)) ~ [(1 = 1)f(er) + ()]
(0)= |t flen) 5 fle2)| =) (0).

ey —eq

where @ = (1 —t)e; +tes.
Similarly,

[80.1] (1) = [8e1.02) (),

and so

[fer,e2] (X) = A [gey ] (x) fOr all x € [e1, 2]
(10) We have the following lemma.

Lemma 7.6. Let A C E be some convex set, (f,g) € U(A), ey, ez, e3, e4 € A.
Then there exists A > 0 such that

[fe,-,ej] = [gel-,ej] foranyi,je {1,2,3,4}.

Proof. Without loss of generality we may assume that none of the functions
f][ehej] and g\[ehej] for i,j € {1,2,3,4}, i # j is affine, since if, for example,
[lieie;) 1s affine, then clearly

[fer,e2) (%) = [geyey] (x) =0 forall x € [eq, 2],

and if for all other pairs (i, j) the required A exists, then it is suitable for this pair
as well.
According to the corollary to Lemma 7.5,

[fm-,és] =l [gelae3:| s fered = A8ereal

and therefore if we prove that A; = A,, then the validity of the lemma will follow
by virtue of the arbitrariness of the choice of pairs (e, e3) and (ez,e4) as well as
the nonaffineness of the functions fj,, ., and f, c,]-

The idea of the proof consists in the following. As will be shown below,
one can select the points x1,x3 € [e,e3] and xp,x4 € [e2,e4], and also the real
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numbers & > 0 and r, such that for all § € |0, &,

x| =x1+6(e3—e1), x’32@75(e3761),
Xh=x+rb(es—ey, xjy=2x4—rd(es—e3).

From Ay # A, it follows that
4 4
sgn Y [f(xi) — f(x)] #sen') [g(xn) —g(x)],
i=1 i=1

in spite of the obvious relationship

4
)3
i=1

and the condition (f,g) € t(A).
Precisely, this proof can be carried out as follows. We parameterize the seg-
ments [e},e3] and [e;, eq]:

1
5= )

&

4
1,
L

=1

(pl:[O,l]—>E, (pl(t):(l—t)el+t83,
©:[0,1] = E, @t)=(1—1t)er+teq.

Obviously, the functions f; and g; are concave and not affine on [0, 1], and

(fi,gi) Eu([()? 1}) (i: 1a2)'

Therefore there exist 71, 15, 13, 14 € |0, 1[ such that the functions f; and g;,i = 1,2,
are differentiable at all these points and we have the relations

At) # i),  frlt) = fr(ta), (7.12)
gi(n) #81(13),  gh(t) # gh(ta). (7.13)
Let
61752 > 07

o o1(t), ifi=1,3,
U o), ifi=2,4,

! ! !
h=t1+06, t3=1t3—01, th=0n+0,

=t 8, x=q P00 Ti=13
T e, ifi=2,4.

Then
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xll = X] +51(€3 —61), x’3 :)C3—51(e3 —6‘1),
Xy =x2+8(es—er), xX4=x4—(es—e2),

and when §;, & — 0, we have

4

Y (£ (i) = ()]
= (fil) = Ai@) + ([1#5) = /1(13) + (A1) — o)) + (fa(1d) — fa(ta))
=[fi() = fi(13)]81 +0(81) + [/o(12) = fo(t4)] 82+ O(&),

and analogously

4
; [e(x}) —g(xi)] = [g1(11) — £1(13)] 81 +O(81) + [83(12) — 83(14)] &2+ O(&).
Now note that

fi() = £1(3) = [(F)oa] (0) = [(fi)oa) (13).

Similar equations are valid for the functions f>, g1, g2. Therefore, from

[(f)oa] =2il(gi)oa], A1 # Az,
it follows that

filt) = fi(t3)

g1(n) —g1(n)
and thus there exists r # 0 such that

[[A@) = fi(w3)] +r [fa(r2) = ()] [[81(11) — 1(13)] 47 [g5(r2) — 85 (14)]]
< 0.

() = f5(ta)

8y (h) — g (ta)’

4

With regard to (7.12) and (7.13), this means that there exists &y > 0 such that for
all 1 €0, 68[, 6, = ré, the following chain of relations holds:

4

sgn ) [f(x) — fx)] =sgn [(f{(1) = f1(13)) + 7 (fa(12) — f5(2)) ]

i=1
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From this follows the validity of the statement of Lemma 7.6, as was shown
above.

(11) We have the following lemma.

Lemma 7.7. Let ey, ez, . .., e, be a collection of linearly independent vectors be-
longing to some convex set A C E. Let further

(f,g) €eMA), fle))=g(e;))=0

fori=1,2,...,n. Then there exists A > 0 such that f(x) = Ag(x) for all x from
the convex hull of the vectors ey, e, ..., ey,

Proof. We will carry out the proof by induction on n. For n = 1 the lemma’s
statement follows immediately from the corollary of Lemma 7.5. Suppose that
this statement is valid for all n < k. In this case, denoting the convex hull of the
vectors ey, er, . ..,e; by M and the convex hull of vectors ey, e3,...,e; by M, we
have by induction that

f‘M1 = Ag|M1'

We set F = {x € M; : g(x) # 0} and assign to any point x € M a point y, € M
such that x € [e1,y,]. We now consider two cases, depending on whether the set
F is empty.

Case 1. Let F = &. Then for any x € M we have

f|[e1,yx] = [fel 7)’):]7 g|[e|,yx] = [gehyx]a

and if there exists a point xy at which g(xp) # 0, then writing A = ; gg)), by the
corollary of Lemma 7.5, we obtain

f(x) =Ag(x) forallx € [er,yy),

and if we now take an arbitrary point x € M and apply Lemma 7.6 to the points
€1, Yxy» €1, Yx» We obtain

f(x)=Ag(x) forallxe M.

If the function g is identically equal to zero on M, then it is affine on M, and
so the function f is affine too, being necessarily identical to zero in this case, so
that we can take as A any positive number.

Case 2. Now let F # &. Choose an arbitrary y € F and apply Lemma 7.6 to
the points ey, e, y, y. We obtain

[fery] = A1 [8eyy]

where A, is a positive number, existing by the induction hypothesis, such that



176 7 Informativity of Experiment in Bayesian Decision Problems
flm = 2iglm, -

Now taking arbitrary x € M and applying Lemma 7.6 to the points ey, yi, ey,
Yx, We obtain

[fehyx] =M [geluyx] )

1.e., for any x € M we have the chain of equalities

. | X xX—e _ _ X—e
o]0 =00 = | 25 e #2500 | = 100 = 22010
= ) =M g0) = Mgy lx = [gw g0

whence one can see immediately that
f(x)=2Ag(x) forallxe M.
Lemma 7.7 is proved.

(12) The following lemma is of prime importance in the proof of Theorem
7.1.

Lemma 7.8. Let Py, P, P>,...,P, € 9(@),0(1,052,...,06” S }0,1[,

n n
Zai: I, h= Z%’Pi,
i=1 i=1
n
i.e, Py(0) =) 0;P(6) VO€O.
i=1
Then there exists a stochastic experiment 1 = (W, 1) on O such that the set W
consists of n points (denote them by wi,wy, ..., wy,) and

Py(0/w;) =P(0) foralli=1,2,....n, 6€0O.

Proof. Suppose

Since

and
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ZL] a;P(0) —
p(w;/0) = 1P0(9) I for () #0,
n-=1 for Py(6 =0,

n

-

Il
—_

1

it is clear that u(-/-) is the transition probability from ® to W, and hence 1 is a
stochastic experiment. It remains to prove that this is the one we are looking for.
Set®)={0 €O :P(0)+#0}.1f 6 € O, then

N k(wi/8)R(8)
Py(0/wi) = Yorcot(wi/0")Py(0')

ailjé((a))Po(e)

_ (0
o b6’

Yoco "}(ié/))Po(G/) +Yoco\0, 30
. oz,-Pi(G)
-

— P(6).
If 6 € ®\ O, then

+Po(6) 0
Fo(8/wi) = Yocoh(wi/0)RO) o 0

But P,(6) = 0 as well, since

n
Py(0) =) 0;P,(6) =0
i=1
and all o; differ from 0. Thus for all cases, Py(0/w;) = P,(0). The lemma is
proved.

(13) We now resume the proof of Theorem 7.1. Let E = (® — R) be a linear
space of real functions defined on ®@. Obviously, the set Pg is a set of linearly
independent vectors from the set E, and & is their convex hull. Making use of
Lemma 7.8, one can easily see that condition (1) in Definition 7.1 defining 9(Z)
can be rewritten in the form

(n,72) € W(Z(0)),

and so, taking into account condition (2), we obtain due to Lemma 7.7 that if
n € N(Z), then there exists A > 0 such that

nP = Ang(P) forallP € Z(0).

The converse statement is obvious. Theorem 7.1 is proved.
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Corollary 7.3. The function n: Z(0) — R satisfies condition (1) in the def-
inition of the class M(Z) (Definition 7.1) if and only if there exists a positive
number A such that the function (n — Ang) is affine on Z(0O).

Proof. As is seen from the proof of Theorem 7.1, condition (1) is equivalent to
(n,7z) € W(2(0)).

Therefore, writing

[‘l@@] = [npel 7P927,,,7P9k:| ,  where {01,6,,...,6,} =0,

and with Py a distribution concentrated at the point 8, we have from Lemma 7.7
that

[ny@] =Anz, A>0,
whence
n—/"tnz =n-— [n{%] >
i.e., by the definition of the function [ng, | the function (n — Any) is affine on
2(0).
Conversely, let the function (n — Anz) be affine on 2?(®). Then for each

P,Ps,...,Py,P,P},....P, € P(O),
oy, 07,.. ama“h%v a/ E]O 1[

YoomYog=1 Y re=Yre

i=1 j=1 j=I

we obtain

(n—Ang) (Z(x, ,)_i i(n—Anz)(P, Zal )—iailnz(Pi),
; i=i

which is equal to
n n
n )ul‘lz Z = Z Z OC/)LIIZ )
: ]:1
whence

i an(P;) — i on(P Z a;Anz (P, Z o Anz(P)).
=1
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From this we conclude that

(n,Anz) € W(Z£(0)).
It remains to note that

(vz,Anz) € (£ (0))

also. So by virtue of the transitivity of the relationship {(2?(@)), we obtain the
relation

(n,72) € W(Z(0)),
which is equivalent to Condition 1 of Definition 7.2.

Corollary 7.4. If Z= (0,U,L) € Z(®) and the set O is finite, then each function
n from N(Z) is nonnegative, concave, and continuous in the natural topology
of the set 2(0O) (as a subset of the finite-dimensional linear space of all real
functions on ©).

Proof. Since the function ny is concave and takes the value 0 on the set Z(0),
and n = Anz at some A > 0, it is sufficient to prove only the continuity of ny.
And moreover, due to the form of this function and due to the obvious fact that an
affine function is automatically continuous, one need prove only the continuity
of the function yz. We introduce the norm

£ =max|f(@)], fe(@—R)

If
6>0, P, PeHO), |P—P|<d, ueU
and
Y L(6,u1)Pi(6) < yz(P1)+ 61,
6cO
then

Y2(Py) < Y L(6,u1)Py(6)

06coO

< Y L(6,u;)Pi(6) + 6 Card(®) max L(60,u;) (7.14)
0co 0cO

<7vz(P1)+ 6(1 +card(O) Iglag)(L(B,ul)).

S
Now suppose that the function 7 has a break at some point P, € &(0),
which means that one of the following two possibilities is realized:
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(1) limsupp_,p, ¥2(P) > 12(P1);
2) limil’lfp_>p1 Yz(P) < '}/Z(Pl)-

In case (1), writing
lim supyz(P) — 1z(P1) =€,
P—)Pl
we obtain that for any 6 > 0 there exists P, € Z?(©) such that
€
HPZ —P H <6 and Yz(Pz) > Yz(Pl) + 5,

but this contradicts the inequality (7.14) when

€

0= 4(1+ card(@) maxgee L(0,u1))’

In case (2), having set

Yz(Py) —PILYI})I infyz(P)=¢, min{x>0:30,P(0)=x}=r,

we take P, € Z(0), which exists by virtue of the definition of case (2), such
that the inequalities

w(P2) < 72(P)

and
re
[¥z(P1) —infL(O,U)]

PP <
[P — Py 5

are satisfied.
Let

t=max{xeR:P +(P—P)xe X0O)}, Ps=P+(P—P)t.

Clearly,

r
P> —.
[P — P

Then

P=pP1 1-f—P1
2 — 1] P 3t)

and because of the concavity of the function 7}z, we obtain
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Yz(P2) > Yz(P1) <1 — :) +’}/2(P3);.

This implies
Y2(Ps) <t[v2(Po) = vz(P)] +12(P1) < v2(P1) + m X [1z(P2) — v2(P1)]
ro € r e .
<yZ(P1)_M§ <%z(P) - e — =infL(O,U).

2[yz(P1)—infL(O,U))

But this is impossible by the definition of the function 7.

7.3 The Inverse Theorem

Theorem 7.2. Let ©® be a finite set, suppose the function n: Z(0) — R is
concave and continuous in the natural topology of the set &(©) and that
n(P) = 0 if P is concentrated at one point, i.e., P € Pq. Then there exists
Z=(0,U,L) € Z(O®) such that n = ny.

Proof. Let the finite set © contain n elements. Renumber them
0={6,...,6,}
and map &(0) into R” by means of the function
T:P— (P(6),P(6r),...,P(6,)).

Obviously, T(Z(0©)) turns out to be the (n — 1)-dimensional simplex whose
vertices are the points

x1 =(1,0,0,...,0), x=(0,1,0,...,0), ..., x,=(0,0,...,1).

For brevity denote it by X. We introduce the function f : R” — R given by the
formula

(T (x)), ifxeX,
fo) = {+oo, ifx¢X.

Clearly, it will be a convex eigenfunction with dom f = X (here and throughout
the proof of this theorem we use notation and terminology from [72]).

Let U be a family of all affine functions u : R” — R satisfying the condition
u(x) < f(x) for all x € X. Clearly, U # & and

f(x) =supu(x) vxeR"

uclU
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Now let
L:OxU—R, L(O,u)=—u(T(Py)),
where Py is the distribution concentrated at the point 8.
Our aim is to prove the two relations
n
inlf] L(6;,u)P(6;,) =n(P) VYPe X(0), (7.15)
weviz
inf L(O,u) =0 V6O €0O. (7.16)
ucl
In order to prove (7.15), note the following. If x € X, then there exists one and
only one collection of nonnegative numbers A;(x), i € 1,n, such that

i Ai(x)=1 and i{xi (x)x; = x.

i=1

Furthermore, by virtue of the affineness of an arbitrary function u € U, we have

u(x) = i Ai(x)u(x;).

uclU uclU Nj—1
= —sup Z Ai(T(P))(—L(6;,u)) = inf y L(6;,u)X:(T(P)),
uel i—1 ”eUi:I

and it remains only to note that

since
T(P) = Y. P(6)T (Py).
i=1

Finally, in order to prove (7.16), we note that from the conditions of the theorem
it follows that

lim £(x) =0,
xeX

and therefore
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supu(x;) <O0.
uclU

On the other hand, if we had strict inequality here, then there would exist a
number r > 0 such that the point (x;,7) could not be separated by a hyperplane
from the set epi f, contrary, for example, to [72, Theorem 2.1]. So

supu(x;) = sup (—L(6;,u)) = — in(f]L(Gi,u) =0
ue

uclU uclU

foralli € 1,n.
Thus the equalities (7.15) and (7.16) are valid, whence the validity of Theo-
rem 7.2 follows immediately.

Theorem 7.3. Let

2(0), n (Wu) O=0xW,
Z u(w/0) forall AC 6,

Then

Se8(0), heHO),

p(8) =p(T), v(8)=v(S), (7.17)

INF(h/S) = I(1),nz,P) (7.18)
Proof. The relations § € S(0) and i € H(®) are clear, and the equality

p(S)=p(T)

is proved straightforwardly:

p($)=inf Y L( 0,u)q(0) = inf Z L(6,u)P(0)u(w/0)

ucl uEU
b weW
;glf/ez L(6,u)P(0) =p(T).
€O

In order to prove (7.17) we shall make use of Theorem refThm5.3:

VS =p(5)- X |infLO.0)] a0

6cO
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uclU

—p(1)~ ¥ |inf (0.0 P(O)u(/0)
CISC)

wew

=p(T)- Y [infL(Q,u)] P(6) =v(S).
0cO

uclU
Finally, to prove (7.18), note that since
9 =(W—=U),

the relationships

p(s") = inf ¥ L[6,d(h(6))]q(8) = inf ¥ L(6,d(w))P(6)n(w/6)

0O
6cO W

= inf Y ¥ L(0,d(w)P(O)(w/0)

weWw 60€O

=Y inf Y L(6,u)P(6)u(w/6)

wew “€U 6o

= X povi2n) inf Y 1(8,u)Py(6/w)
wew 0cO

are valid, whence the required equality follows immediately. The theorem is
proved.

7.4 A Generalization to Countable ®

It is natural to suppose that Theorems 7.1 and 7.2 are also valid in the case of a
countable set ®. The proof of this case is given in [92] and is shorter than the
previous one for finite @, so we cite it here.

Let A be an arbitrary convex set. Let f; and f, be two real-valued functions
defined on A and such that for arbitrary

/ / /
X1, X2yeeeyXimy oo €A, X], X5, ..\ Xy, ... €A, a1,a2,...,4m,... € [0,1],
/ / /
ay,ay,...,ay,,... €0,1],

the relations

gk

i—

—_—

/
w=Y =1 Yax=Ydy,
=1 '

imply that
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sen| Y aifi(x) = X @i ()] = sen| Y oufaln) = L oj o).
i J i Jj

In what follows, this statement will be written in the form (fi, f2) € V(A).

Lemma 7.9. Let ey, e3,...,e,,... be acollection of linearly independent vectors
belonging to some convex set A. Let f and g be convex upward (concave) func-
tions from A into R, where (f,g) € V(A) and f(e;) = g(e;) =0 for all i € N.
Then A > 0 such that

fx)=2Ag(x) VYxeS=le—1,es,...,e4,...],
where
S=le1,ez,... en,...]
is the convex envelope of the vectors ey, ey, ... ey, . ...

Proof. Note that Vx € S, f(x) > 0. In fact, Vx € S 3{0;} such that x =Y, 0 X ¢;,
and since the function f is convex upward, we have f(x) > Y,;0; x f(e;) and
hence f(x) > 0.

Let x € S be such that f(x) > 0. We choose an arbitrary y € S, y # x (if any),
such that f(y) > 0.

We set

o) and =1

F)+f(») F)+f()

It is obvious that for y; and 95, we have 0 < % < 1 and 71 +» = 1. Let us
consider the equation

=

X=nx+"%y.
We represent x and y in the form of their decomposition in terms of a system
of vectors {ej,ez,...,ep,...} that satisfies the following condition: there exist

uniquely defined {o} and {B} such that
x=oe+---+age,+---, ZOQ: 1,
y=Bier+-+Buea=-, YBi=1.
Hence we can write
F=nx+pBiert+ -+ Brent+- ) = nx+pPier+ +pPuent

and similarly,
X=noer+ - +nN0en+-+ %Y.

We have the equality
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N+Y—2B1=- 472+ =N+ +NCG++Rn=1L
Since f(e;) =0 Vi e N, we have

nfx) +rbifle=1)+-+nPuflen) + —nfy) —noufle) =
—NBuflen) —---=nfx)—nf(y)=0.

Then (f,g) € V(A) implies y1g(x) — 12¢(y) = 0. Hence we have 7, (x) = 1(y).
From this we obtain
gx) _ gy

f&x) )
E)

Denoting the ratio 5 by )l,, we have f(¢) = Ay(r) when ¢ € [x,y]. But since
y is arbitrarily chosen from S and is such that f(y) # 0, for all x € S such that

f(x) # 0 we have f(x) = Ag(x).
Note that f(x) = 0 implies g(x) = 0. In fact, let

X = alel++anen+ ,
and then the condition
Sgn[alf(el) +-+ anf(en) +-- _f(x)]
=sgnfong(er) + -+ 0u(en) +--- —g(x)]

implies
sgn[f(x)] = sgnfg(x)],

and hence we have

From this we obtain
fx) =2g(x)

for an arbitrary x from S. The lemma is proved.
We turn now to the proof of Theorem 7.1 for a countable set @.

Proof (of Theorem 7.1). A unique vector X = (x1,X2,...,X,,...) from S, where
S is a simplex in the space /;, corresponds to each distribution P from P(®). To
each distribution concentrated at one point there corresponds some vector e; in
1, where

el :(1,0,...,0,...),
e =(0,1,...,0,...),
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Since the correspondence between P(®) and S is one-to-one, we assume that
the natural uncertainty function 7y is defined on S, i.e., we have 7: S — R. Let us
consider the expression
Sgn[l(nlv V,P) _1(112) V,P)]
= Sgn[l(nl ) VZaX) - 1(7727 V2>X>]
=sgn[v(®) = ), pWiEm)v(,) —vE + Y, pwiEm)v(n,)]

wew, w' e,
=sgn[)_Biv(y — Y ov(y;)]

where

ﬁj:P(WjéfaTIZ)a o= Wl"x Tll ZBI Zai:la yiayj€S7
Y Byj=Y oyi=%

Note that for any B
A= (l],lz,...,)l,n,...) es,

any sequence {y;};*,,y; € S, and any i, there exist a distribution P € P(®) and a
stochastic experiment (W, i) such that

p(wi;Pan):liv Pﬂ(el/wj):yljv

WhCI'C yi = (yihyiz; ce 7yil17‘ . )
In fact, let us set

0;/wi)p(wi;P,m) yjiki
NG LW 9 T'( / - .
Zy, b/ P(6)) iy ik

for all j for which we have Y, y x4 > 0.
If the relation Y4 y jxAx = 0 is true for some j, then this means that P(6;)
and hence it is natural to assume that

Vip(wi/6;) =

It follows from the preceding reasoning that (v,7.) € V(S). It is easy to see that
the relation (a,b) € V(S) is an equivalence relation, and since

(7 inf ¥ L(6). )i — Ylinf L(Bi.up]) € V/(S).

05

we have

(v,bjg{f/zi:L(Oi,u)xi - Zi:[jglf]L(G,-,u)x,-]) e V(S).
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Using the lemma, we obtain

V(F) = /1( inf Y L(6;, u)x; — Z[uig(le(Gj,u)xi]),

uclU 7
where A > 0. The theorem is proved.

We set

V(%) = inf Y L(6;,u)x; — Z[%L(e,-, u)xi, x€S.

uclU 7

Corollary 7.5. Let (®,U,L) be a decision scheme, and let the set ©® be count-
able. Then an arbitrary Bayesian uncertainty function vV is nonnegative, concave
(convex upward), and continuous in the natural topology generated by the norm
|X]| = X |xi| in the space I; (recall that we identify the set P(©) with the sim-
plex S of the space [;).

Proof. 1f (f1, f2) in V(A), then the concavity of the function f on A implies the
concavity of the function f;. In fact, since f, is concave, the inequality

ofa(x) + (1 —a)fa(y) < fa(ax+ (1 - a)y)
is true for all x,y € A and for all o € [0, 1], and since
sgnfafi(x) + (1= ) fi(y) = fi(ax+ (1 - a)y)]
=sgn[afa(x)+(1—a)2(y) — falax+ (1 - a)y)],

we obtain the concavity of the function f;. Next, since (v, %) € V(P(®)), the
concavity of 7y, implies the concavity of v. The nonnegativity of v follows from
Theorem 7.1.

We now prove continuity. Since

V(®) = A (D)~ X inf L(6,u)x)

and a linear function is always continuous, it suffices to prove the continuity

of %.(+).
Let us consider some point X € S and some d-neighborhood

Vs ={y:[x—73l <é}.
Then we have

%05) — %) = [inf ¥ L0, )y — inf L6 ),

< | Xy = Yo
i i

where
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M =supL(6,u), 1nfL 0,u) ‘ZMy, me,
O,u

and where ¢* = M —m and

’Z()’i —X;)

< Z\yi—xi| < 9.
i

Hence we have
%) — %(X)| < c.d.

This implies the pointwise continuity of ¥,(-) and hence the continuity of v. The
corollary is proved.

Corollary 7.6. The function v : P(®) — R satisfies Condition 1 in Definition 7.2
of the natural uncertainty function if and only if there exists a positive A such
that the function v — AV, is affine on P(0).

Proof. Necessity. One can see from the proof of Theorem 7.1 that Condition
1 in Definition 7.2 of the natural uncertainty function is equivalent to (v,¥;) €
V(P(©)).

Let us introduce some notation. If x1,x2,...,x,,... € E are linearly indepen-
dent vectors of a linear space E, and f is an arbitrary real-valued function defined
on all of E or on a subset of E containing the points stated, then we can find an
affine function g that is defined on the linear envelope of vectors x1,x2,...,Xp, ...
and assumes the value f(x;) at points x;.

We can specify this function by the formula

g(x) = iaif(xi)a

provided that

We can now consider a function denoted by [fy, x,.....x,,...] and defined as follows.
If A is the intersection of the domain of the function f and the linear envelope
of the family of vectors x,x2,...,X,,..., then we can write

i J A= R fry g, ] (6) = F () — g(x).

Let
[Ve@)] = [Vey, .Po, ...Py, ...]

It follows from Lemma 7.9 that

[Vey] =Av,, A >0.



190 7 Informativity of Experiment in Bayesian Decision Problems

Hence we obtain
V—AV,=V—[vp,],

i.e., according to the definition of the function [vp,], the function v — Av; is
affine on P(O).
Sufficiency. Let v — A, v; be an affine function on P(®). Then for any

P,P,....P,,...€P(O®), P.,P,....,P,,...€P(@®), o4,0,...,0,...[0,1],
a,0,...,a,...[0,1],

under the conditions
Zoc, = Za =1, Yapr=)aPp,
J i j
we have
(V—)LVZ)<Z(XI~P,-) Zaz \ sz Zaz )_Zailvz(Pt)
i i
Then we have
(v—/lvz)(Zoc}P}) Za v(P Za AV (P
J
whence we obtain

Y av(P Za,lvz Zocv Zoc’?wZ

Thus we obtain that (v,Av;) € V(P(0)). At the same time, since (y;,AV;) €
V(P(@)), taking into account the transitivity of the relation V, we have (v, ;) €
V(P(©®)), which means that Condition 1 is satisfied. The corollary is proved.

One can see from what has been said above that for each decision scheme
Z =(6,U,L), a unique (up to a positive multiplier 1) uncertainty function v
concave on P(®) and continuous in the space /; is defined. It turns out that the
converse statement is also valid.

Theorem 7.4. Let ® be a countable set, let the function v : P(®) — R be con-
cave and continuous if it is considered as a function of 1, and let this function
be such that v(P) =0 for all P € P(0). Then there exists a decision system such
that v is an uncertainty function for the system.

Proof. We specify the mapping 7 from P(®) into /1,

T:P—P(6,),Px6,),...,P(0),....
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It is obvious that 7 maps P(®) in the simplex S generated by the vectors
e1,€2,...,€y,.... Let us introduce a function f from /; into R, which is spec-
ified by the formula

)T i(x), ifxes,
f®= {+oo, ifxés.

In this case, the function f(¥) is a convex eigenfunction from domF = S. Let
us define the space of possible solutions U as the family of all affine functions
u:l+1— R satisfying the condition u(x) < f(¥) VX € /1, namely,

U={ulXxux=F5)+a, i€, a €R, u(x) < f(x)el}.
We now specify a loss function L as follows:
1(0,u)=—u(T(R)),

where Py is a distribution concentrated at the point 8. Let us show that in this
case, we have

1anL 6;,u)P(6;) — Z[mfl(e,,u)] (6;)=v(P) VPcP(6).

uclU uclU

For each X € S, there exists a unique sequence {A;(X)} such that

Z)Ll()f) =1, 0<L ll()f) <1, le‘(f)e,‘ = X.

i

Taking into account that the functions are affine, for all u € U we have

X) = Z?Li(i)u(e,)

and
inf LL(0-0P(8) = inf), ~u(e)P(8) = fnf )~ H(ule)
= inf —u(x) = —supu(x) = —f(x) = v(P).
uclU ucl
The equality

—supu(x) = —f(¥)

uclU

follows from the fact that a closed convex function can be specified as the supre-
mum of affine functions. Let us choose an arbitrary 8; € ® and consider

uiglf]L(Qi,u) . inf L(O,,u) = inf (—u(e;)) = —supu(e;) = v(e;) = 0.

uclU uel
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Hence, we have

1nf L 0,u)P [inf L(6;,u)]P(6;) = v(P).
uclU ; uEU

Thus, we have a decision scheme for which the function v(-) plays the role
of an uncertainty function. The theorem is proved.



Chapter 8

Reducibility of Experiments in Multistep Decision
Problems

Everything worth saying has already been said. But since no one was listening it is
necessary to repeat it.

André Gide

8.1 Preliminaries

The notion of informativity of experiment (Chapters 6, 7) is useful for the exten-
sion of some stochastic decision problems to random-in-a-broad-sense decision
problems. One such extension that concerns a multistep decision problem is con-
sidered here. A multistep decision problem arises when the decision-maker has
to make sequential decisions in the same situation [14]. If an experiment is in-
cluded in this system, then sequential accumulation of information—decrease of
uncertainty—becomes feasible [18]. Indeed, let n be the number of stages in the
multistep problem. Let the decision-maker before making the (k4 1)th decision,
k=0,1,...,n, perform an experiment (observation).

Since any experiment decreases (more precisely, does not increase) the un-
certainty of the situation,! the sequence of such experiments may be used to
construct the process of decrease of uncertainty. Such a sequential process is
sometimes called an adaptive process. This process describes the adaptation of
the decision-maker to the situation [7].

It turns out that this process depends essentially on the type of experiment,
i.e., on what the decision-maker can observe in the experiment. Indeed, suppose
that the decision-maker is dealing with a parametric situation, is using the ma-
trix model, and before the (k+ 1)th decision can measure directly the value of
the unknown parameter 6. Following the notation introduced in Chapter 7, we
describe such an experiment by means of a random function 11 = (1g)gce that

! We consider only those experiments that possess such a feature.

V.1. Ivanenko, Decision Systems and Nonstochastic Randomness, 193
DOI 10.1007/978-1-4419-5548-7_8, © Springer Science+Business Media, LLC 2010
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takes values in some set W. In this experiment one can observe the value

Wi = n(eaék)a

where & is the random error of observation. In Chapter 2 we called such an
experiment an experiment of the second type, and in analogy to control theory,
we shall call a decision system with such an experiment an open-loop system.

If the parameter 6 in a parametric situation cannot be measured directly or the
decision-maker is dealing with a nonparametric situation, an experiment of the
second type is impossible. In this case one can only measure the consequence
ci of one’s action uy.. We shall describe such experiments by means of a random
function f = (f,)c,ec that takes values in some set Y. In this experiment—we
called it an experiment of the first type—one can observe the value

vk = fcx, &), (8.1)

where & is the random error and

o = 8(6,ur). (8.2)

It is convenient to call a decision system with an experiment of the first type,
following again the terminology of control theory, a closed-loop system.

In both open- and closed-loop systems, observations wy and y; carry some in-
formation about the unknown that is used by the decision-maker to make the de-
cision u 1, and further, to make decisions ug 2, g3, .. .,u, [26]. Butin the case
of closed-loop systems, the observation y; (and information contained therein)
depends on the decision u;. Namely

Yk :f(g(eauk)aék)

So, in spite of the absence of dynamics (memory) in decision situations—in this
book we consider only such situations—there is some influence of decision u; on
all future decisions in the decision system, a sort of information dynamics. There
is no such effect of information dynamics in open-loop systems: observation
wy, does not depend on decision uy. This difference served as the basis for the
following problem [18].

Define v; = (y;,u;), i = 0,1,...,k. Let vF = (v, v_1,...,vo) be the union of
data that the decision-maker has before the (k — 1)th decision, and V* the set of
all possible v*. Further, let the decision u;_ | be chosen by the decision rule

& Vk—uU. (8.3)

The collection (J;,...,0;) — 5ij is called a strategy of the (i, j)-stage decision
problem, and we have §; € A/, where A/ is the set of all admissible strategies.
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If the randomness in a decision system is stochastic, then the multistep deci-
sion problem consists in finding the best, or optimal, strategy 6* = 6,k = C (1 ),
1.e., such that

[i L(0,8; (v } = min E [gL(G,&{(vk))} (8.4)

deAf

This optimization problem is known as the problem of stochastic dynamic pro-
gramming [7]. In principle, this problem can be solved.

It was shown in [18] that there are decision systems with an experiment of
the first type such that the corresponding multistep decision problem is reduced
to a sequence of single-stage problems, i.e.,

min E ) L(6, &.(V ZmlnEL (0, 8:(vF)). (8.5)

Such systems (and/or problems) were called neutral, and the property itself was
called neutrality [18]. It is clear that an open-loop decision system is neutral
because the observation wy here does not depend on the decision u;. However,
it has been shown that there are closed-loop decision systems, i.e., decision sys-
tems with observation of consequences, that are neutral as well [18]. To study
this class of systems is important. It is important not only because an early detec-
tion of neutrality of a decision system permits one to avoid unnecessary difficul-
ties as well as the consequent coarsening of the problem (8.4) (see, for example,
[33]). It is also essential that at the stage of modeling there is always some free-
dom in the choice of situation model, and if it is known that one of the competing
models leads to a neutral system, then that is a strong argument in favor of such
a model.

Unfortunately, the property of neutrality in closed-loop decision systems is
stipulated by too many particulars, or reasons, and in the general case is not
easy to recognize. However, these reasons can be divided into three classes,
depending on the part of the problem to which they belong:

(a) Neutrality stipulated by the structure of the situation and the structure of the
experiment. This sort of neutrality holds for all probabilistic characteristics
of the unknown parameter and experimental errors, and for all criteria of
optimality.

(b) Neutrality stipulated by a specific combination of the structure of the situa-
tion, the structure of the experiment, and their probabilistic characteristics.
This neutrality holds for all criteria of optimality.

(c) Neutrality results from the combination of all components of the decision
system, and does not hold if criteria and probabilistic structure change.

The simplest to detect is neutrality of the class (a), which in [18] was called
the reducibility. The following criterion for reducibility was formulated in [31]
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and was proved in [34] for a wide class of Bayesian control systems. Decision
systems described by equations (8.1) and (8.2) are reducible if and only if there
exist functions @ (yx,ux) and y(6y, &) such that

yr = (8(ur; M), &) & @ (vi, &) = W(0k, &)

for all uy, 6k, &k, V.-

In [34], it was proved that any reducible system is neutral, but the converse is
not true. An example of a neutral but not reducible control system was proposed
there, and one sufficient criterion for neutrality was obtained.

As a result, it became clear that a criterion for reducibility in the case of
Bayesian decision systems defines the class of decision systems possessing the
following characteristic property: regardless of the probabilistic properties of
random values 6 and v, and regardless of the optimality criterion we choose,
the decision system will be neutral (Theorem 8.1).

And in parallel, another fact became clear: the properties of reducibility and
neutrality, as well as the notion of information accumulation rate, are essen-
tially broader than one can observe when considering only Bayesian systems.
This was the idea that generated the development of general notions of deci-
sion system and informativity of experiment. The purpose of this chapter is an
application of the approach developed in previous chapters to the problem that
generated this approach. Now this problem can be solved on a more general
level (Theorem 8.2).

8.2 Reducibility of Bayesian Decision Problems

The study of neutrality and reducibility of a multistep Bayesian decision prob-
lem with experiment is based on our next theorem.

Let us first agree that if we speak about a measurable space X, we mean that X
is a nonempty set and the o-algebra A containing all one-point subsets of the set
X is fixed. And if X and Y are two measurable spaces, then the symbols (X —Y)
and Ay xy denote respectively the families of all measurable functions from X to
Y and the c-algebra Ax QAy.

Theorem 8.1. Let U,Y, A, = be measurable spaces, and we define the functions
FE((AXUXE)—Y)and f(A x{u} X E) € Ay for all u € U. Then in order
that the value

5g(i;I£G)EPL(§’8(f(§7u7X))

not depend on u € U for any measurable space G, any probability space
(2,Aq,P),andanyE € (Q —A), x€(Q —~E),Le ((AxG)—=R), (infL(A x
G) > —o), it is necessary and sufficient that there exist a set Q and functions
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e (YxU)—Q)and y € (A xE) — Q) such that y = f(A,u,§) <
o(y,u) =yA,E) forall A e A,ucU,E € EyeY.

The proof of this theorem relies on two lemmas.

Lemma 8.1. If the set Q and the functions @ and Y exist, then to every u € U
one can associate a measurable space Qu and functions @y € (Y — Qu) and
Yy € ((A X E) — Qu) such that the following conditions are satisfied:

Condition 1 @y is a single-valued mapping of Y in Q.
Condition 2 Qy 2O y(A x E).
Condition 3 yy (A, &) =y(A,&) forall L € A& € &.

Condition 4y = f(A,u,&) <= ou(y) =y (A, &) forall A e A, ucU, €k,
yevy.

Proof. Assume

eu), ife(hu)eP(AXE),
Y, otherwise,

ou:Y = (QUY), ou(y)= {

Ou= (P(Y)

We prove Condition 1. Let @,(y1) = @,(y2) and y; # y2. This means that
either

M @u(y1) = @u(y2) € Y(A X E)

or

) 0.(1) = Qu(y2) & V(A X E).

But in case (1) we have

‘P(llaél):(p(th% q’(l%éZ):(P(ylau): (p(yl,u):(p(yz,u),

that is,

o(y1,u) =¥ (A, &),

and by virtue of the condition of Theorem 8.1,

y1=f(A2,u,&) = y2.

In case (2),

q)u()’l):yl and (PM(YZ):)’z
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by the definition of the function ¢,, so that y; = y;. Thus the mapping @, is

single-valued, and with regard to the definition of Q,,, Condition 1 is proved.
Condition 2 follows from the fact that if ¢ € ¥(A x &) and u € U, then there

exist A € A, & € E such that g = y(4,§). Now taking y € f(A,u,&), we have

(p(y,u) = W(A’Jé) =9

that is, @,(y) = q.

Condition 3 is obvious.

To prove Condition 4, note that ¢ (y,u) = y(
i.e., o(y,u) € y(A x E), and hence ¢,(y) = y(

Conversely, if @,(y) = W,(A.&). then ,(y)
O(.u) = YA E). ieny = f(A,1,E).

Now in order for the functions ¢, and v, to be measurable, it is sufficient
to assume Ag, = ¢,(A,). Indeed, since the mapping ¢, is single-valued, it is
automatically measurable. The mapping v, is measurable on account of

Vu(2,8) = eu(f(A,u,8))

and the measurability of the functions ¢, and f. Lemma 8.1 is proved.

Now define

) = %(7L §)-

A, &) follows fromy = f(A,u, &),
EY(A ), 1 50 9u) =

A=Y —G), W,=(Qu—G), uecl.

Lemma 8.2. If functions ¢ and  exist, then to any u € U one can associate a
single-valued mapping oy, : A — W, a,(A) =W, such that

EpL(S,8(f(S,u %)) = EpL(S, Wu(W(&,2))) (8.6)

for all 6 € A, w, = oy,(8) and any probability state (2,20, P) and random
elements§ € (R - A), x € (2 — E).

Proof. Setw,(q) = 8(¢, '(q)) forall § € A, g € Q,,. Itis clear that the mapping
o : 6 — W, is single-valued. Indeed, from 8; # &, it follows that there exists
y € Y such that 8;(y) # & (¢, '(g)), that is, &, (6 — 1) # 04,(85,).

It is also clear that o, (A) = W,, since setting &' (y) = W'(¢@,(y)) for any func-
tion w € W,,, we have 6’ € A, o, (8) = w'. It remains to note that §(f(A,u,&)) =
o, (Qu(f(A,u,))) = W,(y(A,&)) by definition of the functions ¢, and v, so
equation (8.6) is correct. The lemma is proved.

Proof (of Theorem 8.1). Sufficiency. We first check that
inf E,L(E,w(w(§,2)))

wew,

does not depend on u € U. It is sufficient to check that for any u;,u, € U, w; €
W, there exists w € W,,, such that wp(¢q) = wj(q) forall g € y(A x E). Assume
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that

wa(q) = {WI(Q)’ ifge y(AxZ),

90, if g € Qu, \W(A X E),

where g is an arbitrary fixed element of the set G.
It is necessary to prove that the function wy : Q,, — G is measurable. Let
A €Ag. If gg € A, then

w3 (A) = (Quy \ W(A x &) Uw; ' (4).
If go ¢ A, then w, '(A) = w; '(A), and we must show that
(Qu, \W(A X E)) €4,
To this end it is enough to recall that
Qu\Y(A X E) =Y\ f(A x{u} x E).

The sufficiency is proved.
Necessity. Let Q, @,, v required by Theorem 8.1 not exist. Then one can find

(A0,80), (A1,81) €A XE,  (y1,u1), (y2,u2) €Y XU

such that

y1 = f(Ao,u1,60) = f(A,u1, &),

V2 = f(Ro,u2, &) # f(Ar,u, &) € ys.

Assume

G ={g0,81},A¢ =2°,
L()L, ):{07 if 2'O>g g()orl )leg 81,

1, otherwise.

Introduce now (2,Aq,P), &,, x such that

il

P{S=2,x =5}) =
P{E=A,x=8&1}) =

1
3
2
3
(

Our goal is to produce a measurable function 6* € (Y — G) such that
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EpL(E,8"(f(& .12 20))) < inf E,L(E,8(/(8.11,2)))

Assume

6*()/) _ {gOa lfy:yZ,

g1, otherwise.

We obtain
EpL(E, 8" (F(&,10,)) = 5 LR, () + 2L(h1,5°(13)) = O
EpL(E,8((&,u1,2))) = 3100, 8(00)) + SL(, 8(1))

:{ , i 8() =41,

. if 6(y1) = go-
8.3 Reducibility of a General Decision Problem

WD W —

Theorem 8.1 is proved.

The purpose of this section is an application of the approach developed in Chap-
ters 4 and 5 to the problem that generated this approach so that now this problem
can be solved in a more general form.

Let

() U,X,Y, A, E be arbitrary sets;
2) g1:UXA —X, g :X XxE —Y be arbitrary functions.

Interpreting g and g, as described above, we consider the problem of reducibil-
ity in terms of decision problems.
In our considerations, the “vector”

((A1,641) (A2, 6r42), -, (AN, )

is unknown. Therefore, assuming without loss of generality t = 0, we set
0= (AxEN.

In other words, we shall consider the utilization of information about 68 € ©® re-
ceived at the moment ¢ = 1 for the control along the interval of time ¢ =2, ..., N.

The decision that we have to choose is some ‘“strategy” of control on this
time interval, i.e., a “vector” (uy, 83,084,...,0n), where up € U, 63 € (Y — U),
04 € (Y XY xU)— U, andsoon, i.e., §, is a function that compares some sets
of observations y»,...,y,—1 and sets of control variables uy,...,u,_1 with the
control variable u,. We denote the set of all such “vectors” by D. It is natural to
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consider the properly recalculated control quality functional as the loss function
L:®xD—R.

It remains to assign the information that we have about the behavior of the un-
known parameter 6. Assuming that this parameter is random in a broad sense,
we formulate this information as some statistical regularity P € P(0); see Chap-
ters 4 and 5. As a result, we shall arrive at the decision problem

S=(©,D,L,P).

The experiment that we are going to use for the choice of decision in this deci-
sion problem can be written as

hu 10— Y, hu((lhél)? (lz,éz),. x (ANvéN)) = 82(81 (M,M),éz), uel.

Neutrality of the corresponding decision system, i.e., independence of the infor-
mation accumulation rate on the decision (strictly speaking, for the time being,
only on the first step) will correspond to the equality

INF(h,, /S) = INF(h,,/S), Vuj,uy €U.

As was already noted in [34] and is seen from the present context, this prop-
erty of a decision system can be induced by many causes, so that only the coarser
property—in particular, the reducibility—can have practical significance. It is
natural to introduce the following definition.

Definition 8.1. We shall say that a controlled process defined by equations
X =g1(u,A) and yr=g(x, &) (8.7)
is reducible if
INF(hy, /S) = INF(h,,/S)
for all uj,up € U and S € S(O).
We have the following theorem.

Theorem 8.2. The controlled process (8.7) is reducible if and only if there exist
a set Q and functions

Q:YxXU—Q and Yy:AXxE—Q
such that

y=2g(g1(u1,1),8) = o(y,u) = w(A,8) (8.8)
forallyeY,ueU, AeA, EcE.
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Proof. Necessity. It was noted in Chapter 6 that if the informativities of different
experiments relative to all possible decision problems are equal, then all of these
experiments generate the same classification. So, if the controlled process is
reducible, then there exists a classification # on ® that is generated by all
u € U. Suppose in this case Q = % (0) U & and define the function ¢ by the
formula

ou)=h'(y) (yEYuel).

Obviously, if y = h,(0), then .2 (0) = @(y,u). If, on the contrary, it is known
that

o(y,u) = #(0),
then we have
y= hu(e)

Thus, setting

YiAXE=Q, W(lvg) :%/((2’17&1)7(12762)7"'7(;LN7§N))?

we obtain the required statement.”
Sufficiency. We have to prove that from the existence of O, ¢, and ¥ such
that (8.8) holds, it follows that the equality

Ay = Ky, Yur,uz €U

holds as well. Obviously, this equality can be rewritten in the form

By (8') = hyy (60%) = hyy (8') = hyy (%), VYur,ux €U, 6',6°coO.
Therefore, given arbitrary

6',6>€ 0,0/ = (&), (M. &)),.... A &) (/=1,2),
we set
h = hiyy! = g2(g1 (w1, A7), E9) (i, = {1,2}).
Then we obtain
h(6’) =y,

and so from the equalities

2 Here we have used the fact that h,(6) for all u, along with K(6), does not depend on
(%2,82).(43,83), - (Av,En)) as well.
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n(0") =h (%), oGluw)=wAl)& (i.j=1{1,2})

it follows that

yi=yi=yev.

Thus we have

(p(y1,u1) - W(Alvgl) - W(Azﬂéz)'

However, in such case,

@(y3,2) = @(y3,12) = (v,u1) = Q(y1,u1)

immediately follows from

o(),u2) = (A1, E)  (j=

In other words, simultaneously we have

(P(yé)aln):l//(llvél) and (p()%aln):l//()'l’gl)'

But this means that y} =3, i.e., h2(8') = h2(6?). The theorem is proved.
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Chapter 9
Concluding Remarks

Decision-making under uncertainty accompanies all human activity, and so it is
difficult to locate the beginnings of research in this field. At any rate, the consid-
eration of problems in which nothing was known about the parameter but the set
of its possible values—total uncertainty problems—can be found already in the
work of Johann Bernoulli, Laplace, and Bayes alongside problems in which the
unknown parameter was random with a given distribution. However, the “prin-
ciple of insufficient foundation” (Bayes postulate) suggested therein, which in
the case of total uncertainty recommended the consideration of all values of the
unknown parameter as equiprobable, eventually proved to be logically inconsis-
tent, and in 1854 it was subjected to serious criticism by J. Bull [29]. Attempts to
save this principle by a formalization of conditions under which it does not lead
to contradictions (see, for example, [10]) were undertaken later, but the over-
whelming majority of researchers preferred to eschew the principle entirely, and
as a result, quite a number of approaches to problems with uncertainty appeared.

Among contemporary directions, the one based on the “principle of guar-
anteed result” has the largest number of adherents. One of the bases of this
principle is the idea that if in the structure of the “operating entity” one can
distinguish between a “decision-making person” (DMP) and an “operations re-
searcher” (OR), then it is quite natural to assume that only the DMP has the right
to take risks. Hence, getting from the OR the decision problem (in our terminol-
ogy O, U, L, and “the information about @), the DMP ought to focus on the
worst “opponent’s response’” under the given conditions, for otherwise he could
well arbitrarily substitute the information about ® provided to him by the OR,
and thereby expose the whole “operating entity” to the dangers of risk. In the
simplest case, when nothing is known about ®, the principle of guaranteed re-
sult leads to the well-known minimax (maximin) criterion. This case is the one
most studied at the present time (see, for example, [48, 52, 63]).

There is a more flexible construction in which two uncontrolled parameters
of a different nature are considered: the first behaves in a random manner with
a given distribution, and about the second we know only the set of its possible
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values. The criterion of the average loss minimization, appearing naturally in
this situation, has been studied in a large number of works (see, for example,
[70, 79]). The question of the universality of such a presentation of information
about the unknown parameter has been studied in [37, 38, 56].

Another approach, now in active development, is based on the desire to obtain
the missing a priori distribution from some line of reasoning and then to use
Bayesian methods. Two branches of this approach should be noted: on the one
hand, the work of a subjectivist school in probability theory [73, 28, 30], and on
the other hand, the work of a fiducial school in statistics; see [45] and references
therein.

There exists one more approach, which in some sense is opposite to the first.
Its supporters do not divide the “operating party” strictly into MDP and OR.
In this approach, the analysis and ordering of the “information situations” actu-
ally encountered, as well as of the criteria used in them, is conducted in order
to provide the operating party with the possibility of choice of criterion in ev-
ery concrete situation. The authors of [80, 79] and many others adhere to this
direction.

The simultaneous development of such different approaches to decision-
making problems under uncertainty suggests that each of them has a certain
range of application. The so-called axiomatic approach to optimality principles
[3, 64, 65, 82] is dedicated to attempts to depict the contours of these ranges.
This approach consists not in a formulation of some definite optimality princi-
ple but rather in the specification of the set of conditions to which the unknown
principle should be subordinated. It turns out that in some cases, the quite re-
stricted set of natural requirements of “reasonability” leads to a unique optimal-
ity principle satisfying these requirements, or to a rather narrow class of such
principles. The theorems of expected and nonexpected utilities are now the best-
known examples of this approach [59].

Different versions of a formal description of the problem that is often called
the “game against nature” establish an important direction of the axiomatic ap-
proach. We note here that researchers began to study this kind of uncertainty ear-
lier than all other kinds. The formulation of the “principle of insufficient foun-
dation” already implied that the value of the unknown parameter “is chosen” by
nature, but not by a conscious adversary; otherwise, it would be unlikely that
its behavior could be described by a uniform distribution. In this sense, one can
consider the problems of mathematical statistics as the “game against nature”
[8]. As a matter of fact, before the emergence of game theory, mathematics did
not consider problems of competing against a conscious opponent, though there
were attempts at a mathematical description of social phenomena, and hence the
absence of such an opponent did not need to be mentioned. At the present time,
the successes achieved by game theory have led to an increased effort to apply
its results to the “game against nature.” A large body of work (see, for example,
[3, 12, 30, 58, 82]), essentially of the axiomatic direction, is dedicated to this
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endeavor. These works do not answer the question about the behavior of nature,
but rather are attempts to describe the set of conditions that a reasonable choice
of decision under such conditions has to satisfy.

An alternative approach was proposed in [22]. There it was pointed out that
“excessive reinsurance,” which usually is linked to the application of the princi-
ple of guaranteed result in the “games against nature,” does not follow from this
principle itself, and appears only out of one’s inability to take into account all
available information. From this point of view, the problem is to provide formal
restrictions on the set of possible “movements” of nature, reflecting its “indiffer-
ence.” The first attempts in this direction were made, as far as we know, in [36],
and later this approach was developed in [54, 56].

The search for a description of “mass” but nonstohastic phenomena began as
well not long ago (see [36, 37, 39, 54]). Although it was well known [47] that the
concept of randomness used in everyday life is essentially wider than the con-
cept of stochasticity used in probability theory, the efforts of researchers in this
field were, beginning with [30], concentrated on finding conditions that would
guarantee stochasticity of the considered phenomena (see [89] and references
therein).

As distinct from what has been said about decision-making problems under
uncertainty, interest in the problem of measuring the informativity of an experi-
ment (in other terminology, the information quantity, the information precision,
or the value or price of information contained in an experiment) appeared com-
paratively recently. As is well known, mathematical information theory origi-
nated in the classical work of C. Shannon, completed after Second World War.
Considerable success achieved by this theory in the postwar decades nurtured
the hope that a universal method of measurement of the information quantity
contained in any report or any message had been discovered. The problems of
fields such as mathematical statistics, control theory, physics, and biology were
studied from the point of view of information theory (see [50, 49, 9, 28, 57] and
also the references in [85]).

However, at the beginning of the 1960s it was noted that in the majority of ap-
plications, only two properties of Shannon’s entropy—its nonnegativity and con-
cavity on the set of probability distributions—were used. Therefore, M. DeGroot
proposed to call any function or distribution possessing these two properties an
uncertainty function and to consider the average decrease of uncertainty in the
result of experiment as the “information quantity contained in the experiment”
[14]. This was the beginning of a new branch of information theory that was
actively developed in the following years; see, for example, [77, 27, 1, 16, 57].
A large variety of uncertainty functions, natural in one or another situation, was
studied, and there was considerable work on the classification of information
situations and appropriate uncertainty functions [79].

Yet the question of the extent of arbitrariness in the choice of the uncertainty
function for every concrete information situation remained open. At approxi-
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mately the same time, some studies of the rate of accumulation of information
in adaptive control systems were done in the field of automatic control theory
[18, 31]. The specificity of the considered problem consisted in the fact that the
question of information measurement was essentially secondary. In any event,
the decision about the choice of control was dictated by the wish to decrease
average losses irrespective of the information measurement method. If, for ex-
ample, for some fixed information measurement method we had greater losses
when using a more informative experiment, we would rather have refrained from
the information-measurement method, but we would entertain no doubt about
the wish to decrease average losses. From this point of view, the requirements
of a “reasonability” of the information measure became more rigid, and this
allowed one to obtain [35, 56] theorems of existence and uniqueness of the per-
missible uncertainty functions in Bayesian systems. Thus the informativity of
stochastic experiment turned out to depend on the Bayesian system and to coin-
cide to within the scale factor with the previously studied “value of information”
[62, 77, 27]. A similar expression for the more general case of decision system
was studied in [56, 40].

In conclusion, we remark that the title of this book contains two terms—
“decision system” and ‘“nonstochastic randomness”’—that have been rarely if
ever used in the previous literature. However, the first of these terms denotes,
for the purpose of brevity, a well-known notion. Indeed, the axiomatics that
defines the criterion choice rule, while being a certain model of the decision-
maker, at the same time always contains, completely or partially, the model of
the decision-making situation. But it is precisely this pair that constitutes what is
called a decision system. The second term—nonstochastic randomness—is used
in order to denote so-called statistically unstable random phenomena. This type
of behavior of the cause—effect mechanism of a decision-making situation fills
the interval between statistically stable behavior and behavior about which the
decision-maker knows absolutely nothing. The question of existence of regular-
ities of nonstochastic randomness was formulated in [47]. In [39] the theorem
of existence of so-called statistical regularities of nonstochastic randomness was
proven. This makes the construction of such regularities possible and useful in
describing real situations of decision-making.



Appendix A
Mathematical Supplement

A.1 Elements of the Theory of Binary Relations
A.1.1 Basic Operations on Sets

Let us recall the definitions of some operations that are often performed on sets,
and define the sets resulting from these operations. The union (or sum) of two
sets A and B is the set

Al B

consisting of all elements that belong to at least one of the sets A and B.

The union of any number of sets is defined analogously: if we are given an
arbitrary indexed family of sets, that is, a collection of sets A in which the index
a runs through an arbitrary set (the index set), the union of the sets A is denoted

by
UAe.
o

By definition, this union consists of all elements that belong to at least one of the
sets Ay. In addition, we agree that if the domain of the index « is not indicated,
then the union extends over all the values that & may take in the given problem.
The same refers to the operation of intersection.

The intersection of two sets A and B is the set

A(\B

that consists of all elements belonging to both A and B. Analogously, the inter-
section of an arbitrary (finite or infinite) number of sets Ay, is the set

NAq
a
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of all elements that belong to all of the sets Ag,.
The difference of the sets A and B is the set

A\B

consisting of those elements in A that are not contained in B. It is not assumed
here that B C A. If B C A, then the set A \ B is called the complement of the set
B. Tt is clear that the complement to the set A \ B is the set B itself.

The following relations can be easily verified:

(D
A\B=A\(A[)B).

(2) If B C A (and only in this case)
(A\B)| JB=A.
(3) For any family of sets A, the equation

(LO(JAa> NB=U (Aoc ﬂB) (A.1)

o

(the distributive law) holds. In other words, the operation of intersection
distributes over union.

(4)
(QAa) =M, (Aa UB) : (A.2)

This is another form of the distributive law.

&)
a\B)Nc=(aNc)\(BNcC).
(6) If A =J,Aq and B is an arbitrary set, then
A\B= Ua (Aa \B).

(7) If the sets By, are subsets of the set A, and Cy, is their complement, that is,
Coq = A\ Bq, then

A\|JBoa=(\Ca and A\[)Bo=|]JCa. (A3)

Two sets A and B are called disjoint (or nonintersecting) if their intersection is
empty: A(\B = . If some system of sets Ay is given and any two index sets
belonging to this system and having different indices are disjoint, that is,
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Ag [NAg, =2 foroy # 0y,

then the sets A, are said to be pairwise disjoint (or simply disjoint).
It can be easily verified that the following auxiliary relations are correct:

(i) If the sets A; (i = 1,2,...) form a decreasing sequence, that is,

A1 DA D DA D+,
and if

then

A=A U\ 4 = U Aver).
i=1

It is obvious that the sets A; \ A;; are disjoint.
(i1) If A; are disjoint sets and

then

Moreover, it is obvious that the sets B,, form a decreasing sequence
(iii) If

then

i—1
A=A A\ AUAs\ (A a1 Uia\ U AU
j=1
o i—1
~ Ui\ Uay (Ad)
i=1 j=1
(if i = 1 itis natural to put '} A; = @). Itis clear that the sets A; \ '} A;
are disjoint.

The formula (A.4) becomes simpler if the sets A; form an increasing sequence,
that is,
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AlCAyC---CA; C---.
Then
i—1
=Ai
j=1
and formula (A.4) turns into

A=A Ja\An---U@anNainy-- (A.5)

A.1.2 Topological Spaces

Let E be a nonempty set the elements of which are called points.

Definition A.1. The system S*(x) of the subsets S(x) of the set E is called a
system of neighborhoods, and its elements S(x) are called the neighborhoods of
the point x if the following conditions are satisfied:

Condition 1 Any neighborhood of the point x contains this point, that, is x €
S(x).

Condition 2 The intersection of any two neighborhoods of the point x is a neigh-
borhood of the point x.

Condition 3 Any set that contains a neighborhood of the point x is a neighbor-
hood of the point x.

Condition 4 Any neighborhood of the point x contains a set that is a neighbor-
hood of each of its points as well as of the point x.

Definition A.2. A point x is called an inner point of X if X is a neighborhood of
x. If every neighborhood of x contains at least one point from X, then x is called
a point of tangency of X. The set of all inner points of X is called the interior
and is denoted by Int(X). The set of all tangency points of X is called the closure
and is denoted by CI(X). The set Fr(X) = CI(X) \ Int(X) is called the boundary
(or frontier) of X.

Definition A.3. The set X = CI(X) is said to be closed. A set that is a neigh-
borhood of every point (X = Int(X)) is said to be open. The system of all open
subsets of the set E is called a ropology of E and is denoted by 7'(E). The set
E along with the topology (an ordered pair (E,T(E))) is called a topological
space.

Theorem A.1. The union of any number of open sets is an open set. The inter-
section of a finite number of open sets is an open set. The space E and the empty
set J are open.
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Theorem A.2. The set X is closed if and only if its complement is open. The
empty set & and the set E are open and closed simultaneously.

We have the following relations:

Cl(XUY =CI(x)|Jcuy),

= Int(2) = Cl(2),
Int( XﬂY) = Int(X) () Int(Y),
=Int(E) = CI(E),
Int(Int( )) = Int(X )CXCCI( ) Cl(Cl(X)),
Fr(X) = CI(X) \ Int(X X)(ClC(X)

= CI(Int(X UInt (CI( )))

On a given set E one can define different systems of open sets, thus defining
different topological spaces. A topology T (E) is said to be stronger than T>(E)
if T1(E) D Th(E). The discrete topology T*(E) = expE is the strongest, while
the topology Ty(E) = (E, @) is the weakest.

Let Ey € E, and let T(E;) = (E1 (X : | € L) be the intersection of E; with
all open sets from E. The ordered pair (E;,T(E;)) can be considered as a topo-
logical space. If S7. ;) (x) is a system of neighborhoods of the point x in the

topological space (E, T (E)), then the system of neighborhoods S;( El)(x) of the
same point in the space (E1,T(E))) is determined as the intersection of the el-
ement from S*T(E) (x) with the set Ej. In this case the topology T'(E}) is called
the trace of the topology T'(E) on Ej, and S;(El)(x) is called the trace of the
neighborhoods of x on Ej.

Definition A.4. A topological space (E1,T(E})), where T (E) ) is the trace of the
topology of the space (E,T(E)) on E}, is called a subspace of E.

If it is necessary to indicate in which topology the sets are considered; the
notation Clr (X), Intr (X), d Frr(X), etc. is used.

Theorem A.3. The topology T is stronger than the topology T, if and only if
every neighborhood of an arbitrary point x € E in the topology T> is a neighbor-
hood of that point in the topology T.

Definition A.5. A system G* of open sets of the topological space (E,T) is
called a basis of this space if every open set from 7 can be represented as a
union of the sets from G*.

Definition A.6. The set X is called dense in the set Y if CI(X) D Y. If the set X
is dense in E, then it is called everywhere dense. A closed set is called nowhere
dense in E if its complement is everywhere dense. A topological space is called
separable if it has a countable everywhere dense subset.



214 A Mathematical Supplement

Definition A.7. If every pair of distinct points of the topological space (E,T)
have neighborhoods that do not intersect, then the space is called a Hausdorff
space. A Hausdorff space in which any two disjoint closed sets have disjoint
neighborhoods is called normal.

Definition A.8. The topological product of two spaces (E1,T;) and (E»,T3) is
the space (E,T) such that E = E; X E, and the topology T (E) consists of all
possible unions of the direct products of the open spaces from E; and Ej.

A.1.3 Binary Relations

Let M be an arbitrary set. Consider the set of all pairs (x,y), where x and y are
both elements of M. We shall consider such pairs to be ordered, that is, we shall
distinguish the pair (x,y) from the pair (y,x). The set of such ordered pairs is
called the Cartesian product M x M.

A binary relation on M is a subset A of the set M x M. If the pair (x,y) belongs
to A, we write xAy, which can be read as “x is in the relation A with y.” We shall
call expression xAy itself a relation.

More formally, a binary relation is an ordered pair (A, M), where A C M x M.
We shall call the set M the domain of definition of the binary relation, and the
set A of the pairs the graph of the relation.

We now define a binary relation on a finite set using matrices. If we enumerate
the elements of the set M = {x;, i = 1,2,3,...,n}, then the square matrix with
the elements

aij = {l, fo,AxJ %s true, (A6)
0, if x;Ax; is false,

defines the graph of the relation A.

There is another important way to define binary relations on finite sets. We
can represent the elements of the set M as the points in a plane. If the binary
relation x;Ax; is true, we join the elements x; and x; by an arrow. If x;Ax; is true,
then we plot a loop connecting the point x; to itself. In other words, we define
our binary relation as an oriented graph.

If the relation A on the set M is such that for any x € M there is only one
element y € M for which xAy is true, then this relation is called a function or
a mapping or a single-valued mapping. The element y € M that corresponds to
the element x € M is called the value of the function A on the element x. This
dependence between x and y is denoted by

y=A(x).
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Often we need to consider a more general case of a binary relation between
the elements of two different sets M and L. Such a relation is a subset of the set
M x L. Formally, this relation is defined as a triple (A,M,L), where A C M x L.

In this case we shall again call the relation A a function if for every x € M
there is only one element y € L for which xAy is true. We shall denote such a
function by A : M — L; here M is called the domain of definition of the function
A, while L is its domain of values. The mapping A : M — L is also called a
mapping of the set M into the set L. The element of the set L that corresponds to
the element x € M is denoted by A(x) and is called the image of the element x.
The element x itself is called the preimage of the element A(x).

A mapping A : M — L is called surjective if every element y € L has a preim-
age. In this case one also says that M is mapped onto L.

The mapping A : M — L is called injective if for every element y € L there is
no more than one preimage.

If the mapping A : M — L is surjective and injective simultaneously, it is called
bijective. If there is a bijective mapping A : M — L for sets M and L, then they
are called equivalent (of equal strength).

It is useful to introduce the following notions.

Let A: M — L and let M| be a subset of M. The set A(x) of images of all
X € M is called the image of the set M (it is denoted by A(M;). In particular,
A(M) is the image of the whole of M. It is easy to see that A : M — A(M) is a
surjective mapping.

Similarly, if L; C L, then the union of the preimages of all elements from L
is called the complete preimage of the set L; and is denoted by A~ (L;).

Let us define now the identity mapping of the set M:

CgaMIM*)M.

LetA: M — L. The mapping B : L — M is called the inverse to A if AB = &y
and BA = &7 (where here the product of mappings denotes their composition or
their consecutive application from right to left), that is, if the mapping A transfers
any image A(x) in x and the mapping B transfers any image B(y) in y. We shall
write in this case

B=A"".

It is easy to check that the inverse mapping exists if and only if the mapping
itself is bijective.

Sometimes it is convenient to consider the functions A : M — L that are de-
fined not on the whole of M but only on a subset M|, which then is called the
domain of definition of the function. Then it is useful to complete the set L to
the set Ly = L{J{#}, adding to L the element {#} previously not belonging to
L. The element {#} plays the role of an empty element. In this case we say (by
definition) that the mapping A : M — L4 gives a correspondence between any ele-
ment from M \ M| and the empty element {#}. Often it is convenient to suppose
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that every set contains an empty element. Then we do not have to distinguish
between L and L.

For an arbitrary relation (A,M,L), the elements y such that xAy are said to
correspond or be associated with the element x. In these cases, we shall call
the relation (A, M, L), which acquires, so to speak, a functional character, a cor-
respondence. Thus a correspondence is a many-valued function (many-valued
mapping). The notation ¥ : M — L for an arbitrary relation ¥ = (A, M, L) shall
imply that we consider the relation ¥ to be a correspondence.

We could, however, consider, instead of the correspondence ¥ : M — L, the
function A : M — 2 that associates to any element x € M the set L, C L of all
y for which (x,y) € A (in particular, L, can be the empty set). Nevertheless, the
language of correspondences (of many-valued mappings) is often more practi-
cal.

As in the case of “single-valued” functions, one can introduce the notions
of a correspondence that is everywhere defined (for any x € M the set L, is
nonempty), of an injective correspondence (L, N L, = & for any x # y), and of a
surjective correspondence (for any y € L there exists an x € M for which y € L,).

A.1.4 Operations on Binary Relations

Starting from the operations on sets, we can define operations on relations. In
this section we shall assume that all relations are defined on the same set M.

Let us take two relations A and B. Each of them corresponds to a certain
number of pairs (subsets A C M x M and BC M x M).

The intersection of two relations A and B is the relation AN B defined by the
intersection of the corresponding sets. It is clear that the relation xA N By holds
if and only if two relations xAy and xBy are true simultaneously.

The union of two relations A and B is the relation A U B defined by the union
of the corresponding sets. It is clear that the relation xA U By is true if and only
if at least one of the two relations xAy and xBy is true.

The negation of the relation A is the relation A defined by the complement of
the set A in M x M, that is, A = (M x M) \ A. The notation xAy (it is not true
that x and y are in the relation A) means that (x,y) ¢ R, which is equivalent to
(x,y) € (M x M)\ A.

It is clear that for any pair (x,y) from the complete relation U (U : M x M) only
one relation takes place, either xAy or xAy, but not both of them simultaneously.

For relations we can define a notion of an inclusion. We shall write A C B if
the set of pairs for which A is true is included in the set of pairs for which B is
true. As a result, we shall write A C B if the set A of pairs is a subset of the set
B, where A # B.
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It is important to note the following property of an inclusion: if A C B, then
xAy implies that xBy. And conversely, if xAy implies xBy, then A C B.

This implies that for any relation A, we have @ C A C U, where & is the
empty relation and U = M x M the complete relation.

Now let us introduce some operations that are not immediately reduced to
those with sets. The simplest one is the transition to the inverse relation. If A is
a relation on the set M, then the inverse relation A~! is defined by xA~'y = yAx.

An important role is played by the operation of the product of two relations,
denoted by AB. This operation is defined as follows: to say that xABy is true
means that there is z € M such that xAz and zBy are true.

We define another important operation called the transitive closure of the re-
lation A and denoted by A. This operation is defined as follows. The relation
xAy is true if there is a chain of elements zo,z1,...,2x = y from M such that
20A21,21A22, - . ;Zn—1AZn.

It is easy to show that

A=AJAarJAJ---Ja (A7)

Since the operations of intersection and union of relations came from their
analogues defined on sets, their properties are exactly the same.
Let us recall some algebraic properties of other operations.

(1)
A =4 (A.8)

(2) the diagonal relation E(xEy < x = y) plays the role of the identity:
AE = EA = A; (A.9)

(3)
AT = DA = O; (A.10)

(4) there is an associative law for the product of relations:
(AB)C =A(BC);

()
(AB)"' =B7la71;

(6) If the relation A is surjective, then
AT'ADE;

(7) there is a distributive law of multiplication with respect to union:

(Al JB)C = (AC)| J(BC);
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(8) there is a distributive law of multiplication with respect to intersection:

(A(\B)C < (AC)| J(BC);

©)
AaUs)'=a"'ys "

A '=a"NB-1;
(11) if A C Bthen A C B;
(12) if ACBthenA~! C B 1;
(13) if A C B then AC C BC and CA C CB;
(14) A =A.

(10)

Let us define some operations using the basic operations.
(1) symmetrizable product:
AQB=AB|_JBA;

(2) transitive closure of a union:

Al JB=AlJB;
(3) transitive closure of the symmetrizable product:
A8B=A0B.

From this definition it follows that these three operations are commutative.
Note that the associative law for the symmetrizable product does not have to
hold for the general case.

A.1.5 Properties of Relations
Definition A.9. A relation A is called reflexive if E C U. In other words, a re-
flexive relation between an object and itself is always true: xAx.

Definition A.10. A relation A is called antireflexive if xAy implies x # y, that is,
in algebraic notation, AN E = &. In other words, A C#, that is, a relation A can
be true only for distinct objects.

Theorem A.4. A relation A is antireflexive if and only if xAx for any x € M.

Definition A.11. A relation A is called symmetric if A C A~ in other words, if
xAy implies yAx.
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Theorem A.5. A relation A is symmetric if and only if A = A~

The proof follows immediately from the monotonicity of the operation of
inversion.

Definition A.12. A relation A is called asymmetric if ANA~! = @. This means
that xAy or yAx is false.

Theorem A.6. If a relation A is asymmetric, then it is antireflexive.

Definition A.13. A relation A is called antisymmetric if ANA~! C E. This
means that both xAy and yAx are simultaneously true if and only if x = y.

Definition A.14. A relation A is called transitive if A2 C A.

From this we conclude that if xAz and zAy are true, then xAy is also true. By
induction, we can conclude that if xAz; and z;Azp, ...,
Zn—1Ay are true, then xAy.

Remark A.1. It is easy to show that if a reflexive relation A is transitive, then
A% =A.

Theorem A.7. If a relation A is transitive, then A = A, and conversely, if A = A
then A is transitive.

Theorem A.8. For any relation A, its transitive closure A is equal to the inter-
section NB of all transitive relations B that include A.

Remark A.2. If a relation (A, M) is a contraction of the relation (A}, M, ), it auto-
matically possesses all the properties of the given relation.

Theorem A.9. If relations A and B are reflexive, then the following relations are
reflexive too:
Al JB, A(B, A7', AB, A

Theorem A.10. If relations A and B are antireflexive, then the following rela-
tions are antireflexive too:

Al JB, A(b, AL

Theorem A.11. The product AB of two antireflexive relations is antireflexive if
and only if ANB~! = 2.

Theorem A.12. [f relations A and B are symmetric, then the following relations
are symmetric t0o:
AlJB, A(B, A"

Theorem A.13. The product AB of two symmetric relations A and B is symmet-
ric if and only if A and B commute, that is, AB = BA.



220 A Mathematical Supplement

Corollary A.1. The transitive closure A of a symmetric relation A is a symmetric
relation.

Theorem A.14. (1) If relation A is asymmetric, its intersection AN B with an
arbitrary relation B is asymmetric.
(2) If relation A is a symmetric, then the relation A~" is a symmetric too.

Theorem A.15. The union AU B of asymmetric relations A and B is asymmetric
ifand only if ANB™! = @.

Theorem A.16. If relations A and B are antisymmetric, then the following rela-
tions are antisymmetric t0o:

ANB, A"

Theorem A.17. The union AU B of two antisymmetric relations A and B is anti-
symmetric if and only if ANB~! C E is true.

Theorem A.18. If relations A and B are transitive, then the following relations

are transitive also:
ANB, A7', A

Theorem A.19. An antireflexive and transitive relation is asymmetric.

Definition A.15. A relation A is called negatively reflexive if a relation A is tran-
sitive, that is, in algebraic notation, AZ CA.

Theorem A.20. A relation A is negatively transitive if and only if for all x,y,z €
M, the relation xAy implies xAz or zAy.

Theorem A.21. A symmetric and negatively transitive relation is transitive.

For convenience, we introduce the following notation:
A=A, A=A\AaTh
It is clear that A’ = A\ A°,

Definition A.16. A relation A is called coherent if AUA—1 = M x M. This means
that for all x,y € M, either xAy or yAx is true.

Definition A.17. A relation A is called weakly coherent if AUA'UE =M x M.
This means that for all x,y € M, x # y, either xAy or yAx is true.

We consider now some types of relations.
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A.1.6 Equivalence Relations

Definition A.18. A relation A on set M is called an equivalence relation if it is
reflexive, symmetric, and transitive.

Definition A.19. The set of the elements equivalent to x is called the equivalence
class of the element x and is denoted by M,.

Definition A.20. A disjoint system of nonempty subsets {My, o € A} is called
a partition (or a subdivision) of the set M if M = |Jycq My. The sets My them-
selves are called classes of the given partition.

Theorem A.22. Any relation A on the set M partitions (divides) the set M on
equivalence classes, that is,

(1
U M =m;
xeM
2)
My # My = My[ My = 2.

Conversely, for any partition {M; : i € I} of the set M, the binary relation A
defined as “belongs to the same class,” that is,
XAy < (x,y) €M;, i€l
is an equivalence relation.

Definition A.21. The set of all equivalence classes of the set M with respect to
the binary relation A is called a factor set of the set M with respect to the relation
A and is denoted by M /A.

Definition A.22. The set M, is called a set of representatives of the factor set
M /A if it possesses the following properties:

(1) M C M; ]
(2) x,y € My = xAy;
(3) Urem, =M.

Theorem A.23. Any equivalence relation A on the set M can be represented
algebraically as
A= (M3)"'M,

where M} is a simpler relation on the set M:



222 A Mathematical Supplement

Theorem A.24. Let M be a finite set and A an equivalence relation on M. Then
there exist n and m such that to any x € M one can associate an ordered collec-
tion of n+ m binary indicators (ones and zeros):

x = (81,80, &ns Snt 1oy Sntm)
y— (77177727---ann§77n+17-~-»77n+m>a

etc., in such a way that

(1) distinct ordered collections correspond to different elements;
(2) xAy is true if and only if the first n indicators of these elements coincide:

Si=n,%=m,...,8 =N
This theorem shows that any equivalence relation (on a finite set) can be rep-
resented as a coincidence of a certain collection of some indicators.

Definition A.23. A direct sum of relations (A,M;) and (Ay,M,) is a relation
(A1 UA2, M1 UM>) denoted by (A1, M) D (A2, Mp).

Theorem A.25. If M\ "M, = & and relations A| and A, are equivalence rela-
tions, then their direct sum (A,M) = (A1,M}) ® (A2, M) is also an equivalence
relation.

Theorem A.26. If relations A and B are equivalence relations, then relation AN
B is an equivalence relation also.

Definition A.24. Relations A and B are called coherent if the set M can be rep-
resented as a union of disjoint subsets M and M, (one of which can be empty)
such that

(A,M) = (A1, M) ® (A2, My),
<B’M> = <B1,M1> 2] <327M2>7

and
A1 C By, By CA.
Let us formulate as theorems some properties of the simplest operations on

equivalence relations.

Theorem A.27. The union AU B of the equivalence relations A and B is an
equivalence relation if and only if relations A and B are coherent.

Theorem A.28. The union AUB of two equivalence relations is an equivalence
relation if and only if AB=AUB.

Theorem A.29. In order that the product AB of equivalence relations A and B
be an equivalence relation, it is necessary and sufficient that A and B commute,
that is AB = BA.
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Theorem A.30. If relations A and B are equivalence relations, then relations
ANB and ASB are equivalence relations also.

It turns out that the operation AUB (it is sometimes called the union of equiva-
lence relations) is associative.

Theorem A.31. For any transitive relations A,B and C, the following associa-

tive law is true: R N N A
AU Jc =alJm,l o).

Theorem A.32. If A and B are equivalence relations, then
A JB = AsB.

Theorem A.33. If A and B commute, then
AB = A|B.

These results can be interpreted algebraically. The set .# of all relations on
M possesses the structure of a monoid (semigroup with unit) with respect to the
operation of the product of relations. Let the set .#5 C .# consist of equiva-
lence relations. Any subset of the set .#5 closed with respect to the operation
of product AB is a commutative monoid (A.29). Since for a set M that includes
at least three elements there exist noncommutative equivalence relations, the set
M5 itself does not form a monoid with respect to the product of relations. How-
ever, .#/ possesses the structure of a commutative monoid with respect to the
operation ANB (A.31) or A5B (A.32).The operation ANB on submonoids from
M~ of the monoid .# (with respect to AB) coincides with the operation of the
product AB (A.33).

A.1.7 Strict Order Relations

Definition A.25. A relation A on the set M is called a strict (partial) order rela-
tion if it is antireflexive and transitive.

Sometimes, if it does not lead to misunderstanding, a strict partial order is
called simply a strict order.

Theorem A.34. If a relation A is a strict order relation, it is asymmetric.

The set M along with the strict order relation A on M, that is, the pair (M,A),
is called an ordered set.

Definition A.26. A strict order relation A is called a perfect strict order if A is
weakly coherent (connected).
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Definition A.27. The element x € M is called the smallest element in an ordered
set (M,A) if for any y € M, x # y, the relation xAy is true.

We now describe the structure of finite sets with a perfect strict order on them.

Theorem A.35. If on a finite (nonempty) set M there is a perfect strict order <,
then the smallest element in the ordered set (M, <) is unique.

We observe that if there is a perfect strict order on M, then on any nonempty
subset Q of the set M the perfect strict order emerges naturally, and thus on the
basis of Theorem A.35, if Q is finite, the smallest element on Q is unique.

Theorem A.36. Let a perfect strict order relation < be given on a set M. Then
one can choose an enumeration M = {x1,x2,...,x,} such that the relation x; <
x;j is true if and only if i < j.

This theorem implies that any perfect strict order on a finite set M is equiva-
lent to the order on a certain segment of the natural numbers.

If the order on the set M is not perfect, then obviously, one cannot enumerate
the elements of this set in such a way that the largest numbers correspond to the
largest elements.

Definition A.28. The element x € M is called minimal (maximal) in the ordered
set (M, <) if there is no element y such that y < x (x < y).

We remark that in the case of a perfect strict order, the minimal element co-
incides with the smallest one. In the general case, the smallest element is the
minimal element, but not necessarily conversely.

Definition A.29. The elements x and y are called comparable in a given ordered
set (M,<)ifx<yorx=yory=<ux.

Definition A.30. A subset Q C M is called the maximal perfect subset in the
ordered set (M, <) if:

(1) the relation < establishes on Q a perfect strict order;
(2) on any subset P of the set M such that P C Q, the relation < is not a perfect
strict order.

Theorem A.37. Let (M, <) be an ordered set. For any element y € M, there is a
maximal perfect subset Q of the set M that includes y.

Suppose now that on the set M we have a strict order relation < and a certain
topology.

Definition A.31. The element x € M is called the upper (lower) boundary of the
set Q C M if for any element y € Q either x < y or x =y is true (either y < x or
y = x is true).
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Definition A.32. The order < is called continuous with respect to a given topol-
ogy if any lower (upper) boundary of an arbitrary Q C M is the upper (lower)
boundary of its closure Q (in the given topology).

It would probably be more natural to define the continuity of an order relation
by means of the condition that the union of the graph and the diagonal be closed
on M x M. It is easy to show that this definition implies the previous one.

Theorem A.38. If an order is continuous, then the set R, of all elements y € M
such that either y < x or x =y is closed.

Theorem A.39. If an order is continuous, then any maximal perfect set Q is
closed.

Theorem A.40. Let M be a compact topological space and < a continuous or-
der on it. Then for any element y € M there exists a minimal element xy such
that either xo <y or xo = y.

Theorem A.41. Let M be a topological space and < a continuous order on it.
Then if the set R, of all elements y € M such that either x <y or x =y is compact,
then for any y € M there exists a minimal element xy such that either xy <y or

X0 =Y.

A.1.8 Nonstrict Order Relations

Definition A.33. A relation A on the set M is called a nonstrict order relation if
it can be represented as
A=A|UE,

where A is a strict order on M and E is a diagonal relation.

Theorem A.42. A relation A is a nonstrict order if and only if it is reflexive,
antisymmetric, and transitive.

Definition A.34. A nonstrict order A is called perfect if A is connected. A perfect
nonstrict order is called a linear order, while an imperfect nonstrict order is
called a partial order.

Theorem A.43. If A is a linear order, then Ay = A\ E is a perfect strict order.
Conversely, if Ay is a perfect strict order, then A = Ay NE is a linear order.

Definition A.35. A relation A on a set M is called a quasiorder (or preorder)
relation if it is reflexive and transitive.
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Obviously, a preorder (quasiorder) is a generalization of an equivalence re-
lation, and simultaneously a generalization of a nonstrict order: a symmetric
quasiorder is an equivalence relation, and a symmetric quasiorder is a nonstrict
order.

Theorem A.44. If a relation A is an equivalence relation and a nonstrict order
relation simultaneously, then it is the relation of equality.

Theorem A.45. If A is a quasiorder, then the relation B=ANA~" is an equiva-
lence relation.

Let A be a quasiorder on a set M. Denote by .# the collection of equivalence
classes with respect to the relation B =ANA~!. We say that two classes X and ¥
from ./ are in relation A* if one can find in both classes representatives x € X,
y € Y such that xAy is true. We say in this case that the relation A* is induced by
the quasiorder A.

Theorem A.46. The relation A* on the set of equivalence classes # induced by
the quasiorder A is a nonstrict order.

So if there is a quasiorder on M, one can construct a nonstrict order by means
of “gluing” different objects from M.

We now state as theorems the simplest properties of operations on order rela-
tions.

Theorem A.47. If the relation A is a strict order (nonstrict order, quasiorder),
then the relation A~! is a strict order (nonstrict order, quasiorder).

Theorem A.48. If the relation A is a perfect strict order (nonstrict order, qua-
siorder), then the relation A~ is a perfect strict order (perfect nonstrict order,
perfect quasiorder).

Theorem A.49. If A and B are strict orders (nonstrict orders, quasiorders), then
the intersection AN B is also a strict order (nonstrict order, quasiorder).

Corollary A.2. The intersection of a strict and a nonstrict order is a strict order.

Theorem A.50. If A and B are strict orders, then their union AUB is a strict
order if and only if BAUAB = AUB.

Theorem A.51. The union AUB of nonstrict orders A and B is a nonstrict order
if and only if

BA| JABC Al JB, A(\B'CE.

We consider one more operation that for orders is, in a certain sense, the
inverse to the operation of transitive closure.
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Definition A.36. The reduction of a relation A is the relation AX defined by the
condition AR = A\ A2,

This means that xARy is true if and only if xAy itself is true but there does not
exist an “intermediary” z such that xAz and zAy are true. In other words, the re-
lation xARy means “immediate subordination” of the element x to the element y.

Theorem A.52. For any relation A,
(AR CA.
Theorem A.53. [f A is a strict order on a finite set M, then AR = A.

This theorem states that a strict order is restorable from its reduction. This is
not so in the general case. An example is any reflexive relation (if A is reflexive,
then AR = 2).

Remark A.3. Unfortunately, Theorem A.53 is not valid on infinite sets. For ex-
ample, let A be the natural order < on the set of real numbers. Then AR = &,
which means that AR £ & #£ A.

Moreover, the reduction AR is the minimal relation that permits the restoration
of A. The following theorem explains the exact meaning of this statement.

Theorem A.54. If the relation B is such that B =A, then AR CB.

Theorem A.53 implies that if A is a strict order on a finite set and xAy is true,
then there is a minimal number 7 such that x(AX)"y is true. This n characterizes
the length of the minimal path on the graph of the relation AR that connects x
and y.

We now formulate as theorems some properties of reductions of strict orders.

Definition A.37. A relation A is called antitransitive if for all n > 2, we have
ANA" = @.

In other words, if the chain of relations xAx,x1Axy,...,x,Ay is true, then xAy
is impossible. This means that the path on the graph of the relation A between
the vertices x and y excludes a cycle.

Theorem A.55. Any antitransitive relation is asymmetric and thus antireflexive.
Theorem A.56. If A is a strict order, then the relation AR is antitransitive.
The converse holds as well:

Theorem A.57. If the relation B is antitransitive, then B is a reduction of a cer-
tain strict order.
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A.1.9 Preference Relations

Definition A.38. A binary relation R on a set Y is called a weak ordering if R on
A is asymmetric and negatively transitive.

Theorem A.58. A binary relation is a strict order if and only if it is weakly
connected and weakly ordered.

Take a weak ordering as a strict order relation and denote it by the symbol <
(x < y reads “x is (strictly) less preferable to y” or ““y is (strictly) preferable to
x"). We can define a relation of indifference ~ as an absence of strict preference:

x~y& (x<y) or x~y

The asymmetry is an “obvious” condition of a preference relation. It can be
considered a criterion of this relation. The transitivity follows from asymmetry
and negative transitivity (Theorem A.20) and seems to be a reasonable criterion
of the consistency of individual preferences. However, the concept of weak or-
dering provides an individual with an unlimited possibility of judgment about a
preference, as follows from (A.19).

Let us define the nonstrict preference relation < as the union of relations <
and ~:

Xy x<y or x~y.

Theorem A.59. Suppose that the relation < is a weak ordering on X, that is, it
is asymmetric and negatively transitive. Then

(1) For all x,y € X only one of the three following relations holds:

1) x <y,
1) y<x
>iii) x ~ .
(2) The relation < is transitive.
(3) The relation ~ is an equivalence relation.

4)
(x=ypy~z)=>x<z (K~yy=<z)=x<7;

(5) The relation < is transitive and connected.

(6) If the relation <' on X/ ~ is defined by the relation a <" b (that is, if there
exist x € a and y € b such that x <y), then <" on X/ ~ is a perfect strict
order.

Theorem A.60. [f the relation < on X is a weak ordering and the set X | ~ is
countable, then there exists a real function u on X for which
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x<y<u(x) <u(y)
is true for any x,y € X.
Such a function is called a utility function that preserves ordering.

Theorem A.61. If (A.60) is true, then the relation < on X must be a relation of
weak ordering.

Hence if < on X is not a relation of weak order, then it is not possible to
ensure the validity of (A.60), regardless of the capacity of the set X.

Definition A.39. A binary relation R on the set X is called a strict partial order-
ing if it is antireflexive and transitive.

Since a strict partial ordering < on X admits the relations x ~y, y ~ z, x < z,
the relation ~ does not have to be transitive and therefore does not have to be an
equivalence relation. However, the relation ~ defined as

xxrye (x~zey~z) forallzeX
turns out to be transitive.

Theorem A.62. If the relation < on X is a strict partial ordering, then

(1) For any x,y € X only one of the four following relations is true:

Hx =<y
(1) y < x,
(i) x ~y,
1v) (x ~y, x=y).

(2) The relation = is an equivalence relation.

(3)
xRye (x<zey<z,z<xz7<yvVzeX);

@ () (x=<yymz) = (xr=<2)
() (x=y,y<z) < (x<2)
(5) Define the relation <* on X/ =~ as “a <* b < there exist x € a and 'y € b
such that x <'y.” In this case the relation <* on X/ = is not a strict partial
order.

Theorem A.63. If the relation <* is a strict partial ordering on X, then one can
find on X a strict ordering <O that contains the relation <*, that is,

x<*y=<" forallx,ycX.

Theorem A.64. If the relation < on X is a strict partial ordering and the set
X/ = is countable, then there exists a real function u on X such that for any
x,y € X, the following relations hold:
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x<y=u(x)<u(y), x=y= u(x)=u(y).

We shall call an ordering used to describe the orientation of an individual with
respect to a goal a preference. This notion will be complemented if necessary by
the same elements as an ordering: strict, nonstrict, partial, etc.

Definition A.40. A real function u on the ordered set X is called a utility function
if it is monotone, that is,

u(x)>u(y)ex=y and u(x)<uly)ex=xy (A.11)
forall x,y € X.

For a strictly ordered set both of the above relations are replaced by the strict
ones <, <. Other combinations of relations are used. For example,

ulx) <u(y) ifx<y, u(x)=u(y) ifx~y.

Definition A.41. A subset A of the set X is called dense with respect to the or-
dering < in X if for any x,y € X \ A, x <y, there is z € A such that x < y.

Theorem A.65. On a strictly ordered infinite set, a utility function exists if and
only if it contains a countable set dense with respect to the ordering.

If instead of a strict ordering there is a nonstrict one, then the above theorem
should be applied to the set X / ~. Furthermore, assuming a linear structure of
the set X, it is possible to question the existence of a linear utility function.

Consider a nonstrict ordering »= on a convex set X. Suppose that the following
two conditions are satisfied:

Condition 5 For any x,y,z € X the sets
{aax+(1—-a)y=z}, {a:zz=oax+(1-oa)y},
from the interval [0, 1] are closed.

Condition 6 For any x,y,z € X, x ~y, and any real number a, 0 < a0 < 1,
ox+(l—a)z~ay+(1—a)z

Theorem A.66. A nonstrict ordering = on a convex set X satisfies Conditions 5
and 6 if and only if there is a linear utility function (Theorem A.40) unique with
respect to an increasing linear transformation.

Note that other variants of necessary and sufficient conditions similar to Con-
ditions 5 and 6 are possible.

One of the most studied cases of a linear utility function is an expected utility,
used in the case that the alternatives are random values or events.
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For any alternative x with a random outcome one can find a correspondence
with a certain probability measure and therefore consider that the set X consists
of probability measures defined on a certain o-algebra over the set of values of
random variables S.

Condition 7 Let
x(B)=1, BCS, B=UZBi, B/UB;=@, i#].
Then forall S € B;, i=1,2,...,

X = Zx(Bi)Sia lfS = Sia
i
x< Y x(B)Si, ifS<S.

i

Theorem A.67. Let X be the set of all probability measures over the 6-algebra
of outcomes S containing all one-point subsets of S and such that the ordering =
on it satisfies Conditions 5, 6, 7. Then there exists a utility function of the form

u(x) = /S u(s)dX (S).

Conditions 5, 6, 7 also are necessary conditions.

A.1.10 Mappings of Relations

Consider two relations (A,M) and (B, L). The notation o : (A,M) — (B, L) will
signify that o is a mapping of the set M into the set L.

Definition A.42. A mapping o : M — L is called a homomorphic mapping or
a homomorphism of the relation (A, M) into the relation (B,L) if xAx" implies
o(x)Ba(x).

If a homomorphism « is surjective (injective, bijective), then it is called an
epimorphism (monomorphism, isomorphism).

Definition A.43. The mapping o : M — L is called a correspondence of the rela-
tion (A, M) into the relation (B, L) if o¢(x)Ba(x") implies xAx'. A homomorphism
(epimorphism, monomorphism, isomorphism) ¢ is called a K-homomorphism
(K-epimorphism, K-monomorphism, K-isomorphism) if o is simultaneously a
correspondence.

Theorem A.68. If (A,M) is a quasiorder, then there is a K-epimorphism o :
(A,M) — (B, L) such that B is a nonstrict order and L= M /ANA~L.

Any homomorphism can be extended to a K-homomorphism:
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Theorem A.69. Let o : M — L be a mapping, and (C,L) a relation. Then

(1) there is a unique relation (D,M) such that o is a K-homomorphism of the
relation (D, M) into the relation (C,L);

(2) for any relation (B,M) for which o is a homomorphism of the relation (B,M)
into the relation (C,L), we have B C D.

We consider now which properties of relations are preserved for different
mappings.

Theorem A.70. Let o : (A,M) — (B,L) be a homomorphism. Then

(1) if o is surjective and A is reflexive, then B is reflexive;
(2) if B is antireflexive, then A is antireflexive.

Theorem A.71. Let o : (A,M) — (B,L) be a correspondence. Then

(1) the reflexivity of the relation B implies the reflexivity of the relation A;
(2) if o is surjective, then the antireflexivity of A implies the antireflexivity of B.

Theorem A.72. If o : (A,M) — (B,L) is a K-epimorphism, then B is symmetric
if and only if A is symmetric.

Theorem A.73. If o : (A,M) — (B,L) is a K-isomorphism, then B is antisym-
metric if and only if A is antisymmetric.

Theorem A.74. If o : (A,M) — (B,L) is a K-epimorphism, then B is transitive
if and only if A is transitive.

Theorem A.75. If a: (A,M) — (B, L) is a K-epimorphism, then relation B is an
equivalence (quasiorder) if and only if A is an equivalence relation (quasiorder).

Theorem A.76. Let the mapping o of the set M to the set L be a homomorphism
(correspondence) of the relation (A,M) into the relation (B,L) and simultane-
ously let & be a homomorphism (correspondence) of the relation (A1,M) into
the relation (By,L). Then the mapping o is also a homomorphism (correspon-
dence) of the relations (AUAo,M), (ANA1,M), and (AA|,M) into the relations
(BUBy,L), (BNBy,L), and (BB1,L) respectively.

A.2 Elements of the Theory of Real Functions
A.2.1 Rings, Semirings, and Algebras of Sets

Definition A.44. Let M be an arbitrary set. A nonempty collection 4l of some
subsets of M is called a ring (of sets) if A, B € 4l implies that
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1.
Al JBed;

A\Be .

Hence a ring is a collection of sets closed under union and difference of a
finite number of sets. Every ring contains the empty set and is closed under
intersection of a finite number of sets. Indeed, let A € 4{ (such an A exists as long
as  is nonempty). Then @ = A\ A and therefore A € 4[. Let A,B € . Then

from
A(\B=A\(A\B)
and the definition of a ring (Definition A.44) it follows that A(\B € L.

Definition A.45. A nonempty collection &l of subsets of a set M is called an
algebra if the following two conditions are satisfied:

Condition 1 ifA,B € tl then A|JB € \l.
Condition 2 if A € i then its complement C equals M\ A € L.

Theorem A.77. A necessary and sufficient condition for the collection 3\ of sub-
sets of a set M to be an algebra is that 3 be a ring and M € Al

Remark A.4. The sum in Condition 1 in the Definition of an algebra A.45 may
be replaced by the intersection. (It cannot be done in Definition A.44 of a ring).

Definition A.46. A nonempty collection 4l of subsets of a set M is called a o-
ring if ${ is a ring closed with respect to the union of both finite and infinite sets
of sets, that is,

Condition 3

A;esli=1,2,...) implies that A:UA,-.

Condition 4
A,B el implies that A\B € 4l.

It is clear that a o-ring is also closed relative to countable intersections of
sets. In fact, if

oo

Aiesdt (i=12,...), A=A
i—1

then the equation

oo

a=U () =4 U ana)

i=1



234 A Mathematical Supplement

implies that A € (.

Similarly, a notion of c-algebra may be introduced. Let il be a nonempty
collection of subsets of a set M. Then U is called a c-algebra if Condition 3
from Definition A.46 (of a o-ring) and Condition 2 from Definition A.45 (of
an algebra) hold. A necessary and sufficient condition that the collection il be a
o-algebra is that ${ be a o-ring and M € 4.

Suppose some set of rings (respectively algebras) consisting of the subsets of
the set M is given. Then the intersection of these subsets (), 4l is also a ring.
This intersection is nonempty, since & € L. We can check, for example, that ${
is closed with respect to union. Let A,B € L. Then A,B € il for any ¢, and
consequently A|JB € iy for any «, and therefore A|JB € 4l. Analogously, if
is a set of o-rings (o-algebras), then their intersection is a o-ring (o-algebra),
too.

If %8B is an arbitrary nonempty collection of subsets of the set M, then there
exists the minimal ring (algebra, 6-ring, o-algebra) (. This ring L[ contains ‘B
(B C 4). The ring 4l is the intersection of all rings I’ (algebras, o-rings, or o-
algebras) consisting of the subsets of the set M and containing B (an example of
such a !’ is the collection of all subsets of the set M). The collection il is called
the ring (algebra, o-ring, c-algebra) generated by the collection ‘B.

We introduce a notion more general than that of a ring.

Definition A.47. A collection fR of subsets of a set M is called a semiring if it
satisfies the following conditions:

Condition 5
€ R.

Condition 6 I[fA,B € R, then A(\B € fA.

Condition 7 If A,B € R and B C A, then there exists a finite or countable col-
lection of disjoint sets C,, € R such that A\ B =, C,.

An example of a semiring that is not a ring is the collection of all open,
closed, and half-open intervals on the real line (including intervals consisting of
one point [a,a] and the empty intervals (a,a). In addition, the difference of two
intervals may be represented as the interval or the union of two disjoint intervals.

We single out several properties of semirings:

o If A,Ay,...,Ap, € R (R is a semiring), then there exists no more than one
countable collection of disjoint sets C, € R such that

p
A\ =UJG.
i—1 n

This assertion is a strengthened variant of Condition 7 from Definition A.47
of a semiring.
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e Suppose that a set C is no more than a countable union of sets A, € fR, i.e.,
C =, A;. Then C is representable as no more than a countable union of
disjoint sets B, € R, C = J,, Bm, and every B,, is contained in at least one A,,.

Let us illustrate the notion of semiring by Borel sets in Euclidean space.

Definition A.48. A set A C R" is called a Borel set if it belongs to the c-algebra
generated by the collection of all closed subsets from R”.

We denote the collection of all Borel sets in R” by ‘B. Then by Definition
A.48, any closed set F € R, belongs to B; also, every open set G belongs to
B, since the open sets are the complements to the closed sets. But among the
Borel sets one can meet many sets of much more complicated structure, which
are neither closed nor open. For example, any set representable as a countable
union of closed sets (it is said that such a set is of type Fy) is a Borel set. In
particular, any countable set is representable as the union of a countable set of
closed one-point sets and therefore is a Borel set. Similarly, any set representable
as the intersection of a countable number of open sets (it is said that such a set
is of type Gg) is a Borel set, too. But the sets of type Fs and type Gg do not
exhaust the class ‘B of all Borel sets.

A.2.2 Additive Functions of Set

A function is called a set function if its domain of definition is some collection of
sets. Suppose that a real function f is defined for all A belonging to a collection
R of some sets, and suppose for simplicity that f is bounded from below.

A function f is called countably additive or o-additive if for any finite or
countable collection of disjoint sets A; € R, |J;A; =A € R, we have the equality

fA) =Y f(A). (A.12)

If this equality holds only when the set A € R is a union of finite disjoint sets
A; € fR, then the function f is called finitely additive or simply additive.

Let the domain of definition fR of a set function f be a ring. Then the union
of any finite number of sets A; € R belongs to fR. Therefore if the equation

f (Al UA2>

holds for any two disjoint sets A1,A; € R, then by induction, the equation (A.12)
holds for any finite number of disjoint sets A; € R. Hence f is a finitely additive
function.

Additive functions on a ring possess the following property:
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Condition 8 IfA,B € R, B C A, and the value f(A) is finite, then f(B) is also
finite.

Indeed, from the additivity of the function f it follows that

f(A) = f(B)+ f(A\B).

Suppose that f(B) = +eo. Then f(A) is also equal to +eo, which contradicts
the hypothesis.

Let A,B € R, B C A, and suppose that f(B) is bounded. Then it follows from
the previous formula that

f(A\B) = f(A) — f(B). (A.13)
Putting B = A in (A.13), we obtain

f(@) = f(A) = f(A)=0.

Thus the equality f(&) = 0 certainly holds if there exists at least one set A €
R such that f(A) is bounded. Bounded countably additive functions may be
characterized by means of the following theorems.

Theorem A.78. Let a bounded additive function f be defined on the ring ‘R.
Then in order that the function f be countably additive, it is necessary and suf-
ficient that f(A;) — O for any decreasing sequence of sets A; € R (i=1,2,...)
with empty intersection (i.e., (i Ai = D).

Theorem A.79. Let [ be a countably additive function on the ring SR. If A € ‘R,
A; € R 1 Ai =A, and the sets A; form the increasing sequence A,As, ..., then
the relation

£(A) = lim f(A;) (A.14)

i—o0
must hold.

The equality (A.14) is also true if A = (2| A;, (A,A;) € R and the A; form a
decreasing sequence, and f(A;) is bounded beginning with some i.

A.2.3 Measure and Its Properties

Definition A.49. Let X be an arbitrary set. A measure on X is a real nonnegative
additive function m defined on a semiring ‘R of subsets of the set X such that
m(2) =0.

A measure m is called finite if m(A) < +oo for all A € R. A measure m is
called o-finite if VA € R there exist A, € R, n =1,2,..., such that A € | J, 4,
and m(A,) < oo Vn.
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Note that for o-finite measures the condition m(&) = 0 may be obtained from
the other properties of measure. But this is not so in the general case: a nonneg-
ative countably additive function may be equal to oo identically. Consider some
properties of measures that follow from its definition:

(1) If we are given an at most countable family of disjoint sets A, € R (n =
1,2,...) such that A, C A € R for any n, then

Zm(An) <m(A).

A special case of property (1) is the monotonicity of measure: if A,B € ‘R
and B C A, then m(B) < m(A).

(2) LetA,A, € R, n=1,2,...,A CJ,An and suppose the collection of sets 4,
is finite or countable. Then

m(A) <Y m(Ay).

Property (2) is called countable semiadditivity of measure.

A.2.4 Outer Measure

Definition A.50. Let X be an arbitrary set. A real nonnegative function u* on
the collection of all subsets of the set X is called an outer measure on X if it
satisfies the following conditions:

Condition 9
u (@) =0.

Condition 10 If E C U, E,, E, CX, then u*(E) <Y, u*(E,).

Condition 10 is called countable semiadditivity of the outer measure. In partic-
ular, countable semiadditivity of the outer measure implies its monotonicity: if
E C Eq, then [.L*(E) < [J*(El)

Note that the outer measure does not need to be an additive or even finite
function of set. And note that the measure on X is an outer measure if it is
defined on the collection of all subsets of X.

The next two constructions give the method of an outer measure construction
if a measure in X is defined, and conversely, a measure construction method if
an outer measure is defined.

Theorem A.80. Let m be a measure on X defined on a semiring ‘R, and let u*
be the set function defined for any E C X according to the following rule:



238 A Mathematical Supplement

(1) If there exists an at most countable covering of E by sets belonging to the
semiring R, i.e., E C |J,A,, where A, € R (n=1,2,...), then

W (E) = inf{Y m(4,)},

where the lower bound is taken over all such coverings;
(2) otherwise, u*(E) = +oo.

Then U* is an outer measure in X and also u*(A) = m(A) VA € K.

In what follows we say that the outer measure u* constructed according to
Theorem A.80 is generated by the measure m.

We introduce the following notation: if E is an arbitrary subset of X then
E'=X\E,i.e., Eis the complement of E in X.

Now let u* be an arbitrary outer measure in X. Take two sets A,B C X. We
shall agree to say that the set A “divides well” the set E if

wi(E) = u*(E(A) +p (EA). (A.15)

Since the outer measure is countably semiadditive, the sign < always occurs
in (A.15). Therefore, to say that the set A divides well the set B, it is enough to
establish the validity of the inequality

p(E) > u*(E(A) +p (E(A). (A.16)

But (A.16) needs to be verified only in case u*(E) < +oo. If the set A divides
well the set E, then A’ also divides well E, since (A.15) is symmetric with respect
to A and A’. We call the set A C X p-measurable if A divides well any set E C
X. Denote by u a contraction of the outer measure on a collection of all p*-
measurable sets.

Theorem A.81. The collection & of all W*-measurable sets in X is a 6-algebra,
and the function U is a measure in X.

We say further that the measure u is generated by the outer measure p*. We
single out some properties of 1 *-measurable sets.

(1) If *(A) =0 then A € &.

(2 fA€®B, u(A)=0,and E C A, then E € &.

(3) IfA] CAC Ay, and also Aj,Ay € &, u(A]) = U(2) < +oo, then A € & (and
moreover, 1(A) = (A1) = U(Az) by the monotonicity of measure).

(4) Criterion for u*-measurability. Let E C X. If for any € > 0 there existA,B €
® suchthat ACE C Band u(B\A) < ¢, thenE € &.
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A.2.5 Standard Extension of Measure

Theorem A.82. Let m be a measure given on a semiring R C X, U* the outer
measure generated by the measure m, |1 the measure generated by the measure
u*. Then W is the extension of the measure m to & of U*-measurable sets, i.e.,

R C Gandm(A) = u(A) ifA € R

In the sequel, we shall call the measure u obtained in such a way the standard
extension of the measure m (or Carathéodory extension); we shall also call p*-
measurable sets m-measurable.

Remark A.5. 1 X =, _; Ay, Ay € R, for all n and m(A,) < oo, then the mea-
sure m and its standard extension u are o-finite. Obviously the inverse is true
as well: if u is o-finite, then m is o-finite, and the set X admits the above-
mentioned representation.

The simplest properties of m-measurable sets have already been mentioned. In
particular, any subset E of an m-measurable set A with (1 (A) = 0 is m-measurable
(and p(E) = 0). In this connection we introduce the following general notion.

Definition A.51. Let m be an arbitrary measure in X given on a semiring R C X.
This measure is called a complete measure if A € R, m(A) =0, and E C A imply
that E C *R.

We note one general property of a complete measure.

Theorem A.83. Let the domain of definition R of the complete measure m in X
be a c-algebra. If E C X, and Ve > 0, 3A € R such that E C A and m(A) < g,
then E € R and m(E) = 0.

Note that the standard extension may not be minimal in the sense that the -
algebra & of m-measurable sets may be wider than the c-algebra generated by
the semiring 9.

It turns out that the Carathéodory reiteration procedure gives nothing new, as
the next theorem tells us.

Theorem A.84. Let m be a measure in X given on a semiring ‘R, L its standard
extension, and U* and y* outer measures generated by the measures m and Ll
respectively. Then

Y (E)=u*(E), VECX.

From this it follows that the collection of all u-measurable sets coincides with
the collection of all m-measurable sets, and therefore, the standard extension of
measure U coincides with the measure u itself.
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A.2.6 Uniqueness of Extension of Measure

If some measure m is given on a semiring SR C X, it is possible that besides
its standard extension y to the o-algebra & of m-measurable sets, there exist
some other extensions of this measure to some other o-algebras. However, under
some restrictions on the limits of the c-algebra &, there is a unique extension.
A precise formulation of this result will be given after the next lemma, which is
itself of interest.

Lemma A.1. Let E C X and W*(E) < +-oo. Then there exists a decreasing se-
quence of sets H, € 8, n=1,2,..., satisfying the following conditions:

Condition 11
E CH,, u(H,)<-+oo, Vn

Condition 12 Vn, H, is representable in the form of an at most countable union
of disjoint sets T, from the semiring R, i.e., H, = Ty

Condition 13 If H = ,,_, H, then u(H) = u*(E).

It follows immediately from Condition 12 that the sets H, and together with
them the set H are contained in the c-algebra generated by the semiring A.

Theorem A.85. Let U be a standard extension of the measure m from the semi-
ring R to the o-algebra &. Suppose the measure | is O-finite and that the
measure Y is the extension of the measure m to some c-algebra ¥ C K. Then
W(A) =v(A) forall A € 8NZT. If in addition to the foregoing conditions, Y is a
complete measure, then & C T.

There is one more characteristic of the standard extension y of the measure
m from a semiring 2R. This property holds only when X can be covered by a
countable collection of sets A, € R, l(A,) < +oo. Then, according to Theorem
A.85, u is the complete measure in X that is an extension of the measure m from
the semiring R to the smallest possible o-algebra ¥ C ‘R (as we know, in this
case T = ).

A.2.7 The Lebesgue Measure in Euclidean Space

Let n pairs of real numbers a; and b;, i = 1,2, ..., n, be given in Euclidean space
such that a; < b; for all i (some numbers may be singular, i.e., @; = —oo or b; =
+oo for some i). Then the collection Ag of all points x = (&1,&,...,&,) € R,
that satisfy the inequalities a; < & < b;, i = 1,2,...,n, is called an open (n-
dimensional) parallelepiped. The collection A* of all points ¥ € R, that satisfy
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the inequality a; < & < b;, i = 1,2,...,n, is called a closed (n-dimensional)
parallelepiped.

It follows from the chosen metrics in R, that every closed (open) paral-
lelepiped is a closed (open) set. It is clear that Ag is the set of all inner points
from A*, and A* = Ay, i.e., A* is the closure of Ag. If we consider as boundary
points of an open set all its limit points not contained in it, then we say that A*
is obtained from Ay by adding to the latter all its boundary points.

Any set A obtained from Ag by association of some part of its boundary points
is also called an n-dimensional parallelepiped. We say that A is a parallelepiped
with finite edges if —co < a; < b; < 400 Vi, and a parallelepiped with infinite
edges otherwise.

Consider an arbitrary parallelepiped A = (ay,by;az,bs;. .. ;a,,by,), and write
A = (ay1,by;a2,by;. .. sap,by) if the parallelepiped is open and

A =ay,b1;az,by;. .. sa,,by)

if A is closed, or for short, A = (a,b), A = (a,b), A = |a,b] respectively.
Suppose that each interval (a;, b;) is divided into a finite number of intervals

ai=a" <dV <...<d? =, (A.17)
We form the parallelepipeds

Ajpjovcin = (a5 salf) alir V), (A.18)

where j; = (0,k; — 1). In all, there are kj,k, ...k, such parallelepipeds.
We say that parallelepipeds (A.18) in aggregate form a network partition of
the parallelepiped A.

Definition A.52. The product

vA =1IT" | (b; — a;) (A.19)
is called the volume of the parallelepiped A = (a,b).
Lemma A.2. If a parallelepiped A is formed as a union of a finite number of
disjoint parallelepipeds Ay, A = Ule Ay, then

p
vA =Y vA. (A.20)
k=1

Lemma A.3. If disjoint parallelepipeds Ay, k = 1,2,. .., p, are contained in the
parallelepiped A, UZ:I Ay € A, then
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p
Z VAR <VA. (A.21)
k=1

Lemma A.4. If there are such not necessarily disjoint parallelepipeds Ay, k =
1,2,...,p, such that A C Uf:l Ay, then

)4
VA < Y VA (A.22)
k=1

Lemma A.S. Suppose that the parallelepiped A is given as the countable union
of pairwise disjoint parallelepipeds Ay, i.e., A = \J;—; Ar. Then

vA = Y vA;. (A.23)
k=1

From Lemmas A.2 and A.5 it follows that v is a countably additive function
of A. But parallelepipeds do not form a semiring, and therefore the function v is
not a measure.

Definition A.53. A parallelepiped A = (a,b) is called an n-dimensional cell if
it consists of all points whose coordinates satisfy the inequalities a; < & < b;,
i=1,2,...,n.

Denote a cell by A = [ay,b1,a2,by, ... a,,by,) or briefly A = [a,b).
The collection of all cells in the space R, is a semiring. In the sequel, this
semiring will be denoted by the symbol fA.

Theorem A.86. A function v defined on the semiring ‘R that for every cell is
equal to the volume of that cell is a ©-finite measure on R,,.

Theorem A.87. Any open set G C R, can be represented as an at most count-
able union of disjoint n-dimensional cells with finite edges.

A.2.8 Measurable Sets

Definition A.54. The standard extension u of the volume v is called Lebesgue
measure (in the sequel we call it simply the measure on R,,). The sets for which
the measure U is defined (i.e., the v-measurable sets) are called Lebesgue mea-
surable (or simply measurable).

Other measures may be defined on R,, but in what follows if there is no
special remark we mean Lebesgue measure.

The measure u is o-finite, since R, may be presented in the form of a count-
able union of cells with finite volumes. The outer measure yu* generated by the
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measure v is defined on all sets from R;,. The measure p* is called the Lebesgue
outer measure. The measure U is, by construction, the contraction of the outer
measure [L* to the o-algebra & of measurable sets.

The collection of all measurable sets forms a o-algebra, and therefore the
union and the intersection of a finite or countable number of measurable sets
are measurable and the difference of two measurable sets is measurable; in par-
ticular, the complement of a measurable set with respect to the whole of R, is
measurable.

It follows from the general properties of measure that Lebesgue measure is
countably semiadditive and countably additive. As a standard extension of the
volume v, the Lebesgue measure is complete, i.e., any subset of a set of measure
zero is measurable (and is also of measure zero).

Since Lebesgue measure is generated by the outer measure U, the general
criterion for p-measurability (see (A.2.4)) applies to it. In what follows we shall
simply refer to this criterion as a measurability criterion in R,,.

By construction, the o-algebra of measurable sets includes all the cells, and
w(A) =V(A) for any cell A.

Theorem A.88. Every open set and every closed set in R, is measurable.
Theorem A.89. Any parallelepiped A is measurable and L(A) = v(A).

Theorem A.90. Every finite or countable set of points in R, is measurable, its
measure being equal to zero.

Theorem A.91. All Borel sets in R,, are measurable.

It should be noted that the o-algebra & is not exhausted by Borel sets. Recall
that the standard extension may not be minimal. In R,, a standard extension of
volume v from the semiring of cells would be its extension to the c-algebra B
of the Borel sets, that is, contraction of the Lebesgue measure to 8.

Theorem A.92. The outer measure of any set E C R, is equal to the exact lower
boundary of the measures of all the possible open sets G containing E:

W (E) = inf n(G). (A.24)

Corollary A.3. For any measurable set E C G and any € > 0 there exist

e anopen set G C X, suchthat E C G and L(G\E) < €;
e aclosed set F C %, suchthat F C E and W(E\ F) < €.

Corollary A.4. The measure of any measurable set E C %, is equal to the exact
upper bound of the measures of all the possible closed sets F contained in E:

W(E) = sup u(F). (A25)
FeE
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Theorem A.93. For any measurable set E C %, there exist an Fg-set H and a
Go-set K (see Section A.2.1) such that

HCECK, p(H)=p(E)=unK), nK\H)=0.

Corollary A.5. Every measurable set is representable as a union of Borel Fg-
sets and some measurable set of measure zero.

A mapping of the space %, onto itself is said to be isometric (length-
preserving) if the distance between any two points is equal to the distance be-
tween the images of these points under the mapping. Sets £ and E, belonging
to %, are called congruent if one of them is the image of the other under an
isometric mapping. It can be proved that if two sets E| and E> are congruent and
one of them is measurable, then the other is also measurable and y(E;) = u(Ez).
In other words, the measure is invariant with respect to isometric mappings.

It is known that in each space %, there exist sets that are not Lebesgue mea-
surable. Moreover, it has been proved that in any space %, it is impossible to
construct a o-finite measure m such that

1. m is defined for all the sets from %,;
2. m is invariant with respect to the length-preserving mapping;
3. the measure m of any parallelepiped coincides with its volume.

The condition of ¢-additivity that we included in the definition of measure
plays an essential role in the above proposition. If we generalize slightly the
concept of a measure, admitting that the measure should only be finitely addi-
tive, then as was proved by Banach, in spaces %) and %, there exist measures
possessing properties 1-3. But in case n > 3, even a finitely additive measure in
I, satisfying conditions 1-3 does not exist. The latter result was established by
Hausdorff.

A.2.9 Measurable Functions

We shall begin with real functions with finite values whose domain of definition
can be an arbitrary subset of X. As a rule, in what follows this subset will be
supposed measurable.

Definition A.55. Let a function f be defined on a set E C X. The sets of the four
types
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where a can be any real number, are called Lebesgue sets of the function f.

Definition A.56. A function f defined on a set S C X is called measurable (on
this set) or, more precisely, &-measurable, if all the Lebesgue sets of the func-
tion f belonging to the four enumerated types in Definition A.55 are measurable
for any a.

It X =%, and o consists of the Lebesgue measurable sets, then a measurable
function is called Lebesgue measurable.

Note that if a function f is measurable on E, the set E is measurable. If f is
measurable on E, the set E[f(x) = a] is also measurable for every a.

Theorem A.94. If a function f defined on a set E is such that its Lebesgue sets
of one of the four given types are measurable for all a, then this function is
measurable.

Let us formulate some simple propositions.

Proposition A.1. (1) If f(x) = c¢ (where c is constant) on a measurable set E,
the function f is measurable.

(2) If f is measurable on a set E, it is also measurable on every measurable
subset E' C E.

(3) Let a function f be defined on a set E representable as a finite or count-
able union of sets E; (E = \J;E;). If f is measurable on each E,, it is also
measurable on E.

A special case of the last proposition reads as follows: Let E = | J; E;, where all
E;,i=1,2,..., are measurable. If a function f defined on E assumes a constant
value on each E;, then f is measurable.

Definition A.57. Let E C X. The function yg determined by the rule

(x) 1 forxekE,
X)) =
AE 0 forxeX\E,

is called the characteristic function of the set E.

Proposition A.2. If E is a measurable set its characteristic function Xg is mea-
surable (on X).

It is easy to prove that the converse is also true.

Proposition A.3. If U is a complete measure, then any function f defined on a
set E with uW(E) = 0 is measurable.

Theorem A.95. If a function f is continuous on a closed set F C %y, it is
Lebesgue measurable on that set.
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Corollary A.6. If f is a continuous function on a measurable set E C %, it is
measurable on E.

If the space %, is again taken as the set X while the c-algebra ®5 of all Borel
sets in %, is taken as &, Definition A.56 leads to the notion of B-measurable
functions. The o-measurable functions in %, are also called Baire functions.

Theorem A.91 shows that all Baire functions are Lebesgue measurable. It is
easy to see that a function continuous on a closed set from %, is B-measurable
on this set.

Theorem A.96. If f and g are two measurable functions on a set E € X, then
functions kf (k any constant), |f|, > f=+g and fg are measurable on E. If.
moreover, f(x) # 0 on E, then the function 1/ f is measurable on E as well, and
when g(x) # O, then the function f/g is also measurable on E.

Corollary A.7. If f and g are measurable on E, then both sets A = E[f(x) =
g(x)] and B = E[f(x) # g(x)] are measurable.

Theorem A.97. If functions fi, k =1,2,..., and f are defined on a set E € X,
the functions fy being measurable on E for all k, and f(x) = lim f;(x) for each
x € E, then the function f is also measurable on the set E.

Corollary A.8. If functions uy, k = 1,2,..., are measurable functions on a set
E, if s is a function defined on a set E, and if the limiting relation

s =Y w)
k=1

holds for all x € E, then the function s is also measurable on E.

Let us consider functions defined on a closed set F € Z,,. As is already known
(Theorem A.95), all continuous functions are measurable on F. It is also known
that if a sequence of continuous functions is uniformly convergent, then the limit
function is also continuous. But if a sequence of continuous functions converges
at each point but not uniformly, the limit function is no longer necessarily con-
tinuous. According to the classification of functions introduced by Baire, a dis-
continuous function serving as a limit of a sequence of continuous functions is
said to be of the first Baire class. By Theorem A.97, functions of the first class
are measurable (and even B-measurable).

This classification of discontinuous functions can be continued as follows. A
function not belonging to Baire class 1 and representable as a pointwise limit
of a sequence of functions of class 1 is of Baire class 2. A simple example of a
function of Baire class 2 in the space % is the well-known Dirichlet function

flx) =

1 if x is rational,
0 if x is irrational.



A.2 Elements of the Theory of Real Functions 247

This function can be obtained from continuous functions by means of the
twofold limit
2k (

f(x)= lim lim cos™(m!mx).

m—> o0 k— oo

Similarly, proceeding from functions of class 2, we can define functions of Baire
class 3, etc. All the functions obtained with the aid of such subsequent passages
to the limit turn out to be B-measurable (i.e., they are Baire functions).

But the collection of all functions obtained from continuous functions by
means of an arbitrary finite number of passages to the limit does not exhaust
the class of all Baire functions. The latter class, however, is essentially narrower
than the class of all Lebesgue measurable functions.

It is sometimes useful to assume that functions can take the values +oo and
—oo, The repetition of Definitions A.55 and A.56 leads to a definition of measur-
ability for such functions as well. Note that there is no need to assume that a can
be equal to +oo or —oo: if f is measurable on E, both sets {x € E : f(x) = +oo}
and {x € E : f(x) = —oo} are measurable.

It can be easily verified that the theorems and propositions established in this
section hold for functions assuming infinite values as well, with the only caveat
that when we speak of operations on functions it is required that these opera-
tions make sense. The only essential exception to this rule is Theorem A.94, the
statement of which should additionally involve the condition that the set E be
measurable. Although, as before, the measurability of a function taking infinite
values implies the measurability of the set E in this theorem, the measurability
of the set E (in contrast to the case in which the function takes only finite values)
does not follow from the assumption that only the Lebesgue sets of one certain
type are measurable.

Let us agree that in what follows, the functions in question can take both finite
and infinite values.

Theorem A.98. If functions fi, k=1,2,..., and f are measurable on a set E C
X, the subset E[fi(x) — f(x)] is also measurable.

A.2.10 Equivalent Functions, Convergence Almost Everywhere, and
Convergence in Measure

Definition A.58. Let a certain property hold at some points of a set £ C X and
not hold at other points. If the points of E for which the property does not hold
are contained in a subset of measure zero, this property is said to hold almost
everywhere on the set E (or for almost all x belonging to E).

Remark A.6. If we deal with a finite or countable number of some properties
each of which holds almost everywhere on a set E, all these properties also hold
simultaneously almost everywhere on E.



248 A Mathematical Supplement

If the measure u defined on X is complete, the above definition is simplified.
Namely, in this case, “almost everywhere on E” means “for all x € E except
possibly on a subset E’ C E with u(E') =0.”

In the general theory of integration it is often allowable not to take into ac-
count some peculiarities of the function in question that pertain only to a set of
measure Zero.

Definition A.59. Two functions f and g defined on a set E C X are said to be
equivalent (written f ~ g) on the set E if f(x) = g(x) almost everywhere on E.

Theorem A.99. Let the measure [L on X be complete. Then if two functions f
and g are equivalent on a set E C X and one of them is measurable on that set,
then the other is also measurable.

Theorem A.100. Let the measure | in X be complete. If fi, k=1,2,..., and f
are defined on a set E C X, the fi are measurable on E for all k, and fi — f(x)
almost everywhere on E, then the function f is also measurable on E.

Remark A.7. Both these theorems fail to hold if the condition of completeness of
the measure is omitted. But in this case the following assertion holds: if f;, k =
1,2,..., are measurable functions on E and fi(x) — f(x) almost everywhere on
E, then there exists a measurable function g defined on E such that fi(x) — g(x)
almost everywhere on E and g ~ f. Without the requirement that the measure
be complete, the following property holds: if f; and f are measurable on E and
fr(x) = f(x) almost everywhere on E, then the set

E[fi(x) 7 f(x)]
is measurable and is of measure zero. (This follows from Theorem A.98.)

Definition A.60. Let functions f, kK = 1,2,..., and f be measurable on a set
E C X. The sequence {f;} is said to converge in measure to the function f (on
the set E) if

HE(Ifi(x) = f(x)[ 2 €]) ~— 0
for every € > 0.

For convergence in measure we shall use the notation
Je= 1.
Theorem A.101. If f = f and fy => g on E, then f ~ g on E.

Theorem A.102 (Lebesgue’s theorem). If a sequence of functions fi, k =
1,2,..., measurable on a set E, with L(E) < oo, is convergent almost every-
where on that set to a measurable function f, then fi — f.
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Remark A.8. The converse to Lebesgue’s theorem is false: a sequence can be
convergent in measure while at the same time having no limit at every point. The
condition L (E) < +eo is also essential and cannot be omitted, that is, the conver-
gence of a sequence of functions almost everywhere on a set E with y(E) = +o
does not, in general, imply convergence in measure.

Theorem A.103. If fy = f on a set E and simultaneously, fi(x) — g(x) almost
everywhere on E, then f ~ g on E.

Theorem A.104 (F. Riesz). If fi = f on a set E, then there exists a subse-
quence {fi,} convergent to f almost everywhere on E.

Theorem A.105 (Stability of convergence). If fi, k =1,2,..., are measurable
functions on a set E C X with 1(E) < +oc and are finite almost everywhere on
E, and if fi(x) — 0 almost everywhere on E, there is an increasing sequence of
positive numbers Ay — +oo such that A fi.(x) — 0 almost everywhere on E.

Theorem A.106 (Convergence regulator). If f;, k = 1,2,..., are measurable
and finite almost everywhere on a set E C X with [1(E) < +o0 and if fi(x) — oo
almost everywhere on E, then there exist a measurable nonnegative function g
finite almost everywhere on E and a sequence of positive numbers oy — 0 such
that

fie(x)| < ogg(x)
for almost all x € E.

This theorem shows that convergence almost everywhere turns out to be “uni-
form” with respect to some function g. Such a function is called a convergence
regulator of the sequence {f —k}.

Theorem A.107 (D. F. Egorov). Let { fi.} be a sequence of measurable functions
finite almost everywhere on a set E C X (with U(E) < +4oo) converging to a
function f that is also finite almost everywhere. Then for any € > 0 there exists
a measurable set E' C E such that W(E") < € and { fi} converges to f uniformly
on the set E\ E'.

This theorem shows that for measurable functions finite almost everywhere,
convergence almost everywhere “does not essentially differ” from uniform con-
vergence.

All the next theorems will be established for the special case of functions
defined in the Euclidean space R, of an arbitrary dimension n, and the letter p
will denote the Lebesgue measure on R,,.

Theorem A.108 (N. N. Luzin). If f is a measurable function finite almost ev-
erywhere on a set E C Ry, then given any € > 0, there is a function ¢ continuous
throughout R,, such that

H(E[f(x) # o (x)]) <e.
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In addition, if |f(x)| < M on the set E, one can require that the function ¢
satisfy the inequality |@(x)| < M throughout Ry.

Using Propositions A.1(3) and A.3 from Section A.2.9 and the corollaries of
Theorem A.96, we can show that Luzin’s theorem admits the following con-
verse: if the conclusion of the theorem holds for a function f (which is not
originally assumed to be measurable) defined on a set £ C R,, and finite al-
most everywhere on E, this function is measurable. The exact statement of the
converse can be read, for instance, as follows: if a function f is defined on a
measurable set £ C R, and is finite almost everywhere on E and if for any
€ > 0 there exists a measurable subset E/ C E on which f is continuous such
that u(E \ E’) < €, then the function f is measurable on E. Thus, the property
of measurable functions established in Theorem A.108 completely characterizes
this class of functions. In other words, the structure of measurable functions in
R, is closely connected with that of continuous functions.

The theorem below suggested by R. M. Fréchet can be obtained as a conse-
quence of Luzin’s theorem.

Theorem A.109. If f is measurable and finite almost everywhere on a set E C
R, then there exists a sequence of functions @ continuous throughout R,, such
that ¢y (x) — f(x) almost everywhere on E.

From Theorem A.109 we can deduce the following theorem proved by the
Italian mathematician G. Vitali (1875-1932).

Theorem A.110. If f is measurable and finite almost everywhere on a set
E C R, it is equivalent to a function of at most the second Baire class defined
throughout R, such that f(x) = g(x) for almost all X € E.

A.2.11 The Lebesgue Integral of a Bounded Function

In this section we shall consider the Lebesgue integral in an arbitrary abstract
measure space X with measure u for the special case of bounded functions,
and the integrals in question will be taken only over sets with finite measure.
As before, we shall denote by & the o-algebra of subsets of X on which the
measure U is defined.

Let a bounded function f be defined on a measurable set £ C X with
U(E) < +oo. Breaking the set E in an arbitrary way into a finite number of
disjoint measurable sets ¢;(E = |J_, ¢;), we define

M;=supf(x) and m;=inf f(x), i=1,2,....

xEe; xee;

The partition of E into the sets e; of that type will itself be denoted by 7. Now
we form two sums,
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<

p
S(ﬂf):v M;p(ei), S(%f):;miﬂ(ei%

1

which will be called respectively the upper and the lower Lebesgue—Darboux
sums. For these sums we shall also use the shortened notation S(7) and s(7)
when the function from which they are formed has already been defined.

Consider a partition T of the set E into sets ¢; and another partition 7’ of E
into sets ¢;. We shall say that the partition T’ is a refinement of the partition T if
each e;. is contained in some e;.

In the sequel we shall need the following two properties of Lebesgue—
Darboux sums:

(1) If the partition 7’ is a refinement of the partition 7, then S(7’) < S(t) and
s(t) > s(7).

(2) No lower Lebesgue-Darboux sum s(7") exceeds any upper Lebesgue—Dar-
boux sum S(7”) even if they are formed for two different partitions 7’ and
7" of the set E.

It follows from property (2) that the set of all lower Lebesgue—Darboux sums
s(1) corresponding to all the possible partitions 7 of the set E is bounded above
by any upper sum. Consequently,

K =sups(t;f) <S(t;f).
T
Thus, K serves as a lower boundary for the set of upper sums, and therefore

L= iI%fS(T;f) > K = sups(7; f).

Definition A.61. A function f is said to be Lebesgue integrable with respect to
the given measure u (or briefly, u-integrable) on the set E if K = L; in this case
the common value of the numbers K and L is called the Lebesgue integral of the
function f over the set E and is denoted by [, fdu or (sometimes) [, f(x)du.

If E is a segment [a,b] belonging to Ry and u is the Lebesgue measure, the
classical notation [ ab f(x)dxor [ ab fdx is also used.

Theorem A.111. Every bounded function f measurable on a set E is integrable
onE.

An important special case of the notion of the integral defined above appears
when f is a function in a Euclidean space with the Lebesgue measure. From
Theorem A.95 and from Theorem A.111 above we deduce the following corol-
lary for functions in a Euclidean space.

Corollary A.9. If a function f is continuous on a bounded closed set E C R,,
then f is Lebesgue integrable on E.
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Now we establish a number of simple properties of the Lebesgue integral.
As a rule, in what follows, integrand functions are assumed to be bounded and
measurable, and the integrals are taken over sets of finite measure. It should be
noted that if 4E = 0, then any bounded function f defined on E is integrable
on E. This property is a trivial consequence of the definition of the integral. We
shall also agree that the integral of any function taken over the empty set makes
sense and is understood as equal to zero.

Theorem A.112 (Estimation of the integral). If C < f(x) < D and f is mea-
surable on a set E, then

CL(E) < /E < Du(E). (A.26)

Corollary A.10. (1) If f(x) > 0 on E then [, fdu > 0.
(2) If f(x) is equal to a constant p on E, then [ fdu = p x u(E).

Theorem A.113 (o-additivity of the integral).

Let E be a set representable as a finite or countable union of pairwise dis-
joint measurable sets E; (E =J GE ;). Then for every function f bounded and
measurable on the set E we have

AﬂWZZLfW- (A.27)
7 Ej

This theorem implies that the integral [, fdu of a given (fixed) function f is
a o-additive set function defined on the o-algebra & of all measurable subsets
e C &, that is, in this case the integral is a (new) measure defined on &g.

Corollary A.11. (1) IfE = U?:1 E;, where Ej are measurable and pairwise dis-
jointand f(x) =cjon Ej, j=1,2,...,p, where the c; are constants, then

P
/Efdu =Y cju(Ej).
i=1

(2) IfE =\U,,_, E},, where the sets E}, are measurable and form an increasing

sequence, then
/fd/,L zlim/ fdu.
E E!

(3) If f is bounded, measurable, and nonnegative on E (f(x) > 0) and E' is a
measurable subset of E, then

[ ran< [ ran.
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Theorem A.114. For any two functions f and g bounded and measurable on E
and any constant ¢ we have

Joxgyan= [ rau [ g, (A28)
/chdu :c/Efdu (A.29)

Theorem A.115. For any bounded measurable function f we have the inequal-

iy
[ rau] < [ 1f1du.

Theorem A.116. If f ~ g on a set E (both functions are supposed to be bounded
and measurable) then

/Efduszgdu- (A.30)

Remark A.9. More-general propositions can be proved: if f and g are bounded
onasetE, f ~ gonE,and f is integrable on that set, then the function g is also
integrable on E and the equality (A.30) holds.

Remark A.10. The theorems above mean that any variation of the values of the
integrand function on a set of measure zero does not affect the value of the
integral.

Theorem A.117. If f(x) > O almost everywhere on E (f is assumed to be
bounded and measurable) and [ fdu =0 then f ~ 0.

Theorem A.118 (Termwise integration of inequalities). If f(x) < g(x) almost
everywhere on a set E (both functions are bounded and measurable) then

[ ran< [ sdu.

Let us consider a set E C X with f1(E) < 40 and a sequence of bounded mea-
surable functions f;, k=1,2,..., defined on E. Suppose that f, = f, where the
function f is also bounded (and, of course, measurable). If for such a sequence
the limit relation

[ i [ rau (A3])

holds, we say that for the given sequence of functions on the set E it is allowable
to pass to the limit under the integral sign.

Remark A.11. Property (A.31) may not hold even when fi(x) — f(x) at all
points x € E.
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Theorem A.119 (H. Lebesgue). Let fi, k = 1,2,..., be bounded and measur-
able functions on a set E C X (with W(E) < +oo) and let there exist a constant
M > 0 such that | fi(x)| < M for all k and for almost all x on E. If f = f on E
and the function f is bounded on the set E, then relation (A.31) holds.

A.2.12 The Space S of Measurable Functions

Let E C X and u(E) < 4. By S we shall denote the set of all measurable
functions f defined on E that are finite almost everywhere. We shall agree that
equivalent functions are identified with each other, that is, they are regarded as
a single element of the set S. Thus, every element f of S is represented not by
one particular function but by the corresponding class of all mutually equivalent
functions. In particular, every element f € S can be represented by a function
assuming finite values everywhere on E, and thus we can think of S as consisting
of only such functions. Given two arbitrary elements f,g € S, we define the
distance between them by the formula

|f — g
El+|f—g

The integrand being bounded and measurable, the integral always exists. If f
or g is replaced by an equivalent function belonging to S, the distance p(f,g)
does not change. Moreover, the function p(f, g) satisfies all the axioms of dis-
tance in a metric space. Thus, the set S, equipped with the metric (A.32), is a
metric space.

p(f.8) = dy. (A32)

Theorem A.120. Convergence in distance in S coincides with convergence in
measure.

Theorem A.121. S is a complete metric space.

Theorem A.122. For any countable set of nonnegative functions fi € S, k =
1,2,..., there exist numbers oy > 0 and a function h € S such that oy fi.(x) < h(x)
almost everywhere on E for any k.

Now we can strengthen Theorem A.106 on convergence regulators.

Theorem A.123 (Existence of common convergence regulators). If there are
functions

fes (kp=12,...)
such that fk(p ) (x) k—> 0 for each p almost everywhere on E, then there exists a
—>00

common convergence regulator for all the sequences { fk(p ) 1.
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Our next theorem was suggested by R. M. Fréchet.

Theorem A.124 (Diagonal sequences). Let fk(p ), fo ksp=1,2,..., and f be
Sfunctions belonging to S such that

ey
f®) == fp(x)

forevery p=1,2,... almost everywhere on E;
) fp(x) v flx ) almost everywhere on E.

Then there exists an increasing sequence k, of values of the index k such that

fk(p ) (x) —— f(x) almost everywhere on E.
P p—roo

If all functions fk(p ) are arranged as the infinite matrix

f](1)7f2(1)7 "'7fk(1)7

2 2 2
fl( )7f2( U k( o
fl(p)vfz(p)7 T k(p)a

then the required sequence fk(: ) is obtained as follows: from the first row we
take the element number k1, from the second row the element number k, > k;
whose column is to the right of that of fk(ll), and so on. A sequence chosen in this
fashion is called diagonal.

Theorem A.124 enables us to draw the following conclusion: if we tried to
construct in a Euclidean space (or in a measurable subset) an analogue to Baire’s
classification of functions proceeding not from pointwise convergence but from
convergence almost everywhere, this would result in only functions of the first
class.

Let us now introduce a partial ordering in the space S by putting f < g, f,g €
S, if f(x) < g(x) almost everywhere on E.

Theorem A.125 (Existence of least upper bound for a bounded set in S). Let
T be an arbitrary nonempty set of functions belonging to the space S, bounded
from above. Then there exists a function h € S such that

(1) h is an upper bound of the set T';
(2) if g is any other upper bound of the set T, then h < g.

Such a function h is called the least upper bound of the set T.
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A.2.13 Summable Functions

In this section we shall generalize the concept of the Lebesgue integral to the
case that the integrand can be an unbounded function and the domain of integra-
tion can have an infinite measure (o-finite).

Definition A.62. Let a function f(x) > 0 be measurable and finite almost every-
where on a set E C X. Taking all the possible measurable subsets e C E having
a finite measure on which the function f is bounded, we set

/E fdp = sup /e fdu. (A.33)

We thus have [ fdu > 0. Then if [ fdu < +oo, the function f is said to be
summable with respect to the measure [ or simply [-summable on the set E.

If the function f(x) > 0 is measurable on E C X but u{x € E|f(x) = +o0} >0,
we shall say by definition that [, fd L = oo,
If f(x) <0and f is measurable on E C X, then we set

/Efduz—/Elfldu.

We say that the function f is summable if the integral [ |f|du assumes a finite
value, that is, if the function | f| is summable.
Let f be measurable on a set E. Putting

Ey={x€E:f(x) >0}, E;={x€E:f(x)<0},

we thus break E into two measurable sets. Now the integral of f over the set E
is disjoint by the formula

/Efduszlfdu+/Ezfdu=/El Ifldu/Ez fldu. (A34)

It should be taken into account that formula (A.34) is meaningful only if at
least one of the integrals [, g, Jdu and /, g, Jdu is finite. If both integrals are
infinite, that is, [ fdu = +ooand [p, fdu = —oo, the integral [ fdu makes
no sense.

The function f is called summable on a set E if f is summable on each of the
sets E1 and E», that is, if [, fdp has a finite value.

Apparently, if a function is summable on a set E, it is also summable on
every measurable subset. If i (E) = 0, then every measurable function f defined
on E is summable, and [ fdu = 0. If the function f is a bounded measurable
function on the set E with t(E) < oo, then it is summable on this set.
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We now list some properties of the integral. All the functions below are sup-
posed to be finite almost everywhere, and we do not mention this condition in
the sequel.

Theorem A.126 (Absolute summability). In order that a function f, measur-
able on a set E C X, be summable on that set, it is necessary and sufficient that
the function | f| be summable on E.

Theorem A.127. If the integral [ f du exists, then

‘ / fdu‘ < [ 1f1du (A.35)

Theorem A.128 (Absolute continuity). Let f be summable on a set E. Then
given any € > 0, there is 8 > 0 such that

|/fd,u‘<s if E'CE and pu(E')<3$.
E

Theorem A.129 (c-additivity). Let the set E be representable as a finite or
countable union of disjoint measurable sets Ej (E =J; E;). Then:

(1) If the integral [ fdu exists, then each of the integrals |, E; fdu also exists

and
/ fdu=Y / fdu. (A.36)
E = JE;
) If f is summable on each E;j, then f is summable on E if and only if the
condition
)y / |fldp < +oo (A.37)
Jj 7Ei
holds.
Corollary A.12. If
E=|JE,
j=1

where the sets E; are measurable and disjoint, i(E;) < +oo for all j, f(x) =c;
onEj, j=1,2,..., and the c; are constants and .7, |c;|L(E}) < +oo, then f
is summable on E and

[ fau=Y ciu(E).
E j=1

This is a generalization of Corollary A.11(1) to Theorem A.113.

The o-additivity of the integral proved above implies that if measurable sets
E,, p=1,2,..., form an increasing sequence, £ = U‘;le E,, and fEfdu exists
then
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/fdu :lim/ fdu. (A.38)
E E,

Theorem A.130. If f and g are measurable on a set E, f ~ g, and at least one
of the integrals [ fdu and [ gd exists, the other integral also exists and

[ fan= [ san.

In particular, if f is summable on E, then g is also summable.

Theorem A.131. If f(x) > 0 almost everywhere on E and [ fdu = 0, then
£ 0.

Theorem A.132. If f and g are measurable on a set E, g is summable on E, and
|f (x| < |g(x)| almost everywhere on E, the function f is also summable and

’/Efdu‘é/Egdu-

Theorem A.133. For any two functions f and g summable on a set E and for
any constant c, the functions f + g and cf are also summable and

[gau= [ ran [ gan. (A39)
/chd,u:c/Efdu. (A.40)

Theorem A.134. If f and g are summable on a set E and f(x) < g(x) almost
everywhere on E then

/Efdu S/Egdu. (A.41)

Theorem A.135 (H. Lebesgue). Let {f1}, k =1,2,..., be a sequence of func-
tions summable on a set E C X that converges in measure to a function f,
i.e., fx <= f. If there exists a nonnegative summable function ¢ such that
|fc ()| < @(x) for each k almost everywhere on E, then the function f is also
summable and

lim /E frdp = /E fdu. (A.42)

Remark A.12. 1. Theorem A.119 is a special case of Theorem A.135.
2. Lebesgue’s theorem holds when in its statement convergence in measure is
replaced by convergence almost everywhere (to a measurable function).

There is a stronger theorem for a monotone sequence of functions. We shall
state it here for a monotone sequence of nonnegative functions.
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Theorem A.136 (B. Levi). If there is a nondecreasing sequence of functions
filx) >0, k=1,2,..., fi(x) < fir1(x), for all k measurable on the set E and
fi(x) = f(x) for all x € E, where f is finite almost everywhere on E, then equal-

ity (A.42) holds:
lim/fkd,u:/fdu.
E E

Let us introduce another useful notion. If f is a nonnegative function mea-
surable on a set E, we define, for every natural number m and every x € E, the
truncated function

m, if f(x) > m.

ful) = {f W), it f) <m,

Itis clear that all f,,,, m = 1,2,..., are bounded and measurable on E.
We give here some consequences of Levi’s theorem:

(1) For any nonnegative measurable function f(x) and the corresponding se-
quence of truncated functions f,,(x), m = 1,2, ..., it is allowable to pass to
the limit under the integral sign.

(2) If in addition to the condition of Levi’s theorem, we suppose that the inte-
grals [ fvdu, k=1,2,..., are uniformly bounded, this will imply that the
limit function f is finite almost everywhere.

(3) If {ug(x)} is a sequence of nonnegative functions (ux(x) >0, k =1,2,...,
summable on a set E, and Y7 | [purdu > oo, then the function s(x) =
Yo uk(x) is finite almost everywhere on E and

du = /d.
/ESN I;E”kﬂ

Our next theorem establishes a relation slightly weaker than equality (A.42).
Theorem A.137 (P. Fatou). Let a sequence of functions
fi(x) >0, k=1.2,...,

measurable and finite almost everywhere, be defined on a set E. If this sequence
converges in measure on E, then

/ fau<sup [ fidu. (A43)
E k E

Remark A.13. Fatou’s theorem also applies to the case in which

Ji(x) = f(x)
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almost everywhere on E and is measurable. In addition, in the case of conver-
gence almost everywhere, the requirement that the functions f; and f be finite
almost everywhere can be omitted in the formulation of the theorem.

A.2.14 The Space L of Summable Functions

Denote the collection of all functions defined and summable on a fixed set E C X
by L. To indicate, if necessary, the domain of definition of the functions we shall
also write Lg. As in the definition of the space S we shall identify in L functions
equivalent to each other; this will allow us to regard every element of the set L
as represented by a function assuming finite values everywhere.

Theorem A.133 shows that L is a linear space. To introduce a norm in the
space L, we put

I71= [ 1f1dn

for any function f.
The relation f; — f in L is understood as convergence in norm and means
that

[ Vi fldu—o.
Such a sequence f; is said to converge to f in the mean of order one.

Theorem A.138. If fy — f in norm in the space L, then f; <= f (that is, mean
convergence implies convergence in measure to the same limit function).

Theorem A.139. L is a Banach space.

In the case that the space L consists of summable functions defined on the set
E C R, u being the Lebesgue measure, the space L is separable.

A.2.15 Variations of Additive Set Functions

Let X be an abstract set and & an algebra of some of its subsets. We shall con-
sider an additive set function ¢ defined for all A € &. We shall agree that the
infinite values of ¢ can be of only one sign. We shall also assume that ¢ (&) = 0.

Definition A.63. For a given function ¢, the set functions expressed in terms of
¢ by means of the formulas
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¢+ (A)= sup @(B),

BCA,BE®

p-(A)= sup {-9(B)},

BCA,B€®
[0[(A) = 9. (A)+0-(A) (A€®),

are called the positive variation, the negative variation, and the fotal variation
of ¢.

It should be noted that if the function ¢ is bounded, that is, if there exists a
constant K such that |@(A)| < K for all A € &, then all the three variations of ¢
have finite values. If ¢ is bounded only from above (below), then the variation
¢+ (¢_) is finite. The converses of these assertions are also true.

Remark A.14. Any nonnegative additive set function defined on algebra that as-
sumes only finite values is necessarily bounded. This follows from its mono-
tonicity.

Theorem A.140. All three variations @, ¢_, and |Q| are nonnegative additive
set functions on the algebra &. If ¢(A) is finite for a set A € &, then

[p[(A) = BSEPA{(P(BI)*‘P(Bz)}- (A.44)
Bll,’ngcﬁ

Theorem A.141. Every additive set function ¢ defined on the algebra & bound-
ed from above or from below is representable as the difference of two nonnega-
tive additive set functions, namely

P=0.—¢_. (A.45)

Relation (A.45) is referred to as the Jordan decomposition of .
The total variation of the function ¢ can also be determined with the aid of
the formula

[o|(A) =sup Y [9(A))], (A.46)
i=1

where the supremum is taken over all finite partitions of the set A into disjoint
sets A; € &.

Formula (A.46) suggests another approach to the definition of the positive,
negative, and total variations of a bounded additive set function. In this case
we can first define the total variation by means of formula (A.46), and then the
positive and negative variations can be introduced according to the formulas

1 1
0+ = 5("P|+§0), o= 5(\‘P| - ).
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Theorem A.142. If a set function @ is G-additive on the algebra &, then all
three variations @, ¢_, and |@| are also c-additive.

In the next two theorems, we assume that the domain of definition & of ¢ is
a o-algebra.

Theorem A.143. If the function ¢ takes finite values and is c-additive on the
algebra &, it is bounded.

Corollary A.13. If a o-additive set function ¢ defined on a 6-algebra & is -
finite, then its total variation |@| and together with it the variations ¢ and ¢_
are also o-finite.

Theorem A.144. If a 6-additive function ¢ defined on a 6-algebra & does not
assume the value +oo (—oo), it is bounded from above (below).

A.2.16 The Radon Integral

The basic idea of the generalization of the notion of integral suggested by J.
Radon is that integration with respect to a measure is replaced by integration
with respect to an arbitrary o-additive set function (which can assume negative
values as well).

Denote by X an abstract set and consider a ¢-algebra & of its subsets re-
garded, by definition, as measurable and a o-additive and o-finite set function
¢ defined on &. From the previous section it follows (Theorem A.142 and Corol-
lary A.13 to Theorem A.143) that ¢, and ¢_ are o-finite measures in X. Fur-
thermore, since @ can assume infinite values of only one sign, Theorem A.144
tells us that it is bounded from at least one side, and therefore equality (A.45)
applies to it.

Definition A.64. Let f be a measurable function defined on a measurable set
E C X. The Radon integral of the function f with respect to the function ¢ over
the set E is defined by means of the formula

|sdo= [ rag.~ [ rap- (A47)

under the assumption that the integrals on the right-hand side of the formula as
well as their difference make sense (that is, either at least one of integrals on the
right-hand side is finite or one of them is equal to 4o while the other is equal to
—oo). Otherwise, the integral [ fd¢ does not exist. If the integral [, fd¢ has a
finite value, the function f is said to be Radon summable on E with respect to
the function ¢.
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In contrast to the integral with respect to a measure, the Radon integral
Jg fd @ of a nonnegative measurable function f may not exist. In particular, the
fact that [ fd¢ exists no longer implies that [ |f|d¢ also exists. At the same
time, f is summable with respect to ¢ if and only if the function f and together
with it the modulus |f| are summable with respect to the total variation |¢|.

The Radon integral is sometimes also referred to as the Lebesgue—Stieltjes
integral.

From Definition A.64 of the Radon integral, it readily follows that most of
the properties of the Lebesgue integral from Section A.2.13 extend to the Radon
integral word for word or with minor changes. In particular, the integral remains
o-additive and Theorem A.133 holds. Formula (A.47) directly implies the fol-
lowing estimate for the Radon integral:

| rde|< [ 1ndiol e

It follows that the Radon integral of a summable function possesses the property
of absolute continuity (see Theorem A.133 with respect to the measure |@|).
The theorems involving the notion of equivalent functions and relations that
hold “almost everywhere” is understood relative to the measure |@|: “almost
everywhere on E” should mean “for all x € E with a possible exception of the
points of a subset E’ for which |@|(E") =0.”

A.2.17 Integration of Finitely Additive Set Functions

Here we shall limit ourselves to the case that both the integrand function and
the function with respect to which the integration is carried out are bounded.
Thus, let X be an abstract set and & an algebra of some of its subsets. We shall
consider a bounded additive set function ¢ defined on &. Let us begin with the
case that ¢ is nonnegative.

Taking a real point function f defined and bounded on a set £ C & and an
arbitrary partition 7 of the set E into a finite number of disjoint sets e¢; € &,
i—1,2,...,p, we form the Lebesgue—Darboux sums

(1) = imme»,

S(t; f) = iMiw(ei),

m; = inff(x>7
Xee;

Mi:SUPf(x) (121,2,,p)

xee;
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The properties of the Lebesgue—Darboux sums established in Section A.2.11
continue to hold in the case that the function ¢ is finitely additive. We shall de-
fine the integral [ fd¢ by analogy with the Lebesgue integral (Section A.2.11),
that is, as the common value of sup,s(7; f) and inf;S(7, f) in case the supre-
mum and the infimum coincide.

In the general case that ¢ can assume values of any sign, the integral [, fd¢
is defined by means of formula (A.47) under the assumption that both integrals
on the right-hand side exist.

As in Section A.2.11, it can be proved that if a bounded function f is &-
measurable (as usual, the &-measurability of f means that all the Lebesgue sets
of the function f are contained in the algebra &), then it is integrable. But in
this case, the class of integrable functions can be essentially wider than that of
measurable functions.

The integral with respect to a finitely additive set function has much in com-
mon with the Radon integral. It can easily be shown that if f is @-integrable,
then f and |f| are |@|-integrable (|¢| is the total variation of @) and inequality
(A.48) holds. Furthermore, this inequality implies that if

If(x)| <K,

’/Equ?

Instead of the c-additivity, in this case we can prove only the finite additiv-
ity of the integral. For bounded ¢-integrable functions f and g we also have
Theorem A.114.

Let us consider the special case in which X = R, the algebra & contains all
closed sets, E is a bounded closed set belonging to R,,, and f is continuous on
E. In this case, the integral [ fd¢ exists for any bounded additive set function
¢ on G.

The same result can be obtained in the case that G is the algebra of subsets of
R, generated by the system of all cells (see Section A.2.7).

then
<K|o|(E).
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